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Abstract

In this study, we show that a * - homomorphism ¢ : A — B between unital commutative C*- algebras A and B
with A1 = ¢~1(B~1) satisfies the property to preserve spectrum and adjoint mapping ¢* : A(B) - A(A) is
surjective, that is, ¢* maps maximal ideal space of B to maximal ideal space of A.
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C*- Cebirlerinde Bazi Spektrum Ozellikleri

Ozet

Bu calismada, birimli degismeli A ve B C*- cebirleri arasmda tammli A~ = ¢~1(B™1) sartim saglayan bir ¢
* - homomorfizminin spektrumu koruma 6zelligini sagladigi ve ¢* : A(B) = A(A) adjoint doniisiimiiniin 6rten
oldugu yani B cebirinin maksimal idealler uzaymi: A cebirinin maksimal idealler uzaymna donistiirdigii

gosterildi.

Anahtar Kelimeler: C*- cebiri, Gelfand doniigiimii, maksimal ideal, spektrum, kompleks homomorfizm

1. Introduction

There are many studies on invertible
elements of C*- algebras and the property to
preserve spectrum of a homomorphism between
C*- algebras. The related studies can be found in
references as [1-3]. In this paper, the relation
between the property preserve spectrum of a
homomorphism from one C*- algebra to another,
invertible elements of these C*-
algebras and the mapping of their maximal ideals
is examined.

In this section, basic definitions and
properties related to C*- algebras will be given.

Let A be a complex algebra. An involution
on A is a mapping *: x - x* from A into A
satisfying the following conditions.
L (x+y) =x"+y7,
ii. (Ax)* = Ax*,
ii. (xy)" =y*x",
iv. (x")" =x
for all x,y € A and A€ C. Then A is called a
* - algebra or an algebra with involution.

If * - algebra A is a Banach algebra and
involution on it is isometric; that is, [lx*|| =
[lx]| for all x € A, then A is called a Banach * -

algebra.
If * - algebra A is a Banach algebra and its
norm satisfies the equation ||x*x|| = ||x||*> for

all x € A, then A is said to be a C*- algebra. [4]

Let A and B be C*- algebras, ¢ : A > B
be a mapping. If ¢ satisfies the following
conditions for all x,y € A and A € C, then this
mapping is called a * - homomorphism.

oo +y) =9 + o),
ii. o(Ax) = 1p(x),
i, p(xy) = e@e®),
iv. o(x*)=qpk)".

It is said to be a * - isomorphism if
a * - homomorphism ¢ is a bijection. [5]

If A is a unital Banach algebra, then the set
{AEC: (x—A1,) & A~1} is called spectrum of
x in A, denoted by g4(x), where A= denotes
the set of invertible elements of A. g,(x) is a
nonempty compact subset of C for every x
in A. The resolvent set of x is defined by

pa(x) = C\ a4(x).
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The spectral radius of x is characterized by
74(x) = sup{ 2] : 1 € g4 (x)}.
If A is a unital commutative Banach algebra,
then for every x in A4, the limit

1
ra(x) = lim [|x™|n

exists and r,(x) <|lx]|. Also for
X,y € A4, Ta(x +y) S 1a(x) +14(y)
Ta(xy) < (T4 (¥).

When A is a commutative complex algebra
with unit, every proper ideal of 4 is contained in
a maximal ideal of A and every maximal ideal of
A is closed. The set of all maximal ideals in A is
denoted by M (4).

Let A is a complex algebra and ¢ is a linear
functional on A. If ¢(xy) = p(x)p(y) for
all x,yeA, then ¢ is called a complex
homomorphism on A. The set of nonzero
complex homomorphisms on A is denoted
by A(4).

