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1. Introduction

Bicomplex Fibonacci and bicomplex Lucas numbers were first described by Nurkan and Güven in 2015 [16] respectively, as follows

BF n = Fn + iFn+1 + j Fn+2 + i j Fn+3

= (Fn + iFn+1)+ j (Fn+2 + iFn+3) ,
(1.1)

and

BL n = Ln + iLn+1 + j Ln+2 + i j Ln+3 , (1.2)

where i, j and i j satisfy the conditions

i2 =−1, j2 =−1, i j = j i. (1.3)

The multiplication is done using bicomplex units (table 1), this product is commutative.

Table 1: Multiplication scheme of bicomplex units

x 1 i j i j
1 1 i j i j
i i −1 i j − j
j j i j −1 −i

i j i j − j −i 1

For more details about the bicomplex numbers and bicomplex Fibonacci quaternions, the readers can refer to [6, 7, 8, 11, 14, 15, 16, 17, 18].
The theory of the q-calculus has been extensively studied in many branches of mathematics as well as in other areas in biology, physics,
electrochemistry, economics, probability theory and statistics [1, 4, 12] for n ∈ N0, q-integer [n]q is defined as follows

[n]q =
1−qn

1−q
= 1+q+q2 + . . . +qn−1, q 6= 1 . (1.4)
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By (1.3) for all m,n ∈ Z can be easily obtained [m+n]q = [m]q +qm [n]q. For more details related to the quantum q-calculus, we refer to
[4, 12].
In 2019, q-Fibonacci hybrid and q-Lucas hybrid numbers defined by Kızılateş [13], respectively as follows

HFn(α;q) = α
n−1[n]q +α

n[n+1]q i+α
n+1[n+2]q ε

+α
n+2[n+3]q h ,

(1.5)

and

HLn(α;q) =α
n [2n]q
[n]q

+α
n+1 [2n+2]q

[n+1]q
i+α

n+2 [2n+4]q
[n+2]q

ε +α
n+3 [2n+6]q

[n+3]q
h . (1.6)

where i, ε and h satisfy the conditions

i2 =−1, ε
2 = 0, h2 = 1, ih = hi = ε + i. (1.7)

Also, Kızılateş [13] derived several interesting properties of these numbers such as Binet’s formula, exponential generating functions,
summation formulas, Cassini’s, Catalan’s and d’Ocagne’s identities.

In 2019, the Leonardo sequence denoted with Len is defined by Catarino and Borges in [9] the following recurrence relation for n≥ 2

Len = Len−1 +Len−2 +1 , (1.8)

with the initial conditions Le0 = Le1 = 1.
This sequence is also expressed as:

Len+1 = 2Len−Len−2 , n≥ 2 . (1.9)

Also, Catarino and Borges [9] derived some properties for example Cassini’s identity, Catalan’s identity and d’Ocagne’s identity with
Leonardo numbers. There are many identities between Leonardo numbers, Fibonacci and Lucas numbers. Two of these are the most used in
this paper as follows

Len =2Fn+1−1 , n≥ 0 , (1.10)

Len =Ln+2−Fn+2−1 , n≥ 0 . (1.11)

In [10], the authors introduced incomplete Leonardo numbers provied some properties and generating functions of this sequence of integers.
In [19], Shannon has defined generalized Leonardo numbers. In [20], the authors investigated the two dimensional recurrences relations of
Leonardo numbers from its one-dimensional model. In [2], authors have given some properties of Leonardo numbers.
In [7], the q-Fibonacci bicomplex numbers and the q-Lucas bicomplex numbers were defined by Aydın Torunbalcı as follows

