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INTRODUCTION

The class A is well-known family of analytic functions 7 of the form
h(o)=oc+ Z a.oc" )
k=2
in the open unit disk U = {a eC:|o| <1} . Also, let S be the class of univalent functions in A . It

is common knowledge that for 7€ S , ‘ag —aﬂ <1. A traditional theorem of Fekete-Szego (Fekete and

Szegd, 1933) expresses that for 7€ S given by (1).
3-46 if 6<0,

la, —5a3| < 1+2exp[%) if 0<5<1,

45 -3 if 6>1
This inequality is sharp because there is a function in S that ensures equality for each & . Pfluger
(Pfluger, 1984) proved this inequality for the complex & values as follows:

-20
o 2]

Till now, a number of authors have sought to apply the forementioned inequality to broader classes
of analytical functions.
The classes of starlike and convex functions of order « given by, respectively

la, —sal|<1+2

S*(a)z{hes: ‘R(Gh’(a)]>a, 0<a<l, aeu}
(o2
and
C(a)={he$: 9%[1+O-h”(o-)j>a, 0<ax<l oe U}.
(o)

In particular, the classes S*=S"(0) and C=C(0) are the familiar classes of starlike and convex
functions in U, respectively. Nasr and Aouf (Nasr and Aouf, 1985), Wiatrowski (Wiatrowski, 1971),
Nasr and Aouf (Nasr and Aouf, 1982) defined these classes for complex order « .

MATERIALS AND METHODS

Let i(o)=0c+Y a.c" and k(c)=0c+ ) b.o* be analytic functions in U. The Hadamard
k=2 k=2
product of 72 and X, denoted by 7 * % is defined by
(h*1)(o)=0c+) ab.oc" =(k*h)(c) (cel).
k=2

Deniz and Orhan (Deniz and Orhan, 2010) introduced the following linear multiplier differential
operator for T," 7 as follows
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T&h(o-) =h(o)
Tnléh(a) =néo’h" (o) + (77 - §)ah'(a) + (1— n— 5) h(o)=T, (o)
T,:h(0)=T,, (Tnl,gh(o'))

Th(0) =T,. (T, (o)) (MeN={123,..}),
where 7> &> 0. We note that

T h(c) =0+ 2[1+ (néx+n-¢)(x-1)]"a,0" (me N, =Nu{0}), @)

with T,".7(0) = 0.

It should be noted that the operator T q.c 15 a generalization of many other operators discussed
previously. We have the following for 7z A in particular:

(i) T, of(c) =T "i(c) the operator investigated by Al-Oboudi (Al-Oboudi, 2004).

(i) T,07(c) =T "h(c) the operator investigated by Salagean (Salagean, 1983).

(iii) an’”gyh(a) the operator considered for 0< <A1 <1 by Raducanu and Orhan (Raducanu

and Orhan, 2010).
Denote by

Re=—2 & h(o) (geNO).

(1-0)"
Then implies that

o (Gg_lh(a))(g)

R h(o) = o (geNO).

The operator R°7% is called Ruscheweyh derivative operator (Ruscheweyh, 1975). Noor (Noor,
1999) defined and investigated an integral operator N < : A — A analogous to R 7 as follows.

Let 7_(o) =#, ceN,, andlet 2" be defined such that
l1-o
_ (o2
(@) -1

Then

(-1
N (o) = 'Y (0) *h(0) =| ———| *h(0)=0 +Zr(g L ) 3)
(l—a)g )

For the function ¢ (o) given by (3), we define the following convolution operator:
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K, £ () =< (o),
K, £(0) =K, L(0)=néc’¢"(0) +(n-&)o¢ (o) +(1-11-£){ (o)

:0+iﬁwﬁ“”‘f)(’f—l)]%aka",

Knn,]éé/(o-) = Kfzé (Knr?;lé/(a)) (m € N)'
It can be easily seen that

K¢ (o) = 0'+2[1+(77§K+77—§)(K—1)]

where m,c e N, and n>£>0.

Here the letters m and ¢ are related to the linear multiplier differential operator and the Noor
integral operator, respectively.

