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Some Attributes of the Matrix Operators about the Weighted
Generalized Difference Sequence Space

Murat Candan®
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Abstract. We can describe the norm for an operator given as T : X — Y as follows: It is the most
appropriate value of U that satisfies the following inequality

ITx[ly < Ullxllx
and also for the lower bound of T we can say that the value of L agrees with the following inequality
ITxlly = Lilxllx,

where ||.|lx and |.|ly stand for the norms corresponding to the spaces X and Y. The main feature of this
article is that it converts the norms and lower bounds of those matrix operators used as weighted sequence
space {,(w) into a new space. This new sequence space is the generalized weighted sequence space. For
this purpose, the double sequential band matrix B(,3) and also the space consisting of those sequences
whose B(7, 3) transforms lie inside £,(®), where 7 = (r,), § = (s,) are convergent sequences of positive real
numbers. When comparing with the corresponding results in the literature, it can be seen that the results
of the present study are more general and comprehensive.

1. Introduction

Let us outline some fundamental definitions and results, which we will largely be used in the following
sections. Primarily, we will offer the concept of the sequence, the details of which are well known in
elementary analysis. Although there are many different ways to describe the sequence, all of which mean
the same thing, we have chosen to give the following definition here. The sentence "x is a sequence”
means x = {x,} := {xo,X1,..., %, ...}, where each x, is a complex number. In other words, a sequence is
easily introduced as an ordered list of complex numbers. Thus if x is a sequence, then it can be viewed
as a mapping of x : IN := {1,2,...} — C. More generally terms, every sequence x in X is a transformation
x : IN — X, where X is a non-empty set. The collection of all real or complex number sequences forms
a vector space which we denote by w, under the operations of coordinate-wise addition and the familiar
scalar multiplication. The subspaces of w are significant in such applications because each of them is called
a sequence space.
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Given an infinite matrix A = (a,x) having complex numbers 4, as entries in which 1,k € IN, it can be
written for a sequence x, as follows

(Ax)y = Y awxi; (1€ N, x € Dy(A)),

in which Dgy(A) describes the defined subspace of w consisting of x € w for which the summation exists as
a finite sum. For a simple notation, the summation ranges without limits from 0 to oo.
The X, is known to be the matrix domain of an infinite matrix A for any subspace X of the all real-valued
sequence space w is described as
Xa={x=(x) €ew:Ax € X}

which is a sequence space. There are several techniques to create new sequence spaces from old ones like
X. One of them is to use an arbitrary matrix domain generated by an infinite matrix A such as X,4. To briefly
explain the topic, these sequence spaces, namely X and X4, may overlap but in any case either of them may
contain the other one. The reader can find detailed information in the book “Summability Theory and Its
Applications” by Basar [1] and therein.

Recently, we have seen a significant increase in the construction of new sequence spaces using matrix
domain in summability areas such as sequence spaces.

Many of the works [2-12] we have studied so far have something in common, they use the matrix
domain.

Attempts have been made to find the best upper bound for some well-known matrix operators denoted
by T from £,(w) to Fyp. In the context of this statement, note that an upper bound for a matrix operator
denoted by T defined from one sequence space X into another denoted by Y can be given by the following
value of U

ITxlly < Ullxllx,

in which ||.|[x and .|y denote the commonly known norms prescribed for spaces X and Y, respectively.
Here, U does not dependent on x. Among them, the best value of U can be called the operator norm for T.

In addition, several researchers have tried to figure out the lower bounds for these matrix operators.
This concept was first discussed in Ref [13] on the Cesaro matrix. But after that, others such as in Refs
[14, 15] and [16, 17] have studied the lower bounds for some matrix operators defined on the sequence
space denoted by ¢, and simultaneously on the weighted sequence space denoted by £,(w) with the Lorentz
sequence space. Similarly, a lower bound of a matrix operator defined as T : X — Y is defined as the value
of L satisfying the following inequality

ITx|ly = Lilx[x.

This inequality can also be used for some applications of functional analysis. For example, for finding the
necessary and sufficient conditions under which an operator has its inverse, and for simultaneously finding
the operator kernel containing only the zero vector for this case. For these reasons, knowing the lower
bound for an operator is significant. In recent years, Dehghan and Talebi [18] have worked on the largest
possible lower bound for some matrices on the Fibonacci sequence spaces. Furthermore, Foroutannia and
Roopaei [19] have considered the problem of computing both the norm and lower and upper bounds for
some operators defined on weighted difference sequence spaces. One can refer to these works [20-26] and
those contained therein for related problems over some classical sequence spaces.

