
INTERNATIONAL ELECTRONIC JOURNAL OF GEOMETRY
VOLUME 16 NO. 1 PAGE 81–94 (2023)
DOI: HTTPS://DOI.ORG/10.36890/IEJG.1269538

On Generalized Darboux Frame of a Pseudo
Null Curve Lying on a Lightlike Surface in

Minkowski 3-Space
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ABSTRACT

In this paper we define the generalized Darboux frame of a pseudo null curve α lying on a lightlike
surface in Minkowski space E3

1. We prove that α has two such frames and obtain generalized
Darboux frame’s equations. We obtain the relations between the curvature functions of α with
respect to the Darboux frame and generalized Darboux frames. We also find parameter equations
of the Darboux vectors of the Frenet, Darboux and generalized Darboux frames, and give the
necessary and sufficient conditions for such vectors to have the same directions. Finally, we present
related examples.
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1. Introduction

Lightlike (null, degenerate) submanifolds play an important role in General relativity, where they provide
models for studying different horizon types (event, Cauchy, Kruskal). Null submanifolds have the property
that their normal bundle intersects their tangent bundle and that the induced metric is degenerate, which
distinguishes them from semi-Riemannian manifolds ([2]). Some characterizations of lightlike surfaces and
hypersurfaces in Minkowski space can be found in [1, 3, 7]. Spacelike surfaces immersed in null hypersurfaces
are of interest in singularity theory in General relativity and Cosmology, where they appear as trapped surfaces
([11]).

Pseudo null curves in Minkowski space E3
1 are the curves whose principal normal and binormal vector fields

are null. When such a curve lies on a lightlike surface in E3
1, its geometric properties can be expressed in the

terms of geodesic curvature, normal curvature, and geodesic torsion, determined by the Darboux frame along
the curve ([5, 10, 15]). Pseudo null curves lying on non-degenerate or degenerate surfaces in Minkowski 3-
space, defined in terms of the Darboux frame’s vector fields, are introduced as k-type pseudo null slant helices
and isophote curves in [10, 8]. Darboux frame’s vector fields are also used in characterizations of different types
of curves, such as pseudo-spherical Darboux images and lightcone images of principal-directional curves ([16])
and in investigations of generalized focal surfaces ([6]) and lightlike surfaces along pseudo-spherical normal
Darboux images of spacelike curves ([14]).

It is known that the Frenet frame of a pseudo null curve in Minkowski space E3
1 can be considered as a

rotating object, having an axis of the rotation whose direction is given by the Darboux vector (angular velocity
vector, centrode). On the other hand, the Darboux frame of a pseudo null curve lying on a lightlike surface in
Minkowski 3-space, also has an axis of rotation, satisfying the corresponding Darboux equations. The relation
between Darboux vectors of the Frenet and Darboux frame of a pseudo null curve lying on a spacelike or a
timelike surface in E3

1, is obtained in [8].
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Generalized Darboux frame of a spacelike curve with a non-null principal normal lying on a lightlike surface
in Minkowski space E3

1 is introduced in [4]. In particular, it is shown in [4] that Cartan frame’s vector fields of
a null Cartan curve β generate lightlike ruled surfaces on which the tangent and the binormal indicatrices of β
are the spacelike principal curvature lines having generalized geodesic torsion equal to zero.

In this paper, we define the generalized Darboux frame along a pseudo null curve α lying on a lightlike
surface in Minkowski space E3

1 in such way that α is geodesic, asymptotic, or principal curvature line if and
only if the corresponding curvature function of α with respect to a generalized Darboux frame is equal to
zero. We prove that α has two frames with the mentioned property. Since they coincide with the Darboux
frame in a special case, we called them generalized Darboux frames of the first and the second kind. In particular,
we prove that every pseudo null curve α lying on a lightlike surface is a geodesic or an asymptotic line. We
derive the generalized Darboux frame’s equations and the relations between the curvature functions of α with
respect to the Darboux frame and generalized Darboux frames. We also obtain parameter equations of the
Darboux vectors of the Frenet, Darboux and generalized Darboux frames and find the necessary and sufficient
conditions for such vectors to have the same directions. We show that only pseudo null curves lying on a
lightlike surface in E3

1, whose Darboux vectors of the Frenet, Darboux, generalized Darboux frame of the first
kind and generalized Darboux frame of the second kind have the same direction, are pseudo null circles.
Finally, we give some examples.