Forx € A, X : A(A) — C, Gelfand transform
of x, is defined by X(h) = h(x) for every h
in A(A). Theset A = {a : a € A} is called the set
of Gelfand transforms on A. [6]

The e-open neighbourhood U, (hy, a4, ..., ay)
at any h, € A(A) with respect to the Gelfand
topology is given

{h € A(A):1a;(ho) — a;(M)| < €}

where e >0, n € N and aq, ..., a,, are arbitrary
elements of A. [7]
The following is true when A is a unital
commutative Banach algebra.
i. Every maximal ideal of A is the kernel of
some h € A(A).
ii. If h € A(A), then the kernel of hisa
maximal ideal of A.
iii. Anelement x € A is invertible in A if and
only if h(x) # 0 for every h € A(A).
iv. 1€ a(x)ifandonlyif h(x) = A for some
h € A(A). [6]

every
and

2. Spectrum Properties in C*- Algebras

In this section, it will be obtained that
under what conditions equality
o,(x) = JB((p(x)) for any x€eA, the
property to preserve spectrum of ¢ :A - B,
will be satisfied when A and B are

unital commutative C*- algebras and ¢ is
a * - homomorphism from A to B.

Proposition 2.1. Let A and B be
unital commutative C*- algebras, ¢ be
a * - homomorphism from A to B and
(1) =15. Then for every x€A,

ap(@(x)) € 94(x). [9]

Theorem 2.2. Let A and B be unital
commutative C*- algebras, ¢ :A—> B be a
* - homomorphism with ¢(14) = 15. Then
@(x) e B~ foranyx € A7L.

Proof. 0 & g,(x) for an arbitrary x € A~
0 € g5 (p(x)) follows from Proposition 2.1 and
this proves ¢(x) € B~

Corollary 2.3. A"t c ¢~ 1(B™Y).

Theorem 2.4. Let A and B be unital
commutative C*- algebras, ¢ :A—> B be a
* - homomorphism with ¢(1,) = 1. In this
case, A l=¢Y(B™YH if and only
if 0¢ a4(x) whenever 0 ¢ og(¢(x)) for any
x € A.

Proof. Let A= = ¢~1(B™1). Suppose that
0 € og(p(x)) for an arbitrary x € A. In
this case, ¢(x) € B~! and hence x € A1 so
that 0 & a,(x) for every x € A.

Conversely, assume that 0 & g4(x) whenever

0¢og(p(x)) for any x€A.  Since
0¢og(p(a)) for any a€@ (B,
a€eA?! by hypothesis and hence

@ 1(B™Y) c A™1. According to Corollary 2.3,
A1 =7 (B™).

Corollary 25. Let A and B be
unital commutative C*- algebras, ¢ : A > B
be a * - homomorphism with ¢@(1,) = 1;.
Then o0,4(x) = og(p(x)) for every x€eA
ifand only if A= = ¢~ 1(B™1).

Proof. First, suppose that g, (x) = a5 (¢@(x))
for every x € A. In that case, one says
0¢oz(p(a)) for any a€q@i(B™D).
Hence o4(a) = ag(@(a)) implies 0 & a,(a),
that is, a€A™l. Then ¢ }(B™1)cAa™L
Again, using Corollary 2.3, it follows
that A=t = ¢~ 1(B™1).

Conversely, let A™! = ¢~1(B~1). Given any
A€ C—op(p(x)), p(x —A1,) € B~ for
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any x € A, thatis, x — 11, € o 1(B™1) for
any x € A and hence it is clear that
A ¢ au(x), since x—A1l, € AL by
hypothesis. Thus, we have seen that
04(x) € ag(p(x)) for every x €A
and we obtain g4(x) =0gg(ep(x)) for

every x € A by Proposition 2.1.

Corollary 26. If A7l =¢ 1(B™1), then
ra(x) = rg(p(x)) for every x € A.

3. Mapping of Maximal Ideals in C*- Algebras

Let ¢ be a * - homomorphism between
unital commutative C*- algebras A and B
and also A* and B* be algebraic duals of
A and B, respectively. Surjectivity of
@*: A(B) = A(A) which is obtained from
@*: B*—> A" means that ¢* maps M(B)
to M(A). In this section, it will be
obtained that under what conditions this property
will be satisfied.

Theorem 3.1. Let A and B be unital
commutative C*- algebras, ¢@:A—>B be
a * - homomorphism. Then ¢*f is also a
* - homomorphism for every f € A(B).