In this article, it is assumed that w = (w,) and also @ = (@,) are sequences consisting of positive real
terms. In this paper, a new space the generalized weighted difference sequence space, is introduced via
the generalized difference matrix. Moreover, some properties of this sequence space are investigated.
Among other things, it was found that although this space is semi-normed, it is not necessarily a normed
space. Recall that a semi-normed satisfies every axiom of a norm, but the semi-norm of a vector must be
zero without including the zero vector. Again, this is a semi-inner product space for the value of p = 2.
Moreover, one obtains an isomorphism when using this space. Next, the norm for some matrix operators
on the generalized weighted difference sequence space is defined. In the next step, we address the lower
bound problem for the described operators of £,(w) in the generalized weighted difference sequence space.
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2. The Sequence Space ¢,(@, B(#, 5))

We examined in the former chapter that many topic lead to building new sequence spaces. Moreover,
the concepts we offered were inherently large. Let us start by presenting the following matrix B = (b(7, 9));

y S, k=n+1
bu(7,8) =4 14, k=mn
0, 0<k<nork>n+1

where 7 = (r,), § = (s,) are convergent sequences of positive real numbers. It should be noted at this point
that many authors have described various sequence spaces and studied many different aspects of these
spaces, using a different matrix similar to this matrix but actually different. Some of them are available in
references [2-5].

We will see later that this matrix allows us to construct an efficient structure for solving algebraic and
topological properties. Applying the definition of matrix domain to this matrix, we define the new sequence
space whose result lies in the £,(@) space, as follows:

&y(@, B(7,8)) = {x =) Ew: Z Wy [rnXn + Suxnall < 00},

n=1

in which 1 < p < co. For detailed information, the reader is advised to look at the references and therein
[27, 28]. We note here that, the space is a semi-normed space with the semi-norm defined by

o0 1p
”x”p,u”i,l? = [Z W |10y + Snxn+1|p] .

n=1
To calculate the truth of this assertion, we now give an example. If we consider the sequence x, =

rl 1—[7:—11 (ﬁ), so due to 7,x, + 5,X,41 = 0 we obtain |||
n

- 5 = 0, then it follows, from the definition of the

P,
norm, that ||.||p,ﬂ,,g defined on £,,(, B(#,3)) is not a norm.

Before we begin with the general theory, we will first state the following basic theorem, which indicate
that the set just described plays a significant role in its algebraic structure.

Theorem 2.1. The set ,(, B(7,3)) is linear space, that is, sequence space.

Proof. We omit the proof which can be found in standard procedure. [

Let us proceed with the following theorem about an algebraic property of this newly defined sequence
space.

Theorem 2.2. It is true that the inclusion relation £,(¥) C £,(®, B(7,3)) is strictly valid.

Proof. If we take any x € £,(@), then the following calculation shows that the inclusion is valid

wn |rnxn + Snxn+1|p < wnzp—l (lrnxnlp + |Sn-xn+1|p)
< 2P 'max [|supuental’, Isupnensal’ ] @n (xalP + [xXn11l7)

by summing of n from 1 to oo, in which 1 < p < 0.
To show that the inclusion relation is strictly valid. If the sequence @ with (1,1, 1, ...), we consider again

the sequence (x,) = ( LTt (ﬂ)) € €,(@, B(,3)). From this it is easy to deduce that (x,) ¢ {,(@). O

Tn Si

Theorem 2.3. IfH = {x = (xn) € (@ B(7,3)) : TuXy + SpXys1 = 0 foralln € IN}, the quotient space €,(®, B(#,3))/H
is linearly isomorphic to the space {,(D).