2. Preliminaries

Minkowski space E3
1 is the real vector space E3 equipped with indefinite flat metric ⟨·, ·⟩ given by

⟨x, y⟩ = −x1y1 + x2y2 + x3y3,

for any two vectors x = (x1, x2, x3) and y = (y1, y2, y3) in E3
1. Since ⟨·, ·⟩ is an indefinite metric, a vector x ̸= 0 in

E3
1 can be spacelike, timelike, or null (lightlike) if ⟨x, x⟩ > 0,⟨x, x⟩ < 0, or ⟨x, x⟩ = 0 respectively ([9]). In particular,

the vector x = 0 is said to be spacelike. The norm (length) of a vector x in E3
1 is given by ∥x∥ =

√
|⟨x, x⟩|.

The vector product of vectors u = (u1, u2, u3) and v = (v1, v2, v3) in E3
1 is defined by ([13])

u× v = (u3v2 − u2v3, u3v1 − u1v3, u1v2 − u2v1).

An arbitrary curve α : I → E3
1 can be spacelike, timelike, or null (lightlike) if all of its velocity vectors α′ are

spacelike, timelike, or null respectively ([9]).
A spacelike curve α(s) parameterized by arc length s in E3

1 is called a pseudo null curve if its principal normal
vector N(s) = α′′(s) and binormal vector B(s) are linearly independent null vectors.

Frenet frame {T,N,B} of a pseudo null curve α is a pseudo-orthonormal frame consisting of a tangential
vector field T , the principal normal vector field N , and the binormal vector field B, satisfying the conditions
([13])

⟨T, T ⟩ = 1, ⟨N,N⟩ = ⟨B,B⟩ = 0, ⟨T,N⟩ = ⟨T,B⟩ = 0, ⟨N,B⟩ = ϵ = ±1, (2.1)

T ×N = ϵN, N ×B = T, B × T = ϵB. (2.2)

The Frenet frame is positively oriented, if [T,N,B] = det(T,N,B) = 1. Frenet frame’s equations read T ′

N ′

B′

 =

 0 κ 0
0 ϵτ 0

−ϵκ 0 −ϵτ

 T
N
B

 , (2.3)

where κ(s) = 1 is the curvature and τ(s) is the torsion of α, respectively. If k(s) = 1 and τ(s) = 0 for each s, α is
called a pseudo null circle. In particular, if k(s) = 1 and τ(s) = constant ̸= 0 for each s, α is called a pseudo null
helix.

A surface M in E3
1 is called lightlike (null, degenerate) if each tangent plane at regular points of the surface

is lightlike ([2]). A point (u0, t0) is a regular (resp. singular) point of the lightlike surface M in E3
1 with

parametrization x(u, t) if xu × xt|(u0,t0) ̸= 0 (resp. xu × xt|(u0,t0) = 0) ([12]).
Darboux frame {T, ζ, η} of a pseudo null curve α lying on a lightlike surface with parametrization x(u, t) in E3

1

is a pseudo orthonormal frame consisting of a spacelike tangential vector field T = α′, the null normal vector
field

η = xu × xt|α
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and the null vector field ζ satisfying the conditions ([10])

⟨T, T ⟩ = 1, ⟨η, η⟩ = ⟨ζ, ζ⟩ = ⟨T, ζ⟩ = ⟨T, η⟩ = 0, ⟨ζ, η⟩ = ϵ1 = ±1, (2.4)

T × ζ = ϵ1ζ, ζ × η = T, η × T = ϵ1η. (2.5)

Definition 2.1. Geodesic curvature, normal curvature, and geodesic torsion of a pseudo null curve α lying on a
lightlike surface in E3

1 are respectively given by

kg = ⟨T ′, ζ⟩, kn = ⟨T ′, η⟩, τg = ⟨ζ ′, η⟩. (2.6)

Definition 2.2. Pseudo null curve α lying on a lightlike surface in E3
1 is called geodesic, asymptotic, or principal

curvature line, if kg(s) = 0, kn(s) = 0, and τg(s) = 0 respectively for each s.

Darboux frame’s equations read ([10]) T ′

ζ ′

η′

 =

 0 ϵ1kn ϵ1kg
−kg ϵ1τg 0
−kn 0 −ϵ1τg

 T
ζ
η

 . (2.7)

Throughout the next sections, R\ {0} will be denoted by R0.

3. Generalized Darboux frame of a pseudo null curve lying on a lightlike surface

In this section, we introduce two new frames along a pseudo null curve lying on a lightlike surface in
E3
1. We call them generalized Darboux frames of the first and the second kind, due to the fact that they coincide

with the Darboux frame in a special case. We obtain the generalized Darboux frame’s equations and the
relations between the curvature functions with respect to the Darboux frame and generalized Darboux frames.
Throughout this and the next section, let α denote a pseudo null curve parameterized by arc length s and lying
on a lightlike surface in Minkowski space E3

1. Firstly we prove the next property.

Theorem 3.1. Every pseudo null curve lying on a lightlike surface in E3
1 is a geodesic or an asymptotic line.