BF n(α;q) = αn−1[n]q +αn[n+1]q i+αn+1[n+2]q j+αn+2[n+3]q i j ,
= αn ( 1−qn

α−α q )+αn+1 ( 1−qn+1

α−α q ) i+αn+2 ( 1−qn+2

α−α q ) j +αn+3 ( 1−qn+3

α−α q ) i j ,
(1.12)

or

BF n(α;q) =
αn γ̂− (α q)n δ̂

α−α q

and

BL n(α;q) = αn [2n]q
[n]q

+αn+1 [2n+2]q
[n+1]q

i+αn+2 [2n+4]q
[n+2]q

j+αn+3 [2n+6]q
[n+3]q

i j ,

= α2n ( 1−q2n

αn−(α q)n )+α2n+2 ( 1−q2n+2

αn+1−(α q)n+1 ) i+α2n+4 ( 1−q2n+4

αn+2−(α q)n+2 ) j+α2n+6 ( 1−q2n+6

αn+3−(α q)n+3 ) i j ,

= (
α2n−(α q)2n

αn−(α q)n )+(
α2n+2−(α q)2n+2

αn+1−(α q)n+1 ) i+(
α2n+4−(α q)2n+4

αn+2−(α q)n+2 ) j+(
α2n+6−(α q)2n+6

αn+3−(α q)n+3 ) i j ,

= (αn +(α q)n)+(αn+1 +(α q)n+1) i+(αn+2 +(α q)n+2) j+(αn+3 +(α q)n+3) i j .

(1.13)

or

BL n(α;q) = α
n

γ̂ +(α q)n
δ̂ .

where γ̂ = 1+ iα + j (α)2 + i j (α)3 and δ̂ = 1+ i(α q)+ j (α q)2 + i j (α q)3 .
The Binet’s formula of the BF n sequence

BF n(α;q) =
αn γ̂− (α q)n δ̂

α−α q
, (1.14)
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and

BL n(α;q) = α
n

γ̂ +(α q)n
δ̂ . (1.15)

In [8], for n≥ 1, the n-th bicomplex Leonardo numbers BL en are defined by using the Leonardo numbers as follows

BL en = Len + iLen+1 + j Len+2 + i j Len+3 , (1.16)

Also, initial values are BL e0 = 1+ i+3 j+5 i j, BL e1 = 1+3 i+5 j+9 i j.

BL en = Len + iLen+1 + j Len+2 + i j Len+3 ,
= (2Fn+1−1)+ i(2Fn+2−1)+ j (2Fn+3−1)+ i j (2Fn+4−1) ,
= 2(Fn+1 + iFn+2 + j Fn+3 + i j Fn+4)−A
= 2BF n+1−A .

(1.17)

BL en = (Len−1 +Len−2 +1)+ i(Len +Len−1 +1) ,+ j (Len+1 +Len +1)+ i j (Len+2 +Len+1 +1) ,
= BL en−1 +BL en−2 +A .

(1.18)

where A = 1+ i+ j+ i j.
The characteristic equation of recurence BL en+1 = 2BL en−BL en−2 [8]

λ
3−2λ

2 +1 = 0 . (1.19)

The Binet’s formula of the BL en sequence is

BL en =
2αn+1 γ̂−2β n+1 δ̂

α−β
−A, (1.20)

where α and β are roots of characteristic equation and γ̂ , δ̂ respectively, as follows

γ̂ = 1+ iα + j α2 + i j α3,

δ̂ = 1+ iβ + j β 2 + i j β 3.

In this study, we used the identities (eq:1.8) and (eq:1.10) which are among the most important identities between Leonardo numbers and
Fibonacci numbers [8, 9].

2. q-Leonardo bicomplex numbers

In this section, we define q-Leonardo bicomplex numbers by using the basis {1, i , j , i j}, where i, j and i j satisfy the conditions (eq:1.2)
and identities (eq:1.4) and (eq:1.9) as follows

BL en(α;q) = (2αn[n+1]q−1)+(2αn+1[n+2]q−1) i+(2αn+2[n+3]q−1) j+(2αn+3[n+4]q−1) i j ,

= 2 [ (αn+1 ( 1−qn+1

α−α q )+αn+2 ( 1−qn+2

α−α q ) i ,+αn+3 ( 1−qn+3

α−α q ) j+αn+4 ( 1−qn+4

α−α q ) i j ]− (1+ i+ j+ i j) ,

= 2 [ αn+1

α−(α q) (1+α i+α2 j+α3 i j )− (α q)n+1

α−(α q) (1+(α q) i+(α q)2 j+(α q)3 i j ) ]−A ,

=
2αn+1 γ̂−2(α q)n+1 δ̂

α−α q −A .