M. Candan, /TJOS 8 (1), 37-50 40

Proof. The basic approach to proving this theorem is to define a new T transformation from the space
Bp(w,B(f, §)) to (@) that exploits the definition of the fundamental matrix transformation, for all x €
Ly(, B(7,8)) uniquely Tx = ((Tx),) = (ryXy + SyXu41). Since it is fairly obvious that T is linear, the first issue
here is to show that T is surjective. One of the ways to accomplish this for any y = (yx) € {,(@) is to say
Xy = rl” Yo, Tt (%) vk for all n € N in the norm of ¢,(@, B(7,3)). In this case, by simple calculations, we
obtain the following equations

00 0o k-1 o k-1 4
p _ Z ~ n Z (_Si) Sn —Si
lxll” o= ) Wn|— — Y+ — )k
p,0,B . .
n=1 "n k=n i=n Tis1 Tn+1 k=n+1i=n+1 Tis1
o o k-1 oo k-1 4
~ —S; —5i
=2 @ | 2 T )= 2 T )
n=1 k=n+1 i=n i+l k=n+1 i=n i+1

which implies that x = (x,,) € {,(@, B(7,9)). Returning back to the T transformation described above, itis very
simple to say that Tx = y. Due to the fact that the image of the space £,(@, B(7, 5)) under the transformation
T is {,(@) and also ker T = H, we have that £,(@, B(¥,5))/H is linearly isomorphic to the space £,(@) under
the first isomorphism theorem. [J

We will use an example to show that the transformation T defined above is not injective. Namely, for
x=(x,) = ( Lt (%’I“)) we get Tx = 0; in other words, ker T # {0}.

T
Theorem 2.4. Ifp is not equal to 2 and at the same time the space €,(@, B(F, 9)) is not given as a semi-inner product
space, then it is concluded that the space {,(@, B(7, ) is defined as a semi-inner product space.
Proof. First, we will answer the question whether the semi-norm |[.|l, ;3 can be induced with a semi-
inner product. It is convenient at this point to use the notation z; = zb,lc/ 2 (rexx + Skxps1) for all k € IN and
(z,2)2 = Yo, lzk[>. Indeed taken arbitrary, x € £(@, B(7,3)), we get

Xl 05 = V{(z, 2)2.

Moreover, it is easy to verify from the following equations that the semi-norm ||.||p,w/§ cannot be obtained
when considering a semi-inner product just defined as

2
2 2 _as2p, 22p (T2
b+ 2+l = Y2 5 = 40" + @, ( )

r
~ 2/p
- w7 4
4 (w1 + ? )

_ 2 2
= 2P, 5+ IE ),

)

"n

in which x = (2% -7,0,0, ) y= (Zg;{‘l, 5,0,0, ) andp#2. O
We examined in the former chapter that many topic lead to building new sequence spaces. Moreover, the
concepts we offered were inherently large. Let us start by presenting the following matrix B = (b (7, 9));

} S, k=n+1
buk(7,3) = § Tn, k=n
0, 0<k<nork>n+1
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where 7 = (r,), § = (s,) are convergent sequences of positive real numbers. It should be noted at this point
that many authors have described various sequence spaces and studied many different aspects of these
spaces, using a different matrix similar to this matrix but actually different. Some of them are available in
references [2-5].

We will see later that this matrix allows us to construct an efficient structure for solving algebraic and
topological properties. Applying the definition of matrix domain to this matrix, we define the new sequence
space whose result lies in the £,() space, as follows:

fp(zf), B(flg)) = {x =) Ew: an Xy + suxpe1ll < Oo}/

n=1

in which 1 < p < co. For detailed information, the reader is advised to look at the references and therein
[27, 28]. We note here that, the space is a semi-normed space with the semi-norm defined by

o0 1p
”x”p,ﬁ;,B = [Z W |rnxy + Snxn+1|p] .

n=1
To calculate the truth of this assertion, we now give an example. If we consider the sequence x, =

T si
norm, that ||.||p,ﬂ,,g defined on £,(@, B(7, 3)) is not a norm.

Before we begin with the general theory, we will first state the following basic theorem, which indicate
that the set just described plays a significant role in its algebraic structure.

1 ]_[1'-’:_11 (ﬂ), so due to X, + S,X,+1 = 0 we obtain ||x||p,ﬁ,,g = 0, then it follows, from the definition of the

Theorem 2.5. The set {,(w, B(#,3)) is linear space, that is, sequence space.

Proof. We omit the proof which can be found in standard procedure. [J

Let us proceed with the following theorem about an algebraic property of this newly defined sequence
space.

Theorem 2.6. It is true that the inclusion relation £,(0) C €,(®, B(#,3)) is strictly valid.