Proof. By using relation (2.7) and the condition ⟨N,N⟩ = ⟨T ′, T ′⟩ = 0, we get kn(s)kg(s) = 0. Thus kg(s) = 0 and
kn(s) ̸= 0, or kn(s) = 0 and kg(s) ̸= 0. If kn(s) = kg(s) = 0, relations (2.3) and (2.7) imply N(s) = T ′(s) = 0, which
is a contradiction, since N(s) is a null vector.

By using relations (2.3), (2.7), and Theorem 3.1, the next two statements can be easily proved.

Theorem 3.2. If α is a geodesic line, then:

(i) Darboux frame’s equations read  T ′

ζ ′

η′

 =

 0 ϵ1kn 0
0 ϵ1τg 0

−kn 0 −ϵ1τg

 T
ζ
η

 ; (3.1)

(ii) Frenet and Darboux frame’s vector fields are related by

T = T, N = ϵ1knζ, B =
ϵ1
kn

η; (3.2)

(iii) the curvature functions of α satisfy the equation

τ = ϵ1
k′n
kn

+ τg, (3.3)

where ϵ = ϵ1 and kn ̸= 0.
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Theorem 3.3. If α is an asymptotic line, then:

(i) Darboux frame’s equations read  T ′

ζ ′

η′

 =

 0 0 ϵ1kg
−kg ϵ1τg 0
0 0 −ϵ1τg

 T
ζ
η

 ; (3.4)

(ii) Frenet and Darboux frame’s vector fields are related by

T = T, N = ϵ1kgη, B = − ϵ1
kg

ζ; (3.5)

(iii) the curvature functions of α satisfy the equation

τ = −ϵ1
k′g
kg

+ τg, (3.6)

where ϵ = −ϵ1 and kg ̸= 0.

In what follows, we will define two new frames along α in such way that if α is geodesic, asymptotic, or
principal curvature line if and only if the corresponding curvature function of α with respect to a new frame
is equal to zero at each point of the curve. In relation to that, let us consider a new frame {T̃ , ζ̃, η̃} along α,
satisfying the conditions

η̃(s) = µη, (3.7)

⟨T̃ , T̃ ⟩ = 1, ⟨T̃ , ζ̃⟩ = ⟨T̃ , η̃⟩ = ⟨ζ̃, ζ̃⟩ = ⟨η̃, η̃⟩ = 0, ⟨ζ̃, η̃⟩ = ϵ2 = ±1, (3.8)

T̃ × ζ̃ = ϵ2ζ̃, ζ̃ × η̃ = T̃ , η̃ × T̃ = ϵ2η̃, (3.9)

where µ ̸= 0 is some differentiable function. In the next theorem, we obtain the relation between the Darboux
frame {T, ζ, η} and the introduced frame {T̃ , ζ̃, η̃}.

Theorem 3.4. The frame {T̃ , ζ̃, η̃} and the Darboux frame {T, ζ, η} of α are related by:

(i)
T̃ (s) = T (s) + λ(s)η(s),

ζ̃(s) = −ϵ2
λ(s)

µ(s)
T (s) +

1

µ(s)
ζ(s)− ϵ2

λ2(s)

2µ(s)
η(s),

η̃(s) = µ(s)η(s),

(3.10)

where µ ̸= 0, λ ̸= 0 are some differentiable functions and ϵ2 = ϵ1 = ±1;

(ii)
T̃ (s) = T (s),

ζ̃(s) =
1

µ(s)
ζ(s),

η̃(s) = µ(s)η(s),

(3.11)

where µ ̸= 0 is some differentiable function.

Proof. Assume that α has a Darboux frame whose vector fields satisfy relations (2.4) and (2.5) and pseudo-
orthonormal frame {T̃ , ζ̃, η̃}, whose vector fields satisfy relations (3.7), (3.8), and (3.9). Since the vector field η̃ is
lightlike, its orthogonal complement η̃⊥ is also lightlike and represents a lightlike tangent plane of the surface.
The conditions (2.4), (3.7) and (3.8) imply ⟨T̃ , η̃⟩ = ⟨η, η̃⟩ = ⟨T, η̃⟩ = 0. Hence T̃ , η, T ∈ η̃⊥, so the unit spacelike
vector field T̃ can be written as

T̃ (s) = T (s) + λ(s)η(s), (3.12)

where λ(s) is some differentiable function. If λ(s) ̸= 0 for each s, by using (3.7), (3.8), (3.9) and (3.12), we get

ζ̃(s) = −ϵ2
λ(s)

µ(s)
T (s) +

1

µ(s)
ζ(s)− ϵ2

λ2(s)