(2.1)

where
A = 1+ i+ j+ i j ,

γ̂ = 1+α i+α
2 j+α

3 i j ,

δ̂ = 1+(α q) i+(α q)2 j+(α q)3 i j .

If we take α = 1+
√

5
2 and q = −1

α2 in (2.1), then we have BL en(α;q) =BL en. So, the q-Leonardo bicomplex numbers are a generalization
of the known Leonardo bicomplex numbers.
Now we give the recurrence relation corresponding to expressions Eq.(1.8)and (1.10).

Theorem 2.1. For n ∈ N, we have

BL en(α;q) = 2BF n+1(α;q)−A . (2.2)
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Proof. Using relations (1.8) and (1.10) we obtain that,

BL en(α;q) = (2αn[n+1]q−1)+(2αn+1[n+2]q−1) i+(2αn+2[n+3]q−1) j+(2αn+3[n+4]q−1) i j ,

= 2( αn+1

α−(α q) (1+α i+α2 j+α3 i j ))−2( (α q)n+1

α−(α q) (1+(α q) i+(α q)2 j+(α q)3 i j )− (1+ i+ j+ i j)) ,

=
2αn+1 γ̂−2(α q)n+1 δ̂

α−α q −A .

Now, we give Binet’s formula, exponential generating functions and some other identities for the q-Fibonacci bicomplex number.

Theorem 2.2. Binet’s formula
Let BL en(α;q) be the q-Leonardo bicomplex number. For n≥ 1, Binet’s formula for these numbers respectively, is as follows:

BL en(α;q) = (
2αn+1 γ̂−2(α q)n+1 δ̂

α−α q
)−A , (2.3)

where

γ̂ = 1+α i+α2 j+α3 i j, α = 1+
√

5
2

δ̂ = 1+(α q) i+(α q)2 j+(α q)3 i j, α q = −1
α

and A = 1+ i+ j+ i j.

Proof. (2.3): Using (1.4) and (2.1), we find that

BL en(α;q) = (2αn[n+1]q−1)+ i(2αn+1[n+2]q−1)+ j (2αn+2[n+3]q−1)+ i j (2αn+3[n+4]q−1)

= (
2αn+1−2(α q)n+1

α−α q −1)+ i( 2αn+2−2(α q)n+2

α−α q −1)+ j ( 2αn+3−2(α q)n+3

α−α q −1)+ i j ( 2αn+4−2(α q)n+4

α−α q −1)

=
2αn+1 [1+α i+α2 j+α3 i j ]−(α q)n [1+(α q) i+(α q)2 j+(α q)3 i j ]

α−(α q) − (1+ i+ j+ i j)

= (
2αn+1 γ̂−2(α q)n+1 δ̂

α−α q )−A .

where γ̂ = 1+α i+α2 j+α3 i j , δ̂ = 1+(α q) i+(α q)2 j+(α q)3 i j and γ̂ δ̂ = δ̂ γ̂ .
Thus, the proof is completed.

Theorem 2.3. (Exponential generating function)
Let BL en(α;q) be the q-Leonardo bicomplex number. For the exponential generating functions for these numbers are as follows:

gBL en(α;q) (
tn

n!
) =

∞

∑
n=0

BL en(α;q)
tn

n!
= 2(

γ̂ eα t −q δ̂ e(α q) t

1−q
)−Aet . (2.4)

Proof. (2.4): Using Binet’s formula for q-Leonardo bicomplex numbers, we obtain

∞

∑
n=0

BL en(α;q) tn

n! =
∞

∑
n=0

[2(αn+1 γ̂−(α q)n+1 δ̂

α−α q ) tn

n! ,

= 2 γ̂

α−α q

∞

∑
n=0

(α t)n

n! −2 (α q)δ̂
α−α q

∞

∑
n=0

(α qt)n

n! −A
∞

∑
n=0

tn

n! ,

= 2( γ̂ eα t−q δ̂ e(α q) t

1−q )−Aet .

Thus, the proof is completed.