Proof. If we take any x € £,(@), then the following calculation shows that the inclusion is valid

Wy, 1y + Snxn+1|p < wnzp—l (I7nxul + I8uxnsalF)

-1 ~
< 2P max [lsupuentul’, [suppensal’ 1 @n (X4l + [X4411F)

by summing of n from 1 to oo, in which 1 < p < co.
To show that the inclusion relation is strictly valid. If the sequence @ with (1,1, 1, ...), we consider again
the sequence (x,) = (,l H?:_f (m)) € {y(@, B(7,3)). From this it is easy to deduce that (x,) ¢ t(@). O

Si

Theorem 2.7. IfH = {x = (xy) € €,(@, B(F,9)) : 1uXy + SuXys1 = 0 forall n € IN}, the quotient space {,(®, B(,5))/H
is linearly isomorphic to the space €,().

Proof. The basic approach to proving this theorem is to define a new T transformation from the space
fp(zb,lg(f, §)) to (@) that exploits the definition of the fundamental matrix transformation, for all x €
L,(, B(7,8)) uniquely Tx = ((Tx),) = (rnX, + SyXy41). Since it is fairly obvious that T is linear, the first issue
here is to show that T is surjective. One of the ways to accomplish this for any y = (yx) € {,(@) is to say
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X, = rl Yion Hf;,} (%) y for all n € N in the norm of £,(@, B(7,3)). In this case, by simple calculations, we
obtain the following equations

o 0o k-1 o k-1 14
T —S; S —S;
14 _ ~ n i n i
Il = D0 22 ) (r.—)yk+ =2 1l (T)yk
n=1 " k=n i=n i+1 n+l k=n+1i=n+1 i+l
00 0o k-1 o k-1 4
~ —S; —5;
=2 o 3 TG e 2 TG Jw
n=1 k=n+1 i=n i+l k=n+1 i=n i+l
(o)
~ p
=) ulwl
n=1
— P
=yl

which implies that x = (x,,) € £,(@, B(7,3)). Returning back to the T transforrr}ation described above, itis very
simple to say that Tx = y. Due to the fact that the image of the space £,(@, B(7, 5)) under the transformation
T is ¢,(w) and also ker T = H, we have that ¢,(@, B(7,5))/H is linearly isomorphic to the space £,(@) under
the first isomorphism theorem. [

We will use an example to show that the transformation T defined above is not injective. Namely, for
x=(x,) = (l [§iy (%)) we get Tx = 0; in other words, ker T # {0}.

Tn i

3. The Norm of Matrix Operators from £1(w) to £1(, B %)

Having defined a function from the space ¢;(w) to the space ¢1(@, B(7, 3)), we will compute in this chapter
that it is a norm. Before proceeding with the development of the general theory, let us start by presenting a
very simple definition.

The matrix A = (a,) is said to be quasi-summable if A is an upper triangular matrix, namely, 4,4 = 0 for
n > k. As it can be clearly seen, the matrix satisfies Zﬁzl a, = 1forall k € IN.

Theorem 3.1. The matrix T = (t,) is a bounded matrix operator from the space €;(w) to the space t1(®, B(F, 9))
k

if M = sup, ;‘)—k < o0, in which Ay = Y4 Wy |rntnk + sntnﬂ,k(. In that case, the norm of operator is obtained as

||T“l,w,zb,B =M.

For all n € N, taking both w, = 1 and @, = 1 specially, the transformation T is a bounded operator from the
space {1 to the space £, (B(#,8)) and also 1Tl 5 = supgen Ak
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Proof. We take into consideration a sequence x = (x,) in {1 (w), thus

(o)
1Tl 5 = ), B

n=1

(o)

(rntnk + Sntn+1,k) Xk
k=1

(9] (o)
<Y Y @[tk + St b
=

”TX”l,m,B

T < M. We introduce the sequence el =

From these equations it follows that ||T1|,,, ;5 < M since

1. .
(0, Q, ..0,1,0,...) for each i € IN to compute the inverse inequality, and then obtain ||¢|l;,, = w; and also
ITe'lly 4,5 = Ai- Therefore, it is easy to see that ||T||; ;, 7,5 = M, and then [[Tl|; , 5 5 = M.
Since special choices are made in the proof of the remaining part, no proof will be given here. [J

Theorem 3.2. Let us assume that T = (t,x) is the upper triangular matrix having the non-negative entries and
also assume that (w,) is an increasing given sequence. When the inequality tu > t,.14 is valid for each values of
n € N, constant k € N and M’ = sup, . Yi_; tax < oo, then T is defined as a bounded operator described from
t1(w) to £1(w, B(7,3)). At the same time, the norm of this given operator satisfies the inequality given in the form
Tl 5 < (SUPgen Ikl + SUPyen ISK)M’. When the specific condition of T is being quasi summable matrix, also
'k 2 —s¢ > 0and sg_1 + ry = 1 s taken into consideration, thus the condition ||T\|, ,, 5 = 1 is satisfied.