2µ(s)
η(s), (3.13)

where ⟨ζ̃, η̃⟩ = ϵ2 = ⟨ζ, η⟩ = ϵ1 = ±1. Relations (3.7), (3.12), and (3.13) give relation (3.10). If λ(s) = 0 for each s,
by using (3.7), (3.8), (3.12), and (3.13), we find T̃ (s) = T (s) and ζ̃(s) = 1

µ(s)ζ(s). Hence we get the frame given
by relation (3.11), where ⟨ζ̃, η̃⟩ = ϵ2 = ⟨ζ, η⟩ = ϵ1 = ±1.
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Remark 3.1. The frames given by relations (3.10) and (3.11) coincide with the Darboux frame {T, ζ, η}, if µ(s) = 1
and λ(s) = 0 for each s.
We define the curvature functions with respect to the frames given by (3.10) and (3.11) as follows.

Definition 3.1. The curvature functions of α given by

k̃n = ⟨T̃ ′, η̃⟩, k̃g = ⟨T̃ ′, ζ̃⟩, τ̃g = ⟨ζ̃ ′, η̃⟩. (3.14)

are called generalized normal curvature, generalized geodesic curvature, and generalized geodesic torsion, respectively.

By using relation (3.14), we obtain the next theorem which can be easily proved, so we omit its proof.

Theorem 3.5. If α has the frame given by relation (3.10) or (3.11), the frame’s equations read T̃ ′

ζ̃ ′

η̃′

 =

 0 ϵ2k̃n ϵ2k̃g
−k̃g ϵ2τ̃g 0

−k̃n 0 −ϵ2τ̃g

 T̃

ζ̃
η̃

 . (3.15)

Next we obtain the relation between the curvature functions kg, kn, τg of α with respect to the Darboux frame
and the curvature functions k̃g, k̃n, and τ̃g with respect to the introduced frames.

Theorem 3.6. The curvature functions of α with respect to the frame given by (3.10) or (3.11) and the curvature functions
with respect to Darboux frame, are related by

k̃n = µkn,

τ̃g = −ϵ2λkn − ϵ2
µ′

µ
+ τg,

k̃g =
1

µ
kg + ϵ2

1

µ
λ′ − 1

µ
λτg + ϵ2

1

2µ
λ2kn,

(3.16)

where µ ̸= 0, λ = 0 if α has the frame given by (3.11), or µ ̸= 0, λ ̸= 0 if α has the frame given by (3.10).

Proof. Differentiating the relation η̃ = µη with respect to s and using (2.7), we obtain

η̃′ = (−µkn)T + (µ′ − ϵ1µτg)η. (3.17)

According to relations (3.10) and (3.15), we have

η̃′ = −k̃nT̃ − ϵ2τ̃g η̃ = (−k̃n)T + (−λk̃n − ϵ2µτ̃g)η. (3.18)

Relations (3.17) and (3.18) give k̃n = µkn and τ̃g = −ϵ2λkn − ϵ2
µ′

µ + τg. By using (3.10) and (3.14), we obtain

k̃g = ⟨T̃ ′, ζ̃⟩ = ⟨T ′ + λ′η + λη′,−ϵ2
λ

µ
T +

1

µ
ζ − ϵ2

λ2

2µ
η⟩.

The last relation together with relations (2.4) and (2.7) give

k̃g =
1

µ
kg + ϵ2

1

µ
λ′ − 1

µ
λτg + ϵ2

1

2µ
λ2kn,

which completes the proof.

We define generalized Darboux frames of α as the frames of the form (3.10) and (3.11), where functions functions
λ and µ are chosen properly.

Definition 3.2. Generalized Darboux frame of the first kind of α is the frame given by (3.10), where the function
λ ̸= 0 satisfies Riccati differential equation

2ϵ2λ
′(s)− 2λ(s)τg(s) + ϵ2λ

2(s)kn(s) = 0, (3.19)

and the function µ ̸= 0 satisfies differential equation

µ′(s) + µ(s)λ(s)kn(s) = 0. (3.20)
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Definition 3.3. Generalized Darboux frame of the second kind of α is the frame given by (3.11), where µ(s) ∈ R0 for
each s.

By using Definitions 3.2, 3.3, and Theorem 3.6, we easily get the next statement.

Theorem 3.7. The curvature functions of α with respect to the Darboux frame and the curvature functions with respect
to generalized Darboux frame {T̃ , ζ̃, η̃}, are related by:

k̃n(s) = µ(s)kn(s),
τ̃g(s) = τg(s),

k̃g(s) =
1

µ(s)
kg(s),

(3.21)

where µ ̸= 0 satisfies differential equation (3.20) if {T̃ , ζ̃, η̃} is the generalized Darboux frame of the first kind, or
µ(s) ∈ R0 if {T̃ , ζ̃, η̃} is the generalized Darboux frame of the second kind.