We now define new subclasses of analytic functions using the operator K:Lg (o), as follows.

m !
I'¢c+)x ao",

I'c+x) @

Definition 1. Let $€C\{0}, and let 7 be an univalent function of the form (1). We say that
belongs to S,".(9,¢) if

1] (KL (o))

R 1+ -
9 K¢ (o)

-1[|>0 (m¢eN,n=2£E20, oel),
where (o) =N k(o) is given by (3).
Definition 2. Let 9e<C\{0}, and let 7 be an univalent function of the form (1). We say that 7

belongs to C'.(3,¢) if
snugd@zwﬂ
(K&?(a))
where (o) =N “h(o)is given by (3).
The following significant subclasses have been examined by numerous writers in earlier
publications, taking precise values to the parameters 9,5,7 and &, for example,
S,:(3)=8"(4n,8), C.(41)=C"(31¢&) (Orhan, Deniz and Caglar (see: Orhan et al, 2012)),

S°(L,¢) =M (n,0) (Sokol and Bansal (see: Sokol and Bansal, 2012)), S°(9,c =n)= N, Noor (see:
Noor, 1999)).

In fact, many authors have studied the Fekete-Szego inequality for various a variety of sublasses
of A, the upper bound for ‘as —§a22‘ is studied by a variety of authors (see: Abdel-Gawad and Thomas,
1992; Chonweerayoot et al, 1992; Darus and Thomas, 1996; Darus and Thomas, 1998; Keogh and
Merkes, 1969; Koepf, 1987; London, 1993; Ma and Minda, 1994) and (see also recent research on this

subject by (Caglar and Orhan, 2021; Deniz et al, 2012; Kanas and Darwish, 2010; Kazimoglu and Deniz,
2020; Kazimoglu and Mustafa, 2020; Orhan et al, 2010; Orhan and Raducanu, 2009)).

>0 (m¢eNy,n>£20, oeU),
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We focus on the coefficient estimates and the Fekete-Szegd inequality for the subclasses Sn”"g (4¢)

and C.(4,¢) in this paper.

U

RESULTS AND DISCUSSION

We denote by P a class of analytic function in U with p(0)=1 and Rp(c) > 0. The following
lemma is required to prove our main results.

Lemma 1. (Pommerenke, 1975) Let peP with p(c)=1+co+C,0°+--, then
|Cn|£ 2, forn>1. If |C1| =2 then p(o)=p(o)=01+y0)/(1-y0o) with y,=c /2. Inversely, if
p(o)=p,(o) for some || =1, then ¢, =2y, and |c|=2. Additionally, we have

R <o o
2 2
c/ |Cl|2
If |c,| <2 and e :Z—T,then p(o)=p,(c), where
146 V20t
1+y7,0
o)=—-—""12|
P, (o) 1ot
1+ 7,0
2c, —c’ .
and ,=¢12, y,= . 2 |§ . Conversely, if p(c) = p,(c) for some || <1 and |y,|=1 then
2c, —c? c? e’
=c /2, y,=—"2—2 and |c, ——=|,, 2——.
71=G V2 4—C1|2 27, 5

Then, we present the result that follows.
Theorem 1. Let m,c e Ny, 1>¢£>0 and $e C\{0}. If 7 of the form (1) isin S, (J,¢), then
[9(s+1)
[2n&+n—&+1]"

|, | <

©)

and

g <A+ De+2)

6[6mu+2n-2&+1]"

Consider the functions

o (Kng (@)
K¢ (o)

and

o(K".¢(0))
Knn?cfé/(a)

max {1,[L+29]}. (6)

=1+39(p,(0)-1) (7

=1+9(p,(0)-1), (8)
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where p, and p, are given in Lemma 1. In (5) and (6) equalities are satisfied for the functions (7)
and (8), respectively.
Proof. Denote K.¢'(0) =0+ A,0° +A,0° +-+-, then

_ 2[2né+n-E+1]" _ 6[6nE+2n-2£+1]"