Proof. Given the hypothesis, we must say that the matrix T = (f,;) satisfying the condition f,x > ;41 (for
alln,k =1,2,...) is an upper triangular and also the sequence (w,,) is increasing. With simple calculations,
we can derive the following

8

Ak = Wy ‘rntnk + sntn+1,k|

=
_ =

=~

Wy [Futuk + Subusr | + Wilreltee

=
Il
—_

k=1

< Wy (|rn|tnk + |Sn|tn+1,k) + |rk|tkk
n=1

= wi [(Irltux + Isaltax) + oo + (-1t x + Isk-alte) + [riltie]
= wy [Ir1ltax + (Is1] + [72]) tor + .. + (ISl + [7e]) tha]

k
< (sup |rx| + sup |sk|)wi Z tuk.
keN keN n=1

. A k
Obviously, [ITlliz = Supen ﬁ < (Supyen Ikl + supyep Iskl) Supyen Lot tik = (SUPjepy Il + supyen Is)M’
from Theorem 3.1.
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Let us suppose that T is a quasi summable matrix, so M’ = 1. If rx > —s; > 0 holds, then of course
Tutnk + Sntnr1e > 0 holds for every k,n € IN and also if the equality s,_; + 1, = 1 is satisfied, then we can
easily write Ay < wy Z}:::1 tux thus [[T]}; ,, 5 < 1. To obtain the inverse inequality, let us consider the sequence

=(1,0,0,...). It follows that |le!|l1» = wy and ||Tel|l; ,,3 = w1, namely ||T|l; , 5 > 1. As a result, we obtain
ITlhwe =1 O

In the light of the above theorems, we are concerned here with the computation of the norm of some
specific quasi summable matrices. First, we consider the transpose of the well-known Riesz matrix R = (7,;x)
which is described as follows: ]

. o n<k
Tk = { o4 1

0, n>k

where (g,) is a non-negative sequence with g1 > 0 and Qx = g1 + ... + g for allk € IN.
Taking g, = 1 for all n € IN, we derive the transpose of the Cesdro matrix of order one, also known as
the Copson matrix (see [17]). We denote this particular matrix by C = (¢,x), where

- i, n<k
"=10 n>k
Corollary 3.3. When (q,) is a decreasing sequence and (w,,) is an increasing sequence, in that case R is a bounded

operator from the space {1(w) into the space €1(w, B(#,3)) and, also ||R||Lw,g =1forr, >2—s,>0and s, +1r, =1
for every n € N.

Proof. First of all, since (g,) is a decreasing sequence from the hypothesis the following inequality 7, =
% > qé—f = Fus1 holds for all n € IN, each fixed k € IN. For R is a non-negative upper triangular matrix
and (w,) is an increasing sequence, it follows from Theorem 3.2 that R is a bounded operator from ¢;(w)
into ¢;(w, B(7,3)). Also due to the fact that Zflzl fuk = 1 for every k € IN, Risa quasi summable matrix. If

Tw 2 =8, > 0and s,-1 + 1, = 1 for every n € N, then it is clear that ||I~{||1,wf3 =1 from Theorem 3.2. O

k -~
2,1:1 Wy
kwy

< oo, then the matrix C defined just above is a bounded operator from the space

~ ~ k ~
t1(w) into £1(, B(7, 3)) and ||Cll; 45,5 < (SUPgen 7kl + SUP ISk]) SUPLn Z’,’;;:’”.