Theorem 3.7 implies the next property.

Theorem 3.8. The curve α is a geodesic, asymptotic or principal curvature line, if and only if k̃g(s) = 0, k̃n(s) = 0, and
τ̃g(s) = 0 respectively for each s.

4. Darboux vectors of Frenet, Darboux and generalized Darboux frame

In this section, we obtain parameter equations of Darboux vectors of the Frenet, Darboux and generalized
Darboux frame of α. We also find the necessary and sufficient conditions for such vectors to have the same
directions. Denote by D Darboux vector of the Darboux frame. It satisfies Darboux equations of the form

T ′ = D × T, N ′ = D ×N, B′ = D ×B. (4.1)

By using (2.3) and (4.1), it follows that D has parameter equation

D(s) = τ(s)T (s)− ϵN(s), (4.2)

where ϵ = ±1 = ⟨N,B⟩. Darboux vectors D̄ and D̃ of Darboux and generalized Darboux frame respectively,
satisfy analogous Darboux equations of the form

T ′ = D̄ × T, ζ ′ = D̄ × ζ, η′ = D̄ × η (4.3)

and
T̃ ′ = D̃ × T̃ , ζ̃ ′ = D̃ × ζ̃, η̃′ = D̃ × η̃. (4.4)

Relations (2.5), (2.7), (3.9), (3.15), (4.3) and (4.4) yield

D̄(s) = τg(s)T (s)− kn(s)ζ(s) + kg(s)η(s), (4.5)

and
D̃(s) = τ̃g(s)T̃ (s)− k̃n(s)ζ̃(s) + k̃g(s)η̃(s). (4.6)

In what follows, we find the necessary and sufficient conditions for vectors D, D̄, and D̃ to have the same
directions. According to Theorem 3.1, we may consider two cases:

(A) α is a geodesic curve. By Theorem 3.7, it holds kg(s) = k̃g(s) = 0, τg(s) = τ̃g(s), k̃n(s) = µ(s)kn(s). By using
(3.2), (4.2), and (4.5), we get the next theorem.

Theorem 4.1. Darboux vectors D and D̄ of the Frenet and Darboux frame respectively of geodesic curve α have the same
directions if and only if τ(s) = τg(s) for each s.

If {T̃ , ζ̃, η̃} is the generalized Darboux frame of the second kind of α, by using (3.11) we easily get

D̃(s) = τ̃g(s)T̃ (s)− k̃n(s)ζ̃(s) = τg(s)T (s)− µ0kn(s)
1

µ0
ζ(s) = D̄(s).

Hence the following statement holds.
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Theorem 4.2. Darboux vectors D̃ and D̄ of the generalized Darboux frame of the second kind and Darboux frame
respectively of geodesic curve α have the same directions for each s.

A straightforward calculation shows that relations (3.3), (3.10), (3.19), (4.2), and (4.6) imply the next property.

Theorem 4.3. Darboux vectors D̃ and D of the generalized Darboux frame of the first kind and Frenet frame respectively
of geodesic curve α have the same directions if and only if

τ(s) = −τg(s) = constant ̸= 0, λ(s) = −2ϵ2
τg(s)

kn(s)
. (4.7)

(B) α is an asymptotic curve. According to Theorem 3.7, it holds k̃g(s) =
1

µ(s)kg(s), τg(s) = τ̃g(s), k̃n(s) =
kn(s) = 0. By using (3.2), (4.2), and (4.5), we get the next theorem.

Theorem 4.4. Darboux vectors D and D̄ of the Frenet and Darboux frame respectively of an asymptotic curve α have
the same directions if and only if τ(s) = τg(s) for each s.

If {T̃ , ζ̃, η̃} is the generalized Darboux frame of the second kind of α, by using (3.11) we easily get

D̃(s) = τ̃g(s)T̃ (s) + k̃g(s)η̃(s) = τg(s)T (s) +
1

µ0
kg(s)µ0η(s) = D̄(s).

This proves the next theorem.

Theorem 4.5. Darboux vectors D̃ and D̄ of the generalized Darboux frame of the second kind and Darboux frame
respectively of an asymptotic curve α have the same directions for each s.

In particular, the relations (3.10), (3.19), (4.2), and (4.6) imply the next statement.

Theorem 4.6. Darboux vectors D̃ and D of the generalized Darboux frame of the first kind and Frenet frame respectively
of an asymptotic curve α have the same directions if and only if τ(s) = τg(s) = 0 for each s.

By using Theorems 4.4, 4.5, and 4.6, we obtain the next corollary.

Corollary 4.1. The only pseudo null asymptotic curves lying on a lightlike surface in E3
1, whose all four Darboux vectors

of the Frenet, Darboux, generalized Darboux frame of the first kind and generalized Darboux frame of the second kind
have the same directions, are pseudo null circles.