Theorem 2.4. Let (BL en(α;q)) be q-Leonardo bicomplex number. In this case, for non-negative integer numbers n and k, we can give
the following relations:

n
∑

i=0

(n
i
)
(−α2 q)n−i BL e2 i+k(α;q)

=

{
2∆

n
2 BF n+k+1(α;q)−A(1−α2 q)n if n is even,

2∆
n−1

2 BL n+k+1(α;q)−A(1−α2 q)n if n is odd .

} (2.5)
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n

∑
i=0

(
n
i

)
(−1)i (−α

2 q)n−i BL e2 i+k(α;q) =2(−α [2]q )n BF n+k+1(α;q)

+A(−1)n+1 (1+α
2 q)n .

(2.6)

here ∆ = (α−α q)2 and (−α[2]q)n = (−α(1+q))n.

Proof. (2.5): Using the binomial coefficients, we have

n
∑

i=0

(n
i
)
(−α2 q)n−i BL e2 i+k(α;q) =

n
∑

i=0

(n
i
)
(−α2 q)n−i [ (

2α2 i+k+1 γ̂−2(α q)2 i+k+1 δ̂

α−α q )−A ] ,

= 2
α−α q [

n
∑

i=0

(n
i
)
(−α2 q)n−i (α2)i αk+1 γ̂ ]+ 2

α−α q [
n
∑

i=0

(n
i
)
(−α2 q)n−i ((α q)2)i (α q)k+1 δ̂ ]

−
n
∑

i=0

(n
i
)
(−α2 q)n−i A ,

= 2 [ (α
2−α2 q)n αk+1 γ̂−((α q)2−α2 q)n (α q)k+1δ̂

α−α q ]− (1−α2 q)n A ,

= 2(α
√

∆)n αn+k+1 γ̂+(−1)n+1(α q)n+k+1δ̂

α−α q ]− (1−α2 q)n .A ,

if n is even

= 2
√

∆
n
[

αn+k+1 γ̂−(α q)n+k+1 δ̂

α−α q ]− (1−α2 q)n A
= 2∆

n
2 BF n+k+1(α;q)− (1−α2 q)n A .

if n is odd

= 2
√

∆
n
[

αn+k+1 γ̂+(α q)n+k+1 δ̂

α−α q )]− (1−α2 q)n A ,

= 2∆
n−1

2 BL n+k+1(α;q)− (1−α2 q)n A .

(2.6): Using (2.3), (1.14) and binomial coefficients, we have

n
∑

i=0

(n
i
)
(−1)i (−α2 q)n−i BL e2 i+k(α;q) =

n
∑

i=0

(n
i
)
(−1)i (−α2 q)n−i [

2α2 i+k+1 γ̂−(α q)2 i+k+1 δ̂

α−α q ]−A ,

= 2
α−α q [

n
∑

i=0

(n
i
)
(−α2 q)n−i (−α2)i αk+1 γ̂ ]+ 2

α−α q [−
n
∑

i=0

(n
i
)
(−α2 q)n−i (−(α q)2)i (α q)k+1 δ̂ ]

−
n
∑

i=0

(n
i
)
(−α2 q)n−i (−1)i .A

= 2 [ (−α2−α2 q)n αk+1 γ̂−(−(α q)2−α2 q)n (α q)k+1αk+1δ̂

α−α q ]− (−1−α2 q)n A ,

= (−α)n (1+q)n 2 [αn+k+1 γ̂−(α q)n+k+1 δ̂

α−α q − (−1−α2 q)n A ,

= 2(−α [2]q)n BF n+k+1(α;q)+(−1)n+1(1+α2 q)n A .

Theorem 2.5. For n ∈ N, we have

n

∑
i=0

(
n
i

)
(α(1+q))i (−α

2 q)n−i BL ei (α;q) = BL e2n(α;q)+A− (α(1+q)−α
2 q)n A . (2.7)

Proof. (2.7): Using the binomial coefficients, we have

n
∑

i=0

(n
i
)
(α(1+q))i (−α2 q)n−i BL ei (α;q)

=
n
∑

i=0

(n
i
)
(α(1+q))i (−α2 q)n−i [

2α i+1 γ̂−2(α q)i+1 δ̂

α−α q −A ] ,

= 2
α−α q [

n
∑

i=0

(n
i
)
(α2(1+q))i (−α2 q)n−i α γ̂ ]

+ 2
α−α q [−

n
∑

i=0

(n
i
)
(α2 q(1+q))i (−α2 q)n−i (α q) δ̂ ]−

n
∑

i=0

(n
i
)
(α(1+q))i (−α2 q)n−i A ,

= 2
α−α q (α

2n+1γ̂− (α q)2n+1)− (α(1+q)−α2 q)n A ,

= BL e2n(α;q)+A− (α(1+q)−α2 q)n A .

