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Abstract

In this paper we present the correct version of Theorem 2.2 in [(k; s)-Riemann-Liouville
fractional integral and applications, Hacet. J. Math. Stat. 45 (1), 77 - 89, 2016] and
prove it.
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1. Introduction

In 2011, U.N. Katugompola [1] present a new fractional integration, which generalizes
the Riemann - Liouville and Hadamard fractional integrals into a single form.

o f(@) = (S;(la))l_a /m(af“ — st lgs f()dt, a < x <b, (1.1)
SJ0f(z) = (‘”12(2)1& /b(tsﬂ _ ) s dt, a << b, (1.2)

where a > 0 and s # —1.
In 2016, the authors [3] introduce a new approach on fractional integration, which gener-
alizes the Riemann-Liouville fractional integral.

S 1-%
e = St

where k, « >0 and s € R — {—1}.
And they give the following theorem.

Theorem 1.1 ([3], Theorem 2.2)). Let f € Li[a,b], s € R{—1} and k > 0, then {J &, f(x)
and exist for any x € [a,b], o > 0.

/ (25T — TS  f(dt, a < x < b,
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However , in 2014, U.N. Katugompola [2] gave a new approach to the generalized
fractional by using the condition s > —1 , that it is necessary for the existence of the
operators °J & f(z) and *J i f(x).

1.1. Remarks on the proof of the Theorem 2.2 in [3]

(1) Py(w;t) exist for @« > 0, k > 0 and s > —1 because the base (z°T! — ¢5+1) is
positive, however P (z;t) does not exist for s < —1, because the base (257 —#5t1)
is negative .
P_(x;t) exist for @« > 0, k > 0 and s < —1 because the base (t*T! — x**1) is
substantial research positive, however P_(x;t) does not exist for s > —1 because
the basis (t°t1 — 2T1) is negative.
We concluded that the P(z;t) = Py(x;t) + P_(x;t) does not exist for s # —1.

(2) In the last step in the proof of Theorem 2.2, the authors said :
b

Hence, by Fubini’s theorem / P(z,t)f(z)dz is an integrable function on [a, b] as

a
a function of t € [a,b]. But, by using the Fubini theorem, we get

/b/bP(x,t)f(:c)dmdt:/b /bP(a:,t)f(a:)dtdx,
this is different than .
/ / Pla, t) f(t)dtda.

So, the existence of the operator 7J ¢, f(x) is not proven.

1.2. Main result

We give a correct version to Theorem 2.2 in [3] with new conditions on the function f
and the parameter s.

Definition 1.2. (See [1]). The space Ly s[a,b] ( the set of those real-valued Lebesgue
measurable functions f on [a,b] ) is defined as

b v
Lysla,b] = {f N llps= (/a | f(z) [P 2dx < oo) }, p>1,s8>—1. (1.3)

For s = 0, the space Ly, s[a, b] reduces to the classical space Ly[a, b].

Theorem 1.3. Let s > —1, a > 0, k > 0 and f be a Lebesgue measurable functions on
[a, b], where

s 1a _(s+DE
w ot fz) = ThTw(a)

If f € L1sla,b], then {J%, f(x) € L1 s[a,b] for any x € [a,b].
Proof. Let f € Ly s[a,b].

[@t e fna, a<o<b (1)

o Let ¢ =1, it is evident.
o Let & > 1. Let Q = [a,b] x [a,b], we pose for all (z,t) € €2, posing
_ (x8+1 _ ts+1)%—1 ,a S t S x7
F@jy_{ 0 x<t<b,
we have
b b o 1 o
/ F(z,t)z°dr < / (05T — @Y E e = —— (BT — TR,
a a s+1
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therefore

b rb b
/ / Fla,t) |f(t)] 2t dt gﬁ%/ (B — ) £ ()] e

(O = a RN 1, ap < 00

We deduce that the function F(x,t)|f(t)|x°t® is integrable over . Using now
Fubini’s theorem, we get

/abZJ;‘“J(x)xsdx =(;Fi)/ (/ Fla,t) If()!tdt>

s 1-% b b
_(k}iza)/ (/ F(g;,t)\f(t)yxsczx> t°dt

(bs+1 _ aerl) =

= (s + F kTh(a)

= s+1

IF Oz, ap) <005

this gives us
i g+ f(z) € L1 s[a,b].
e Let 0 < ¢ < 1, by using Fubini’s Theorem we get

b s 1= b x o
/a s T8 f(2)] 2 da :(kz—;iza)/ /a(xsﬂ—f“)rlf(t)ﬁﬁdt

1

(3+1) b e s+1 sl%—lss
Sk;I‘km)// O] (25 — 5D 105t dae

s =% b b .
= (k—;iga)/a ’f(t)| (/t (xs-i-l —t5+1)k_1x8daj> 15 dt

o

D% o
_ (sk—;z k S+1 / IF(8)] (0*FF — 5+ 1) Resdt
Kl

dzx

(b5+1 s+1
< /|f ) 5dt
(s+1) ka Oé—i-k

(bs—i—l _ as—f—l)

- (s+1)% Ti(a+k) 1F )z, g < F00,

it is equivalent to
it f(x) € Lysla,b].
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