5. Some examples

In this section, we give some examples of the generalized Darboux frames of pseudo null curves lying on
the lightlike ruled surfaces in E3

1. In the mentioned examples, we obtain parameter equations of the Darboux
vectors of the Frenet, Darboux, and generalized Darboux frames and show that under the corresponding
conditions, they have the same directions.

Example 5.1. Let us consider a ruled surface M in E3
1 with parametrization (see Figure 1)

x(s, t) = α(s) + tB(s),

where α(s) is a pseudo null helix with parameter equation α(s) = (es, es, s), B(s) is its binormal vector, s, t ∈ R
and t ̸= 1.

The Frenet frame of α has the form

T (s) = (es, es, 1), N(s) = (es, es, 0), B(s) = (−e2s + 1

2es
,
1− e2s

2es
,−1). (5.1)

The Frenet curvatures of α read
k(s) = 1, τ(s) = 1.

Since T ×N = ϵN = N , it follows ϵ = 1. A straightforward calculation shows that the normal vector field on M
is given by

U(s, t) = xs × xt = (t− 1)B(s).
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Figure 1. Pseudo null helix α lying on lightlike ruled surface M

Since t ̸= 1, U(s, t) is a lightlike vector field and M is a lightlike ruled surface. Darboux frame along α reads

T (s) = α′(s), ζ(s) = −N(s), η(s) = xs × xt|α = −B(s), (5.2)

and the curvature functions of α have the form

kg(s) = 0, kn(s) = −1, τg(s) = 1. (5.3)

Hence α is a geodesic line. Substituting (5.1) in (3.19) and (3.20) and using the relation ϵ2 = ϵ1 = 1, we get

λ(s) = − 2es

es − 1
, µ(s) =

1

(1− es)2
. (5.4)

According to Definition 3.2, we find that the generalized Darboux frame of the first kind of α reads

T̃ (s) = T (s)− 2es

es − 1
η(s), (5.5)

ζ̃(s) = 2es(es − 1)T (s) + (1− es)2ζ(s)− 2e2sη(s), (5.6)

η̃(s) =
1

(1− es)2
η(s). (5.7)

Relations (3.14), (5.3), (5.4) and (5.5) imply that the curvature functions of α with respect to generalized Darboux
frame of the first kind have to form

k̃g(s) = 0, k̃n(s) = − 1

(1− es)2
, τ̃g(s) = 1. (5.8)

According to Definition 3.3, the generalized Darboux frame of the second kind of α is given by

T̃ (s) = T (s), ζ̃(s) =
1

µ0
ζ(s), η̃(s) = µ0η(s), (5.9)

where µ(s) = µ0 ∈ R0. By using (3.14) and (5.7), it can be easily checked that the curvature functions with
respect to the generalized Darboux frame of the second kind have to form

k̃g(s) = 0, k̃n(s) = −µ0, τ̃g(s) = 1. (5.10)

Relations (5.3), (5.4), (5.8) and (5.10) imply that the statements of Theorems 3.7 and 3.8 hold.
By using relations (5.1), (5.2), (5.3), (5.9), (5.10), and τ(s) = ϵ = 1, it follows that Darboux vectors D, D̄, and

D̃ of the Frenet, Darboux, and generalized Darboux frame of the second kind have parameter equations of the
form

D(s) = τ(s)T (s)− ϵN(s) = (0, 0, 1),

D̄(s) = τg(s)T (s)− kn(s)ζ(s) = (0, 0, 1),

D̃(s) = τ̃g(s)T̃ (s)− k̃n(s)ζ̃(s) = (0, 0, 1).

Therefore, they have the same directions, which means that Theorems 4.1 and 4.2 hold.
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Example 5.2. Let us consider a ruled surface M in E3
1 with parametrization (see Figure 2)

x(s, t) = α(s) + t(T (s) + 2N(s)),

where α is a pseudo null circle with parameter equation α(s) = ( s
2

2 ,
s2

2 , s), T and N are the tangent and the
principal normal vector fields of α, s, t ∈ R and t ̸= 2.

-2

0

2

4

-2

0

2

4

-4

-2

0

2

4

Figure 2. Pseudo null circle α lying on lightlike plane

The Frenet frame of α reads

T (s) = (s, s, 1), N(s) = (1, 1, 0), B(s) = (−1 + s2

2
,
1− s2

2
,−s). (5.11)

The Frenet curvatures of α read
k(s) = 1, τ(s) = 0. (5.12)

Since T ×N = ϵN = N , we get ϵ = 1. The normal vector field on M is given by

U(s, t) = xs × xt = (2− t)N(s).