Thus, the proof is completed.
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Theorem 2.6. Honsberger identity
For n,m≥ 0 the Honsberger identity for the q-Leonardo bicomplex numbers BF n(α;q) and BF m(α;q) are as follows:

BL en(α;q)BL em(α;q)+BL en+1(α;q)BL em+1(α;q) = 4 αn+m+2

(α−α q)2 [ (1+α2) γ̂2 +(1+(α q)2)(qn+m+2) δ̂ 2

− γ̂ δ̂ (1+α2 q)(qn+1 +qm+1) ]− [BL en(α;q)+BL en+1(α;q)]A
−[BL em(α;q)+BL em+1(α;q)]A ,−2A2 .

(2.8)

Proof. (2.8): By using (2.1) and (2.3) we get,

BL en(α;q)BL em(α;q)+BL en+1(α;q)BL em+1(α;q) = (2BF n+1(α;q)−A)(2BF m+1(α;q)−A)
+ (2BF n+2(α;q)−A)(2BF m+2(α;q)−A) ,

= 4 [ (αn+1 γ̂−(α q)n+1 δ̂

α−α q )(
αm+1 γ̂−(α q)m+1 δ̂

α−α q )

+ (
αn+2 γ̂−(α q)n+2 δ̂

α−α q )(
αm+2 γ̂−(α q)m+2 δ̂

α−α q ) ]

− A [ (
2αn+1 γ̂−2(α q)n+1 δ̂

α−α q )+(
2αm+1 γ̂−2(α q)m+1 δ̂

α−α q ) ]

− A [ (
2αn+2 γ̂−2(α q)n+2 δ̂

α−α q )+(
2αm+2 γ̂−2(α q)m+2 δ̂

α−α q ) ] ,

= 4 αn+m+2

(α−α q)2 [ (1+α2) γ̂2 +(1+(α q)2)(qn+m+2) δ̂ 2

− γ̂ δ̂ (1+α2 q)(qn+1 +qm+1) ]
−[BL en(α;q)+BL en+1(α;q)]A− [BL em(α;q)+BL em+1(α;q)]A
−2A2 .

Here, γ̂ δ̂ = δ̂ γ̂ is used. Thus, the proof is completed.

Theorem 2.7. D’Ocagne’s identity
For n,m≥ 0, the d’Ocagne’s identity for the q-Leonardo bicomplex numbers BL en(α;q) are as follows:

BL em(α;q)BL en+1(α;q)−BLem+1(α;q)BL en(α;q) = 4 [αn+m+1(qn+1−qm+1) γ̂ δ̂

(1−q) ]+A(BL em+1(α;q)−BL em(α;q))
+ A(BL en(α;q)−BL en+1(α;q)) .

(2.9)

Proof. (2.9): By using (2.1) and (2.10) we get,

BL em(α;q)BL en+1(α;q)−BL em+1(α;q)BL en(α;q) = (2BF m+1(α;q)−A)(2BF n+2(α;q)−A)
− (2BF m+2(α;q)−A)(2BF n+1(α;q)−A) ,

= 4 [ (αm+1 γ̂−(α q)m+1 δ̂

α−α q )(
αn+2 γ̂−(α q)n+2 δ̂

α−α q )

− (
αm+2 γ̂−(α q)m+2 δ̂

α−α q )(
αn+1 γ̂−(α q)n+1 δ̂

α−α q ) ]

+ A [
2αm+2 γ̂−2(α q)m+2 δ̂

α−α q − 2αm+1 γ̂−2(α q)m+1 δ̂

α−α q ]

+ A [
2αn+1 γ̂−2(α q)n+1 δ̂

α−α q − 2αn+2 γ̂−2(α q)n+2 δ̂

α−α q ] ,

= 4 [αn+m+1(qn+1−qm+1) γ̂ δ̂

(1−q) ]

+ A(BL em+1(α;q)−BL em(α;q))
+ A(BL en(α;q)−BL en+1(α;q)) .