Corollary 3.4. If sup,

Proof. We get the following inequality

(o)
A= Z W |FuCk + SnCusr 4]
o
k=

Z (Irul + Isal) + Dl

IN
==

k k-1
_ SUPgen "l Z o 4 STPien Is| Z @
k " k "

n=1 n=1

< SUPjeN il + SUPeN Isi]

= X wy.
n=1

I

LoD from Theorem 3.1. [0

Therefore, we obtain that ||C|ly 4,8 < (Supyep 7%l + sup,o Iskl) sup,o S

Theorem 3.5. Let us suppose that T = (t,x) is a matrix having the non-negative entries and the inequalities t,; >
tya1 hold for all n € N and each fixed k € IN. If Y';”; tyx < oo for each k € N and also M" = sup, g Lnei buk < ©0,
then the matrix T is a bounded operator from the space €y to €1(B(7,3)) and the norm of operator is ||T||; 5 <
(supyep 7kl + sup,n Isk)M”. When the fact that the specific condition of T is being quasi summable matrix is taken
into consideration for r, > —sx > 0 and sy_1 + 1y = 1 (for all k € IN), then the condition ||T||, 5 = 1 is derived.
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Proof. For any k € N, we get
Ak = Z ‘rntnk + Sntn+1,k| = (SUP |rk| + sup |Sk|) Z tnk‘
n=1 keN keN n=1

Using Theorem 3.1 here, we find that the norm [|T1|; 3 < (supcy [7x| + sup,ey Isk)M”. The rest of the proof
can be done similarly to the proof of Theorem 3.2. O

The matrix H = (h,;) defined as h,; = ﬁ for all n,k € N is known to be the Hilbert matrix operator.
Here, we will discover the norm of the operator just mentioned.
Now, let us give the following integral to be used in the proofs:

| e
= ——,
0 t(t+0) c*sinam
1

Theorem 3.6. Letw, = . foralln € N,inwhich0 < a < 1. In this case, the Hilbert matrix operator H just described
is bounded from the space {1(w) to the space {1(w, B(7, 5)) and also the norm ||H hwp < goam(SUpjen I7il +sup;g Isil)-

inwhichO0 < a < 1.

Proof. For all n € N, we have

(o]
Ap = Z Wi [Fiftin + Siltisi |
i=1
(o]
Sz.l(.lril . Isil )
=it \itn i+n+1

< foo l SUP;eNn I7il + SUP;en Isil dt
0 1 t+n t+n+1
U (Supie]N Iril + SUP;eN |Si|)

~ sinan ne (n+ 1)

It follows that

nA, < —
sinamn

—_—
N

a i
< — sup |r;| +sup |s;| ).
n+1)] 31nan(ie]1\}1)|l| ie]I\PT)lll)

Considering Theorem 3.1, this means that ||Hl|; , 3 < 57+- (supie]N |7i] + sup; Isil). O

[sup 7i] + sup |sil

ieN €N

4. The Norm of Matrix Operators from £,(w) to £,(w, B %)

In this section, we are going to discuss calculating the norm of some matrix operators from the space
{,(w) to the space £,(@, B(7,5)). We now present an essential lemma which is obtained by Jameson and
Lashkaripour, since this important result is used in the proofs.

Lemma 4.1. [17] Let us suppose that A = (a,x) is a matrix operator having the nonnegative entries ay > 0, also
suppose that (u,) and (vy) are positive sequences given such that

(o)

a
“i/pzli/kp <Ki (forneN, K; € R)
k=1 Uk
and
1y
<
SA=Plp Zl uy " ag <Ko (fork €N, Ky € R)
k n=

1/p
in that case, that inequality ||Al|, < % is valid, in which p > 1.
1
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Now, let us state and prove another necessary lemma.

Lemma 4.2. Let us assume that the equality a,; = (w—k) (Putuk + Sntus1,k) is valid for the matrix operators T = ()

and A = (a,x). At the same time, we have ”THp,w,zZ),B = ||Allp, for p > 1. Under the conditions of this hypothesis, T is
bounded operator from the space €,(w) to the space {,(, B(7,9)) iff A is bounded operator onto the space .