Proof. For every f € A(B) and x,y € A,

(@ Hxy) = fexy))
= fle@)f(e)
= (@ HX) (@ H)

and hence ¢*f € A(A). Also, since

(@' ) = fo(x")
= fle()")
= f(e(x))
= (")
for every f € A(B) and x € A, it is clear that
@*f isa* - homomorphism.

Corollary 3.2. Let A and B be unital
commutative C*- algebras, @:A—>B be
a * - homomorphism. Then ¢*A(B) c A(A).

Theorem 3.3. Let A and B be unital
commutative C*- algebras, @:A—>B be
a * - homomorphism with ¢(1,) = 1;.

In that case, A l=¢ 1B if and
only if p*A(B) = A(A).

Proof. Let A= = ¢ ~1(B~1). Then for every
g € A(A), there exists I € M(A) such that
Kerg = 1. If we denote by J, the smallest ideal
of B containing ¢(I), then J, = B orJ, # B.
If Jo # B, then there exists ] € M(B) such that
Jo ©J and also f € A(B) such that Kerf =].
Since I € M(A) and 4/, = C, there exists 1 € C

and t € I such that a =1.1+t for any a € A.
Therefore,

(e N@ = (@ NHAL+6) =2+ f(e(®).

Again for tel, ¢@(t)€Kerf and hence
(p*f)(@)=A. Thus, we can write
a=(¢f)la).1+t.

Using the fact that t €1 = Kerg,
g@) =(p*f)(@). Then it is easily

seen that g = ¢@*f € *A(B) and obtained
that A(A) € @*A(B).

If J, were all of B, then there would be
by, b, ...,b, € Band a4, a,, ..., a, € I such that

n
Z bi.p(a;) = 1.
-1

ai

Since b;.||a;|| € B and Il

that ||a;|| = 1 foreachi =1,2,...,n.
Let

€ I, we can assume

max || b;[| = M
1<isn

and a neighbourhood U at g € A(A) with respect
to the Gelfand topology for 0 < € < 1 be

(h € ACA): a,(h) — 4,(9)] < ﬁ 1sis<n)

Then,  since for each

i=12,..,n,

a; €1 =Kerg

&
U={heaw: |di(h)|<m,1SiSn}

As A is regular, there is am € A such that

1 ,h=g
m(h) = 0 ,heA(4)-U
<1 ,otherwise

Thus for any k € A(A),
|(a;. m)" (k)| = la; (k). (k)|
= |a;(k)|. Im(k)|
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and hence

sup{ |(a;- m)"(k)|: k € A(A)} < -

Also
r(a;m) = sup{ |k(a;. m)| : k € A(A)}

= sup{ |(ai.m)A(k)| tk € A(A)}

implies
&
r(a;m) < T
On the other hand, if we remember

n
> begla) =1,
i=1

then it is clear that

p(m) = <p(m)-z b;. ¢(a;)
i=1
= Zbi-¢(ai) .p(m)
i=1
= Z b;.p(a;m).
i=1

Then,

r(pm) =7 (Z by <p(aim)>
i=1

n

< z T(bi)r(§0(aim))

i=1
n

< ||bi||-7”(<l’(aim))
1

i=

n
<MZi
T LuM.n
=¢

i=1

and hence r(@(m)) < & < 1. Moreover, since

r(m) = sup{ |k(m)|:k € A(A)}
= sup{ |m(k)|: k € A(A)}
= 1’

r(p(m)) =1 by hypothesis, which is
a contradiction. This contradiction shows that
Jo # B. Consequently, ¢*A(B) = A(A) by
Corollary 3.2.

Conversely, let ¢*A(B) = A(A). For any point
x €@ Y(B™1) and h € A(4), ¢(x) € B~ and
there exists u € A(B) such that ¢*u = h. Thus
u(ep(x)) # 0, so that ¢*u(x) = h(x) # 0 and
hence x € A~1. Thus it is obtained that
e (B"HcAl and @B H =41 by
Corollary 2.3.

Corollary 3.4. A= = ¢~1(B~1) if and only
if 9*M(B) = M(A).
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