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Abstract

In this paper, we call a module M & -TE-module if M has a S -supplement in every torsion extension. We
obtain various properties of these modules. We show that every direct summand of a & - TE-module isa o -
TE-module. We prove that the class of ¢ - TE-modules is closed under extension under a special condition.
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Her Torsiyon Genislemesinde Tiimleyene Sahip Modiiller
Ozet

Bu makalede her torsiyon genislemesinde bir O -tiimleyene sahip M modiiline & - TE-modiil diye
isimlendirildi. Bu modiillerin birgok 6zellikleri elde edildi. & - TE-modiillerin direk toplamlarinin da bir & -
TE-modiil oldugu gosterildi. O - TE-modiil siifinin 6zel bir kosulla genislemeler altinda kapali oldugu

ispatlandi.

Anahtar Kelimeler & — tiimleyen, Torsiyon Genislemesi, & — Kiigiik

1. Introduction

Throughout this paper, R will be a
commutative domain and all modules will be
unital left R —modules, unless otherwise
specified. Let M be an R-—module. By
N <M we mean that N is a submodule of M .
Recall that a submodule N of M is called small,
denoted by N[O M, if N+L=Mfor all

proper submodules L of M . By Rad (M), we

denote the sum of all small submodule of M .
Nevertheless a submodule L of M is said to be
essential inM, denoted by L<M, if
LK =0 for each nonzero submodule K of
M. A module M is said to be singular if

M ;% for some module N and a submodule

Lof N with L<N.
Let M and N be R—modules. N is called
an extension of M in case M < N . A module

M is said to be injective if it is a direct
summand of every extension of itself [5].

As a proper generalization of direct
summands of a module, one can define

supplement submodules. The module M is
called supplemented, if every submodule N of
M has a supplement in M, i.e. a submodule
K of M minimal with respectto M =N +K_.
K is a supplement of N in M if and only if
M=N+K and NnKI[] K [10].

As a generalization of small submodules, in
[11] 6 —small submodules were introduced by
Zhou. According to [11], a submodule L of M

is called & —smallin M , denoted by L[] ; M
, if for any submodule N of M with %

singular, M =N +L implies that M =N . The
sum of all 6 —small submodules of a module

M is denoted by 5(M ) It is easy to see that

every small submodule of a module M is & —
small in M, so Rad(M)c&(M)and
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Rad(M)=6(M) if M is singular. Also any

non-singular semisimple submodule of M is
S —smallin M and & —small submodules of a
singular module are small submodules. For more
detailed discussion on & —small submodules we
refer to [11].

Let K,N be submodules of module M. N
is called a &—supplement of Kin M, if
M=N+K and NNKI ;s N.Amodule M

is called o —supplemented if every submodule
of M has a & —supplement in M [3,9]. On the
other hand, a submodule N of M is said to
have ample & —supplements in M if every
submodule L of M with M =N +L contains
a & —supplement of N in M . The module M
is called amply o© —supplemented if every
submodule of M has ample & —supplements in
M [7].

Let M be a module and N,Kbe any
submodules of M with M=N+K. If

NNK< 5(N) then N is called a generalized

6 —supplement of Kin M. Following [6], M
is called a generalized & —supplemented module
(or briefly 6 —GS module) if every submodule
N of M has a generalized & —supplement in

M .

Modules that have supplements [ample
supplements] in every module in which it is
contained as a submodule have been studied in
[12]. The structure of these modules have been
determined over Dedekind domains. These
modules are called modules with the property
(E)I(EE)] in [12]. Such modules are also called
supplementing modules in [1, p.255].

Let R be a commutative domain and M be
an R—module. We denote by T (M ), the set of

all elements mof M for which there exists a
non-zero element I of R such that rm =0, i.e.

Ann(m)=0. Then T(M), which is a
submodule of M, called the torsion submodule
of M. If M=T(M), then M is said to be a
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torsion module and M is torsion-free precisely
when T(M)=0[5].

For modules M < N over a commutative
domain, we say that N is a torsion extension of

M if the factor module % is torsion. In a

recent paper [2], modules that have a supplement
in every torsion extension have been studied and
these modules are called TE-modules. We call a
module M & —TE-module if M has a &—
supplement in every torsion extension. In this
paper, we study some basic properties of these
modules. We 36how the class of o —TE-
modules is closed under direct summands,
extensions and finite direct sums.We also prove
that every submodule of a module is a &6 —TE-
module if and only if it has ample o —
supplements in every torsion extension.

2. Main Results

Proposition 2.1. Every direct summand of a
o —TE-module isa & — TE-module.