Since t ̸= 2, U(s, t) is a lightlike vector field and M is a lightlike plane with parameter equation x1 = x2. The
Darboux frame along α reads

T (s) = α′(s), ζ(s) = −1

2
B(s), η(s) = xs × xt|α = 2N(s). (5.13)

By using (2.6), it follows that the curvature functions of α have the form

kg(s) = −1

2
, kn(s) = 0, τg(s) = 0. (5.14)

Consequently, α is an asymptotic and a principal curvature line. Substituting (5.14) in (3.19) and (3.20) and
using the relation ϵ2 = ϵ1 = −1, we get

λ(s) = λ0 ∈ R0, µ(s) = µ0 ∈ R0. (5.15)

By using Definition 3.2 and relations (3.10) and (5.15), we find that generalized Darboux frame of the first
kind of α reads

T̃ (s) = T (s) + λ0η(s), (5.16)

ζ̃(s) =
λ0

µ0
T (s) +

1

µ0
ζ(s) +

λ2

2µ0
η(s), (5.17)

η̃(s) = µ0η(s). (5.18)
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Hence relations (3.14), (5.16), (5.17) and (5.18) imply that the curvature functions of α with respect to
generalized Darboux frame of the first kind have to form

k̃g(s) = − 1

2µ0
, k̃n(s) = 0, τ̃g(s) = 0. (5.19)

By Definition 3.3, the generalized Darboux frame of the second kind of α is given by

T̃ (s) = T (s), ζ̃(s) =
1

µ0
ζ(s), η̃(s) = µ0η(s). (5.20)

Thus the curvature functions of α with respect to the generalized Darboux frame of the second kind, have the
form

k̃g(s) = − 1

2µ0
, k̃n(s) = 0, τ̃g(s) = 0. (5.21)

By using (5.14), (5.15), (5.19) and (5.20), we obtain that the statements of Theorems 3.7 and 3.8 hold.
By using relations (5.11), (5.12), (5.16), (5.18), and (5.19), it follows that Darboux vectors D and D̃ of the Frenet

and generalized Darboux frame of the first kind have parameter equations of the form

D(s) = τ(s)T (s)− ϵN(s) = (−1,−1, 0),

D̃(s) = τ̃g(s)T̃ (s) + k̃g(s)η̃(s) = (−1,−1, 0).

Therefore, they have the same direction, which means that Theorem 4.6 holds. In particular, relations (5.11),
(5.13), (5.14), (5.20) and (5.21) imply that Darboux vectors D̄ and D̃ of Darboux and generalized Darboux
frame of the second kind respectively are given by D̄(s) = D̃(s) = (−1,−1, 0). Consequently, the statement of
Corollary 4.1 holds.

Example 5.3. Let us consider ruled surface M in E3
1 with parametrization (see Figure 3)

x(s, t) = α(s) + tN(s),

where the pseudo null base curve α has parameter equation

α(s) = (
s3

12
,
s3 + 12s

12
√
2

,
s3 − 12s

12
√
2

),

N is the principal normal vector field of α, s, t ∈ R and s ̸= 0. A straightforward calculation shows that the
Frenet frame of α has the form

T (s) = (
s2

4
,
s2 + 4

4
√
2

,
s2 − 4

4
√
2

),

N(s) = s(
1

2
,

1

2
√
2
,

1

2
√
2
),

B(s) = (
s3

16
+

1

s
,

s3

16
√
2
+

s
√
2

4
− 1

s
√
2
,

s3

16
√
2
− s

√
2

4
− 1

s
√
2
).

The Frenet curvatures of α read
k(s) = 1, τ(s) = −1

s
.

Since T ×N = ϵN = −N , we get ϵ = −1. The normal vector field on M is given by

U(s, t) = xs × xt = −N(s).

Since s ̸= 0, U(s, t) is a lightlike vector field and M is a lightlike ruled surface. Darboux frame along α reads

T (s) = α′(s), ζ(s) = B(s), η(s) = xs × xt|α = −N(s). (5.22)

Thus the curvature functions of α have the form

kg(s) = −1, kn(s) = 0, τg(s) = −1

s
. (5.23)
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Figure 3. Pseudo null curve α lying on lightlike ruled surface M

Therefore, α is an asymptotic line. Substituting (5.23) in (3.19) and (3.20) and using the relation ϵ2 = ϵ1 = 1, we
get

λ(s) = s, µ(s) = µ0 ∈ R0. (5.24)

Definition 3.3 and relations (3.10) and (5.24) imply that the generalized Darboux frame of the first kind of α
reads

T̃ (s) = T (s) + sη(s),

ζ̃(s) = − s

µ0
T (s) +

1

µ0
ζ(s)− s2

2µ0
η(s),

η̃(s) = µ0η(s).