Here, γ̂ δ̂ = δ̂ γ̂ is used. Thus, the proof is completed.

Theorem 2.8. Cassini’s identity
For n≥ 1, Cassini’s identity for the q-Leonardo bicomplex numbers BL en(α;q) are as follows:

BL en+1(α;q)BLen−1(α;q)−BL e2
n(α;q) = 4(

α2n qn+1 (1−q−1) γ̂ δ̂

(1−q)
)+A(BL en(α;q)−BL en+1(α;q))

+A(BL en(α;q)−BL en−1(α;q)) .

(2.10)
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Proof. (2.10): By using (2.1) and (2.10) we get

BL en+1(α;q)BL en−1(α;q)−BL e2
n(α;q) = (2BF n+2(α;q)−A)(2BF n(α;q)−A)− (2BF n+1(α;q)−A)(2BF n+1(α;q)−A)

= 4 [ (αn+2 γ̂−(α q)n+2 δ̂

α−α q )(
αn γ̂−(α q)n δ̂

α−α q )− (
αn+1 γ̂−(α q)n+1 δ̂

(α−α q) )2 ]

+A [
2αn+1 γ̂−2(α q)n+1 δ̂

(α−α q) )− 2αn+2 γ̂−2(α q)n+2 δ̂

(α−α q) ]+A [
2αn+1 γ̂−2(α q)n+1 δ̂

(α−α q) − 2αn γ̂−2(α q)n δ̂

(α−α q) ]

= 4 [ α2n qn+1 (1−q−1) γ̂ δ̂

(1−q) ]+A(BL en(α;q)−BL en+1(α;q))
+A(BL en(α;q)−BL en−1(α;q)) .

Here, γ̂ δ̂ = δ̂ γ̂ is used. Thus, the proof is completed.

Theorem 2.9. Catalan’s identity
For n≥ r, Catalan’s identity for the q-Leonardo bicomplex numbers BL en(α;q) are as follows:

BL en+r(α;q)BL en−r(α;q)−BL e2
n(α;q) =4 [

α2n qn+1 (1−qr)(1−q−r) γ̂ δ̂

(1−q)2 ]+A(BL en+1(α;q)−BL en+r+1(α;q))

+A(BL en+1(α;q)−BL en−r+1(α;q)) .

(2.11)

Proof. (2.11): By using (2.1) and (2.10) we get

BL en+r(α;q)BL en−r(α;q)−BL e2
n(α;q) = (2BF n+r+1(α;q)−A)(2BF n−r+1(α;q)−A)

−(2BF n+1(α;q)−A)(2BF n+1(α;q)−A) ,

= 4 [ (αn+r+1 γ̂−(α q)n+r+1 δ̂

α−α q )(
αn−r+1 γ̂−(α q)n−r+1 δ̂

α−α q )− (
αn+1 γ̂−(α q)n+1 δ̂

(α−α q) )2 ]

+A [ (
2αn+1 γ̂−2(α q)n+1δ̂

α−α q )− (
2αn+r+1 γ̂−2(α q)n+r+1δ̂

α−α q ) ]

+A [ (
2αn+1 γ̂−2(α q)n+1δ̂

α−α q )− (
2αn−r+1 γ̂−2(α q)n−r+1δ̂

α−α q ) ] ,

= 4
(1−q)2 γ̂ δ̂ [α2n qn+1 (1−q−r)(1−qr) ]+A(BL en+1(α;q)−BL en+r+1(α;q))

+A(BL en+1(α;q)−BL en−r+1(α;q)) .

Here, γ̂ δ̂ = δ̂ γ̂ is used. Thus, the proof is completed.

3. Conclusion

In this paper, algebraic and analytic properties of the q-Leonardo bicomplex numbers are investigated. Thanks to the q-calculus, many
mathematical concepts are generalized. In this study, we generalized the q-Leonardo bicomplex numbers using the q-calculus.
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