A a, and A, = 9)
; g+l 2 T (e+)(s+2)
According to the definition of the class S, (9,¢) there exists
K".¢ (o))
peP such that G(f—gw)) =1+9(p(0)-1), so that
K¢ (o)
1+2A,0 +3A,0° +--
o(t+ zi+ 3? i ):1—3+8(l+cla+c202+~--).
o+A,0°+A, 0" +---
We get by equating the coefficients of both sides
2.2
A, =9¢, and A3:301 +%, (10)
so that, on account of (9) and (10)
9(9c¢ +c 1 2
a, = 19C1(g+1) _ and a, = ( 1T 2)(§+ )(g+m ) (11)
2[277§+77—§+1] 12[677§+277—2§+1]
Taking (11) and Lemma 1 into account, we get
1 1
|a2|= 901(g+ ) m|” |9|(g+ ) m’ (12)
2[2ne +n-E+1]"|" [2ne+n-E+1]
and
2 2
2= $(s+1)(c+2) i Cz_c_l+(1+29)cl
12[6n& + 21— 2 +1] 2 2
e+ [, faf pe29af
12[6né+2n-2£+1]" | 2 2
__ e+ n)(c+2) |, (R+29-1)jaf
12[6n¢ +2n-25+1]" | 2
[9(s+1)(s+2)

< L[1+[1+29-1]}.
668 +2n7—2£ +1]" max L. [1+1+29]-1]

Thus, we have
[9(s+1)(s+2)

2o} 6[6n¢ +2n-2&+1]"

We can now calculate the sharpness of the estimates in (5) and (6).

Firstly, in (5) the equality holds if c, = 2. Alternatively, we have p(o) = p,(o) =(1+0)/(1-0).

max {1,[1+29]}.

As a result,, the extremal function in S,".(9,5) is given by
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o(K.¢(0)) 1+(20-1)0 (13)
Kigle) — l-o

Next, in (6), for first case, the equality holds if ¢, =c, =2. Therefore, the extremal functions in

S,,”Lg (Q,g) is given by (13) and for second case, the equality holds if ¢, =0, c, =2. Equivalently, we
have p(c) = p,(c) = (1+07)/(1-o?). Therefore, the extremal function in S;". (&) is given by

o(Kr.¢(0))  1+(29-1)0
K".¢ (o) 1-¢°
Putting ¢ =1 in Theorem 1, we get the following result from Orhan, Deniz and Caglar (Orhan et
al, 2012, Theorem 1).
Corollary 1. Let me Ny, 7>¢£>0 and e C\{0}. If & of the form (1) isin S, (3,7,&), then
2|4
[2n&+n—&+1]"

!

a,

2

4
[617& + 217 —2& +1]
Firstly, we think functional |a, —sa3| for 9e C\{0} and 5 & C.

EX —max {L[1+29]}.

Theorem 2. Let m,r Ny, n>¢>0, $eC\{0} and 7€S)".(b,¢). Thenfor 5 C
- a2 < 19)(s +1) (s +2) nax 1 659(g+1)[6n§+2n—2§;1] | |
6[677§+277—2§+1] (g+2)[277§+77_§+1] ‘

There is a function S, (9,¢) that ensures equality for each &.

1+29—

Proof. From (11), we have

83_5a2 _ 3(g+l)(g+2) [C +19€2}—5 32012 (g+1)2
©o2feps+2p-2641" T T al2pgan-g 4]
e )(s+2) [ g 309(s)[ong 22541 02]
12[eps+2n-26+1]" | ° " (c+2)[2ng+n—E+1]"
_ (s +Y(s+2) cz—i+i 1+29_653(g+1)[677§+277_2§2+1]m |
12[6n¢ +2n-25+1]" | 2 (c+2)[2né+n-E+1]"

Then, with the help of Lemma 1, we get
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659 (s +1)[6n& + 25 —2& +1]"
(c+2)[2ng+n-&+1]"