The curvature functions of α, with respect to the generalized Darboux frame of the first kind, have the form

k̃g(s) = − 1

µ0
, k̃n(s) = 0, τ̃g(s) = −1

s
. (5.25)

According to Definition 3.3, the generalized Darboux frame of the second kind of α is given by

T̃ (s) = T (s), ζ̃(s) =
1

µ0
ζ(s), η̃(s) = µ0η(s). (5.26)

Hence the curvature functions of α, with respect to the generalized Darboux frame of the second kind, read

k̃g(s) = − 1

µ0
, k̃n(s) = 0, τ̃g(s) = −1

s
. (5.27)

By using relations (5.23), (5.24), (5.25) and (5.27), it can be easily verified that the statements of Theorems 3.7
and 3.8 hold. By using relations (5.22), (5.23), (5.26), and (5.27), it follows that Darboux vectors D̄ and D̃ of the
Frenet and generalized Darboux frame of the second kind have parameter equations of the form

D̄(s) = τg(s)T (s) + kg(s)η(s) = (
s

4
,
s2 − 4

4s
√
2
,
s2 + 4

4s
√
2
),

D̃(s) = τ̃g(s)T̃ (s) + k̃g(s)η̃(s) = (
s

4
,
s2 − 4

4s
√
2
,
s2 + 4

4s
√
2
).

Therefore, they have the same directions, which means that Theorem 4.5 holds.
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Example 5.4. Let us consider ruled surface M in E3
1 with parametrization (see Figure 4)

x(s, t) = α(s) + t(−1

2
e6s − 1

8
e2s,−e4s

2
,
1

8
e2s − 1

2
e6s),

where the pseudo null helix α has parameter equation α(s) = (e2s, s, e2s), s, t ∈ R and t ̸= e−4s. A
straightforward calculation shows that the Frenet frame of α has the form

T (s) = (2e2s, 1, 2e2s), (5.28)
N(s) = 4e2s(1, 0, 1), (5.29)

B(s) = (
1

2
e2s +

1

8
e−2s,

1

2
,−1

8
e−2s +

1

2
e2s).

1.0

1.5

-0.2

0.0

0.2

0.4

0.8

1.0

1.2

1.4

1.6

Figure 4. Pseudo null helix α lying on lightlike ruled surface M

The Frenet curvatures of α read
k(s) = 1, τ(s) = −2. (5.30)

Since T ×N = ϵN = −N , we obtain ϵ = −1. The normal vector field on M is given by

U(s, t) = xs × xt = (1− te4s)η(s).

Since t ̸= e−4s, U(s, t) is a lightlike vector field and M is a lightlike ruled surface. The Darboux frame along α
reads

T (s) = α′(s),

ζ(s) = −4e−2s(1, 0, 1),

η(s) = xs × xt|α = (−1

2
e6s − 1

8
e2s,−e4s

2
,
1

8
e2s − 1

2
e6s).

Thus the curvature functions of α have the form

kg(s) = 0, kn(s) = e4s, τg(s) = 2. (5.31)

Therefore, α is a geodesic line. Substituting (5.31) in (3.19) and (3.20) and using the relation ϵ2 = ϵ1 = −1, we
get

λ(s) =
4

e4s
, µ(s) = e−4s. (5.32)

Definition 3.2 and relations (3.10) and (5.32) imply that the generalized Darboux frame of the first kind of α
reads

T̃ (s) = T (s) +
4

e4s
η(s), (5.33)

ζ̃(s) = 4T (s) + e4sζ(s) +
8

e4s
η(s), (5.34)

η̃(s) = e−4sη(s).
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The curvature functions of α, with respect to the generalized Darboux frame of the first kind, have the form

k̃g(s) = 0, k̃n(s) = 1, τ̃g(s) = 2. (5.35)

According to Definition 3.3, the generalized Darboux frame of the second kind of α is given by

T̃ (s) = T (s), ζ̃(s) =
1

µ0
ζ(s), η̃(s) = µ0η(s),

where µ0 ∈ R0. Hence the curvature functions of α, with respect to generalized Darboux frame of the second
kind, read

k̃g(s) = 0, k̃n(s) = µ0e
4s, τ̃g(s) = 2. (5.36)

By using relations (5.31), (5.32), (5.35) and (5.36), it can be easily verified that the statements of Theorems 3.7
and 3.8 hold.

In particular, from the relations (5.28), (5.29), (5.30), (5.33), and (5.34), it follows that Darboux vectors D and
D̃ of the Frenet and generalized Darboux frame of the first kind have parameter equations of the form

D(s) = −2T (s) +N(s) = (0,−2, 0),

D̃(s) = 2T̃ (s)− C̃(s) = (0,−2, 0).

Hence the statement of Theorem 4.3 holds.
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