Proof. If the x lying in the space {,(w) is taken as arbitrarily, and the sequence y = (yi) is defined as

Yk = wk Pxi forallk e N by making use of it, then we derive that equality ||x||,» = |lyll,. Therefore, the proof
should be clear with the following basic calculations

P
p (LR
Iy = sup

P xe€ly(w),x#0 ||X| |£,w

. P
Z:ozl Wy |Z}i1 (T’ntnk + Sntn+1,k) xk’
= sup

(o]
xel, (1), x#0 Zk-l wilxi P

P
n 1‘Zk 1 wk (rn nk + Sutna1 k) ]/k‘

= sup

vel, Yot lyelP
P
T [E21 auky Ay,
=su = ; =su 5 = [A]I7.
vel, L [yl vet, Ylly

O

Theorem 4.3. Let us assume that the matrix operator R is as defined in (1), and also assume that (q,) is a decreasing
sequence having g1 = g = 2andlim,_,., Q, = 0. Foralln € N, if the sequence (w,) is taken as (ZQ" 1) withQp =1,

SUp e [l +sup ey I5u fOl’
2

in that case, R is bounded operator from the space £,(w) to the space €,(B(F,3)) and ||R||p,w,B <
p>1

Proof. In Lemma 4.2, utilize the matrix Rin place of T. So, the matrix A = (a,) is described by

sz 1Qk (TnL]n + an;'l+1) n<k

A = 1 _
nk ka le n=k
0, n>k

and besides that, ||R||
We derive

B = IA]l, is obtained.

i = Q Q +z (rnQn +SnQn+1) Z

k=1 k=n+1

Q- 1Qk

Ty 1 1
2 = qn Q o Qn + = (rnQn + 5n‘7n+1)
_ V_n In Sn In+1
2 Qn 1 2 Qn
< supne]N |r"| + supne]N |S”|
- 2
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for all n € IN. Also, we derive

) k-1
1 gk e Gk
Ak = = Tun + SuGu+1) | + =
Z; " 2 Q0 Z;( 1 ”’”)l 2 Q™

n=

k-1
1 gk
= ——7 |1ng1 + Tusl + Sn) Gn
20010k [ 191 nZ:f( +1 )17 +1l
Supke]N |rk| + supke]N |Sk| qk Zk‘
2 Qe-1Qk & 1

< SUPken Iril + supy Isk|
- 2

for all k € N. Now, In Lemma 4.1, if we take u, = v, = 1 foralln € IN, we get K; < w and

su 7| +su S su rul+sup, o Sn
K; < M which require that ||R||pr M forp>1. 0O

Theorem 4.4. Let w, = n% foralln € IN, inwhich1l—p < a < 1and p > 1. In that case, the Hilbert matrix operator
H is a bounded operator from the space £,(w) to the space €,(w, B(F, 9)) also following inequality

neN neN sin " sinymt

Tt Tt
HIl,,,5 < (suplrnl+suplsn|)maX{. ' = }

p—1l+a

is valid, in which = 1‘7“ and y = =

Proof. Let us define the matrix A = (a,x) as follows

Apre = Ea/p( In +—Sn )
=\ n+k n+k+1

for all n,k € IN. In this case, ||H ”p,w,B = ||All, which obtained by using Lemma 4.2. Specifically, when we
choose u, = v,, = nin Lemma 4.1 for all n € IN, we find that

;f_k_ wii k“/”( .

,%_n ke \n n+k n+k+1
WP |7 IS )
Zkﬁ(n+k n+k+1

ﬂﬁ foo_ SuanNlr”| +supne]N|S”| dt
t=o P t+n t+(n+1)

_ sup,on [1alm sup, o Isulm
1P sin Bt (n + 1) sinBn

I/\

IA

sup [ry| + sup s,

Tt
sm ﬁTZ nelN nelN
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for all n € IN also

0o

1 i = Z (-p)/p ka/p( In_ _ Sn )
AT i = k(ln)/p n) \n+k n+k+1

7 n=1

- 1 Irl e )
y il
k;n)’(n+k n+k+1

, SUPieny 7l SUP e I8
<k — dt
- ft_oty( t+k +t+(k+1)

—_

_ sup,, . I7alm sup,,. Isalm
ky sinyn (k+1)rsinyn
I
< = (sup || + sup |s,,|)
SIN YT\ peN nelN
p 1+a

for all k € N, where g = 1_7"‘ andy = . We therefore obtain that

TC TC
1H, 0,5 < (suplrnl +sup |Sn|) maX{ —, —}

nelN nelN sinfmn’ sinym

from Lemma 4.1. O

5. Lower Bounds of Matrix Operators from £,(w) to £, (0, B 3)

An important problem posed in this paper is to calculate the lower bound of an operator T from the
space {,(w) to space £,(®, B(#,3)). Thus, the goal is to obtain the lower bound of the operator T for the largest
value L satisfying the following inequality

ITxlly,2,5 = Llixllp,q

for every decreasing sequence x = (x;) with x; > 0.
We need the following lemma to perform the calculations in the proofs in this section.