1+29-

S(c+D(c+2) |, ][]
12[6n¢ +2n—2&+1]" 2 2

e+ |, Jed]
12[6n¢ +2n—-2&+1]" 2

2
‘a3—5a2‘s

_ 659(g +1)[6n¢ +2n-2& +1]m|_1
(c+2)[2ne+n-c+1f" |

19(s +1)(s+2) max 1 669 (s +1)[6n& +2n-2& +1]m|
6[6m¢ + 25— 22 +1]" (c+2)[2pe+n-c+1f" |
For ¢ =1 in Theorem 2, we get the following result obtained by Orhan, Deniz and Caglar (Orhan

1+29

1+29—

et al, 2012, Theorem 1).
Corollary 2. Let me Ny, >£>0 and $eC\{0}. If 7 of the form (1) isin S (3,7,&), then

for 6C

1+29-

oy < E 459[6nE +2n 22 +1]" |}

—max41, o :
[60& + 27— 2£ +1] [2n&+n-c+1f" |
There is a function S (4,7,£) that ensures equality for each &.

We consider the case where 6 and ¢ are real. Then we have:
Theorem 3. Let m,ceNy, n>¢>0, >0 and €S, (9,¢). Then for 5 € R we have

I(s+1)(c+2) i 1+29[1_35(g+1)[677§+277—2§tj]mJ if 5<A<B
6[6n& + 21 —2£ +1] (c+2)[2né+n-£+1]

H(s+1)(s+2) if A<o<B,
6[6n¢ +2n-2&+1]"

I(s+1)(c+2) i 28{35(g+l)[677§+277—2§‘;:-]m _1]_1 if 5>B,
6[6n& + 21 —2£ +1] (s +2)[2ns +n—¢+1]
where A= (6+2)[2ns+n=-c+1] — and B=(1+2’9)(g+2)[27795“7_4"”1}n . There is a

3(g +1)[6r& + 27— 2 +1] 69 (¢ +1)[617& +2n7-2¢ +1]

la, - 5a2| <

function S, (,) such that equality holds for each .

2m 2m
(c+2)[2nE +n—E+1] _ (1+ 219)(g+2)[277§+17—§+1J1 1 this case,
3(c+1)[6n& +2n—2& +1] 69(c+1)[6n& +2n—2& +1]

Proof. First, let 6 <

(11) and Lemma 1 give
2 2 m
PR Cae A N P11 PP Gl LR
12[6n& +2n - 2¢ +1] 2 2 (c+2)[2n&+n—£+1]

9(c+1)(c+2) !1+2l9{135(g+1)[677§+27725+1]m}].
~ 6[6nE+2n-2&+1]" (c+2)[2nE+n-&+1]"
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(c+2)[2ng+n-&+1]" 5o (1+29)(c+2)[2nE+n -+

Now, let - -—. Then, using the
3(c+1)[6n& +2n—2& +1] 69(c+1)[6n& +2n—2& +1]
above calculations, we obtain
‘ag—éazz‘s 3(g+1)(g+2) _
6[6n¢ +2n—2& +1]
2m
Finally, if 5> L 2Oe+2)[2ne+n -G+

69(s +1)[6n& +2n—2& +1]"

Iy 3(s+1)(c+2) m Z_M+E 658(g+1)[677§+277—2§;n1]m_29_1
12[6n& +2n—2£ +1] 2 2 (c+2)[2n&+n—£&+1]

Is+1)(s+2) | ,q 35 (s +1)[6né+2n—2&+1]" 1l
- m 2m - b
6[677§+277—2§+1] (g+2)[27].§+77—§+1]
Taking ¢ =1 in Theorem 3, we get the following result from Orhan, Deniz and Caglar (Orhan et
al, 2012, Theorem 2).
Corollary 3. Let meN;, n>&£>0 and 9>0. If 7 of the form (1) isin S, (%,71,¢), then for
oeR

4 _ 1+219[125[6’75+2’72§jm1] J if 5<A<B,
[677§+277—2§+1] [277§+77—§+1]
‘a3—5a22‘s 9 - if A<J<B,
[677§+277—2§+1]
Y _ 29(25[6775+2’7_2§ij] —1]—1 it 5>B,
[617& +2n—2& +1] [2n& +n—-&+1]
2m 2m
where A= [277§+77_§+1] and B=(1+219)[277§+77_§+1] . There is a function

2[6né+2n-2&+1]" 49[6n& +2n-2& +1]"
S,,(%,n,<&) that ensures equality for each J.
We now get a solution of the Fekete-Szegd inequality and bounds of coefficients in C, (S,g).
Theorem 4. Let m,ceN,, n>£>0, 6eC and SGC\{O}. If 7 of the form (1) isin C. (b, r),
then
19 (s +1) . las). 9l(s +1)(s +2)
2[2né+n-&+1]" 18[6n¢ +2n - 2& +1]"

max {L[1+29]}.