Proof. Let M be a & —TE-module and N be a
direct summand of M . Then we can write
M =N @ K for some submodule K of M . For
a torsion extension L of N, we denote by T
the external direct sumL @ K . Consider the

canonical embedding @:M —T. Then
M = ¢(M )isa & —TE-module and we have
T Lok _L
o(M) ¢(M) N

is torsion. Since (o(M) is o —TE-module,
@(M)has a &—supplement U in T, that is,
T=p(M)+U and o(M)nUL ;U. For
the projection ~z:T —L, we have that
L=7(U)+N. Also since Ker(z)c (M),
we get
ﬂ((p(M)mU)gﬂ((p(M))mﬂ'(U)
=Nnz(U)0 ,7z(U)

by [9, Lemma 1.3.(2)]. Hence, 7(U)isa &—
supplement of N in L.
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Proposition 2.2. Let M be a module. Then the
following statements are equivalent:

(1) Every submodule of Mis a &-—TE-
module.

(2) M has ample & —supplements in every
torsion extension.

Proof.(1)=(2) Suppose that every submodule of
M is a & —TE-module. For a torsion extension
N of M, let N =M + K for some submodule

K of N. Note that E; is torsion.
M MnNnK

Since M NK is a & —TE-module, there exists

a submodule L of K such that

K=(MnK)+L and

(MNK)NL=MANLD ;L. Then we have

N =M +L. Hence, L is a &—supplement of
M in N.
(2=>(1) Let T be any submodule of M . For a

torsion extension Nof T, let F = M f N ,

where the submodule H is the set of all elements
(a,—a) of Fwith acTand let :M —>F

viaa(m)=(m,0)+H, S:N—Fvia
B(n)=(0,n)+H for alimeM, neN. It is

clear that & and [ are monomorphisms. Thus
we have the following pushout:

T —— N

% e

M —“> F
where i, and i, are inclusion mappings. It is
that F=Im(a)+Im(p).

Consider the epimorphism y:F —>¥ defined

gasy to prove

by y((mn)+H)=n+T for
(m,n)+H eF . Since
Ker(y)=Im()

all

we have

N F

T Im(@)

14
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is torsion. By the hypothesis, Im () has ample
o —supplements in every torsion extension
because Im(a) is @ monomorphism. Then, we
can write

F=Im(a)+V and Im(a)nV [ ;V
with V <Im(p).
N=pg"(Im(a))+BH(V)=T+B7*(V).
Suppose that T~ 7V )+ X = g7(V) for some

BV)
X

Hence we obtain that

submodule X of #7(V) with

singular.
Then we have
V=V Aim(p)=pla )= BlT V) + X)

~ AT A W)+ B(X)
=Im(e)nV + B(X).

-1
Now we define 0:[3 (V)—> v by
X px)
Oa+ X)=pa)+ B(X) for all
,lV
a+XeﬂT(). Note that & is an
isomorphism. Hence
V) v
X px)

is singular. Since Im(a)NV <<z V,it follows
that S(X)=V and so that X =g (V). Thus

TrpV)<<s p1V), that is, p2(V) is a
o —supplement of T in N.

Theorem 2.1. Let 0>K —>M — L —>0 bea
short exact sequence. If Kand L are 6—TE
modules with L torsion, so does M.

Proof. Without loss of generality, we can
assume that K<Mand N be a torsion
extension of M . ForK <M < N, we have

IR

x|Zx|=z

N
M
. . N . . .

is torsion and so ? is a torsion extension of

M . Since L = % isa o — TE-module, there
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exists a submodule VE of % such that

N M V M NV Vv

—=—+—and 1 s— and so
K K K K K
N =M +V. Since
\Y
K . V _M+V N
MAV "M~V M M’
K

. . . V . .
L is torsion, we obtain that E is torsion. Then

K has a &—supplement K, in V, ie.

V=K+K, and KNnK;l ; K, because K is
a o0 —TE-module. Therefore
N=M+V=M+K,. Assume that

N =M + X for some submodule X of K;.

ThenM+X+K=ﬂ.Notethat
K K
\Y
ﬁ~K1+K_ vV K
X X+K X+K X+K
K

is singular. It follows from [4, Lemma 2.1],

V. X+K

e

o0 —supplement of K inV, by [4, Lemma 2.1],

by we have that X =K;.Thus K, is a 6—

supplement of M in N.Thus K, is a &—

supplement of M in N.

Corollary 2.1. Let M; and M,be &-TE-

modules with M, torsion and M =M, @M, .

Then M isa & — TE-module.

Proof. Let M =M,®M,. By using the

following short exact sequence
0->M,->M->M,—>0

Mis a & —TE-module by

and so V = X + K. Since K; is

we obtain that
Theorem 2.1.

Lemma2.1. Let M bea & —TE-module and
N be atorsion extension of M such that

5(N):0.Then M is a direct summand of N .
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Proof. By assumption, M has a & —supplement
in N, say K. SinceM KU ; K, it follows

that M N K gé(K):O.HenceN=M®K.

In [8], aring R is called a left 5 -V —
ring, if for any left R —module M ,5(M)=0.

Corollary 2.2. Let M be a 6 — TE-module over
a 06—V —ring. Then M is a direct summand of

any module N with % torsion.
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