Lemma 5.1. [17] Let us assume that both (q,) and (x,) are non-negative sequences, and that (x,) is also a decreasing
sequence satisfying condition lim,_e x, = 0. For Q, = Y.\"y q; with Qo = 1 also R, = Y.\, gix;, the following
statements holds, in whichp > 1 and n € IN.

LR -R > Q- Q)
2. When the series ) iy gix; converges, the following inequality is satisfied.

co P )
[Z qixi] > Qe -2,
i=1 n=1

Theorem 5.2. When T = (t,x) is a matrix operator with t,, > 0 from the space £,(w) into the space €p(w,B(f, 3)),
in which p > 1, the following inequality tu > t,.1 is valid for all n € IN, each fixed k € IN also the series )., Wy
diverges to infinity, in that case, for every decreasing sequence x = (xi) having x; > 0, we have

ITxl,,5,5 = Llxllpw

in which IF = inf,en va—”n, Wy, =Yiwpand S, = Y00 @i (Yo (ritix + sitiv1x)) wherer, > —s, > 0 foralln € N.
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Proof. Under the conditions of the hypothesis formulated in the theorem, we can give the proof as fol-
lows. Since Y, ;w, = oo, we obtain limy_.x; = 0, and also, we can be establish that the series

Yooy (Futuk + Sutus1 k) Xk is convergent for all n € IN. On the other hands, using Lemma 5.1 and Abel
summation, we have

(o) o0 p
”Tx”p @,B Z Wy [Z (Futux + Sntn+1,k) xk]
n=1 k=1
(o8] (o) Z p
> Z nZ[ (rn nk+5n n+1 k)] (x _x1+1)
n=1 i=1 \ k=1
[ 00 i p
= Z [Z Wy | Y (b + sntm,k)] } (o =)
i=1 Ln=1 k=1

=Y Sid -« 1)>U’ZW(x —x ) = Pl

i=1 i=1

which completes the proof. [
The following lemma can be verified using a technique similar to the proof of Proposition 1 in [17].

Lemma 5.3. Let us assume that T = (t,) be a non-negative matrix operator defined from the space {,(w) to the space
¢, (w, B(7,9)), in which p > 1. If the following inequality

rntnk + Sntn+1,k > rntn,k+1 + Sntn+1,k+1

is valid also tye > tysx for all k € N, each fixed n € N and r, > —s, > 0, if the series ), wy is divergent the
infinity, then we have

t
LP > inf[nf — (n — 1)P1 2~
_g}N[n ( )]wn

in which t, = Zzl w; (I’it,‘n + Sii‘i+1,n)p.

Theorem 5.4. Let H = (hyy) is the Hilbert matrix operator, wy, = nw and @, = -5 for everyn € IN, in whichp > 1,
O0<p+a<landr,>-s, > 0. For every decreasing sequences x = (x) that are not negative terms, we have

) 0,5 > Lilxll o

in which [P > Zl 1 —1" ESE

Proof. 1t is clear that both the Hilbert matrix H = (h,) and the sequence (w,) satisfy the conditions listed in
Lemma 5.3, therefore, we obtain

t
P> P _(n -1V
L—iﬁ}{f[n (n 1)]wn

=1 7 S P
> 1r1f l’lpili’lpﬂkz,—(,—l-f',—l)
neN ,110‘ i+n i+n+1

=17 s r
> 1r1f anﬂtle‘_(‘_l +—1) .
neN it \itn it+n+l

The rest of the proof can be obtained in the same way as in the proof of Theorem 4.3 in [19]. [
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Conclusion

In this manuscript, we have presented the norms for matrix operators which are defined between the
weighted sequence space denoted by ¢,(w) and the weighted difference sequence space £,(@, B(7, §)) which
isvalid for 1 < p < co. To make the presentation more understandable, we have used some specific matrices
like quasi summable ones (that is the transposes of Riesz and Cesaro matrices of the first order) and Hilbert
matrix. Firstly, £,(@, B(7,5)) space has been presented and its properties have been scrutinized. Next, we
have tried to compute the lower bound for the matrix given from ¢,(w) into £,(@, B(7, 3)).
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