2

a,

and

‘a3—§a§‘s Sl(s+1)(c+2) —max+1,
18[6n& + 217 —2£ +1]

959(g +1)[67& + 21 —2& +1]"
(c+2)[2ne+n-e+1" ||

1+29—

Proof. Denote K.¢'(0) =0 +A,0° +A,0° +-+-, then
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_ 2[2né+n-E+1]"
c+1

a, and A3:6[6n§+2n—2§+1]m
(c+1)(c+2)

According to the definition of the class G, (9,¢), there exists

A,

(14)

peP such that M =1+9(p(o)-1), so that
(I'(nr?féa(‘f))
o(2A,+6A,0+:)
1+2A,0 +3A,0° +-+
We get by equating the coefficients of both sides

A, :‘9701 and 6A, —4A2 = 9c,, (15)

:3(1+Cla+0202 +-~-)—9.

so that, on account of (14) and (15)

9(9c¢ +c 1 2
- 901(§+1) _ and a, = ( 1T 2)(§+ )(g+m). (16)
4[277§+77—§+1] 36[677§+277—2§+1]
From (16) and Lemma 1, we get
e (c+1) | 19/(c+1)

d2ng+n-&+1"[" 2[2ng +n-+1]"

la,| = (17)

and

|| =

9(s+1)(s+2) - {cz—i+M}

36[67& + 217 — 2& +1 2 2

9(s +1)(s +2) '2|c1|2+|1+29||c1|2}

36[nE+2p-25+1]" | 2 2

e+ |, (128 -fef

36[6n¢ +2n-2£+1]" | 2
[9(s+1)(s+2)

< Ll1+1+29 -1}
18[6n& +2n—2& +1]" max{ [1+i+29 ]}

Thus, we have
[9(s+1)(s+2)

" 18[6n& +2n—2&+1]"

Then, with the help of Lemma 1, we get

|y, max {1, 1+ 29|}.
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la, — 522 < Sl(c+1)(s+2) ; 2_‘&.+M1+29_959(€+1)[605+2n—2§;1]
36[6r& + 217 —2& +1] I 2 2 (c+2)[2nE +n-¢&+1]
__ Bls+1)(s+2) i 5 L 1+23_959(g+1)[6n§+2n—2§:n1]m|_
36[6n7¢ +2n7—2& +1] I 2 (c+2)[2nE+n—-E+1] ‘
. Ble+D(s+2)  max 1’1+29_9519(g+1)[677§+277_2§:;1]m |
18[617¢ +217-2& +1] (c+2)[2nE +n—-E&+1] ‘

Putting ¢ =1 in Theorem 4, we get the following result investigated by Orhan, Deniz and Caglar
(Orhan et al, 2012, Theorem 4).
Corollary 4. Let me Ny, n>£>0, 6 eC and e C\{0}. If 7 of the form (1) isin G,(9,7,£),

then
2] ? wo [l 9 ~max {L[1+29]}.
[2n&+n-¢+1] 3[6n& +2n—2£ +1]
and
EHE L —max {1, L+ 23_65‘9[6775”77—25;1] |
3[6n& +2n—2& +1] (276 +7-E+1] ‘
CONCLUSION

In our present study, we have introduced and studied the coefficient problems related with each of
the two new subclasses S, (%¢) and C.(%,¢) of the class of analytic functions defined by the

combination of factional differential and Noor integral operators in the open unit disk. We have studied
some interesting results such as the Fekete-Szeg6 inequalities according to the case of . Also, for
certain values of the parameters, we re-obtain some special classes studied earlier by various authors.
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