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ABSTRACT

A null manifold (M, g) is a differentiable manifold M/ endowed with a degenerate metric tensor
g. In this work we provide sufficient conditions for a null manifold to be isometrically immersed
as a hypersurface into a simple connected semi-Riemannian manifold Q. , of constant sectional
curvature c and index g .
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1. Introduction and main results

One of the most fundamental questions in Riemannian submanifold theory consists on determining the
existence and uniqueness of isometric immersions of a specific Riemannian manifold (), g) into some ambient
space (M, g). Its origins can be traced back to a celebrated theorem of Bonnet, that established the existence of
an immersed surface ® : U C R? — R3 that realizes any two triples (E, F, G), (e, f, g) of differentiable functions
as coefficients of its first and second fundamental forms, provided that the structure equations are satisfied.
Furthermore, any two such immersions are related by a rigid motion in R*® [4]. In fact, the equations of
Gauss, Codazzi and Ricci must hold on any submanifold of a given ambient space, thus they are necessary
conditions for the existence of isometric immersions. The standard formulation of the Fundamental Theorem
of Submanifolds states that these equations are sufficient conditions as well, up to isometries, for a Riemannian
n-manifold to admit a local isometric immersion into spaces of constant sectional curvature with dimension
greater than n. For example, refer to the classical results in [16, 19, 20, 29, 30], and [6, 9, 10] for recent
developments.

This problem has also been addressed in the semi-Riemannian setting [18, 28] and to this day is an active
area of research [7, 12, 23, 24, 25]. Furthermore, applications to general relativity theory arise naturally when
considering the Lorentzian scenario [21, 28]. Recall that when the ambient manifold is Lorentzian the causal
character of tangent spaces to a submanifold can be timelike, spacelike or null (lightlike). If all tangent spaces
share a common causal character, then the submanifold is called timelike, spacelike or null, accordingly, being
the latter case the main focus of our present work. Some authors have considered isometric immersions of
manifolds with indefinite metric [1, 17, 26], and the problem of reduction of the codimension for lightlike
isotropic submanifolds was studied in [5]. The problem of existence and uniqueness of isometric immersions
of lightlike (or null) k-manifolds M into a semi-Euclidean space R+ of arbitrary index ¢ > 1 was solved by
K. L. Duggal and A. Bejancu (see [14, Theorem 4.1]), assuming the existence of a semi-Riemannian metric on a
suitable vector bundle. In this paper, we strengthen the Fundamental Theorem of K. Duggal and A. Bejancu in
two different ways. First, by providing an explicit construction of the semi-Riemannian metric whose existence
is only assumed in the Fundamental Theorem in [14]. Furthermore, we generalize the Fundamental Theorem
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by proving the existence of isometric immersions of a null manifold M* into a semi-Riemannian space form
Qﬁfgl of arbitrary index ¢ > 1 and constant sectional curvature c.

In order to state our main result, let us note that if M is a smooth submanifold of M, then we can find suitable
null versions of the Gauss-Codazzi equations, (refer for instance to Section 2 or to equations (2.1.9)-(2.1.10) in
[15]). Conversely, it is natural to investigate, just as in the Euclidean setting, if such null structure equations
give necessary and sufficient conditions for the existence of an isometric immersion f: M — M. Our main
result reads as follows.

Theorem A (See Theorem 5.2). Let (M, g, S(T'M)) be a null simply connected manifold of dimension n + 1, with a
screen distribution of dimension n and index q — 1. Let € be a vector bundle over M of dimension 1 and let g7 be the
metric over v = T M & e given by (5.30). Further, let V7 be a connection over ~y which satisfies (5.31) - (5.37). Moreover,
suppose that the Gauss-Codazzi-Ricci equations for ¢ = o /r? given by (5.38)-(5.41) hold for ~, where o = sign(c).

Then there exists an isometric immersion f : M — Q't2, such that f =i o f. Furthermore, there exist an isometry of
vector bundles ¢ : § ® e — trf (T M), such that
' = ¢h,
Vil = ¢V
Moreover, let f,g: M — Qpt? be two such isometric immersions of a null manifold and suppose there exists an
isometry of vector bundles ¥ : f*TQp+? — f*TQp+? such that

d}(f*) = g«
and Ehrf(TM) = 1 satisfies
Y(¢'(N) = ¢9(N),
(o (W) = ¢%(u).
Then there exists an isometry 7 : Q0> — QI*2, such that
Tf:g and T*‘trf(T]\/[) :w

The paper is divided as follows: in Section 2 we discuss the basic structure equations for a null submanifold.
Then in Section 3 we establish the appropriate data and compatibility conditions which allows us to give a
proof in section 4 of the Fundamental Theorem for immersions in Lorentz-Minkowski spaces. Finally in section
5 we show our main result.

2. The null Gauss-Codazzi-Ricci equations

In this section we establish our notation; for a detailed account, refer to [11] and [15]. Let M™2 be a
Lorentzian manifold with metric g and M a (n + 1)-dimensional manifold. If f: M — M is an immersion,
the metric on M induced by f is defined by

9(X,Y) = (£ X, f.Y)

forall X,Y € I'(T'M) and we say that f is an isometric immersion.

M is a null manifold if g is a degenerate metric. Equivalently, M is null if there exists a 1-dimensional
distribution over M, the radical distribution Rad(T'M) C TM, such that ¢(X,U) =0 for any X € I'(TM) and
U € T'(Rad(TM)). We choose and fix hereafter a n-dimensional distribution over M, called a screen distribution
S(TM), which is complementary to the radical distribution at each point; that is,

TM = S(TM) @ Rad(TM). @2.1)

Let f*T M be the bundle over M such that the fiber at a point p is T(,) M. In this context, there is a well-defined
1-dimensional distribution tr/ (M) over M, called the transversal distribution, such that

f*TM = f,TM & tr/ (TM) (2.2)
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and
9(f:X,V)=0, g(V.\V)=0, g(f.UV')#0,
for any X € I'(TM), any V € I'(tr/(TM)) and any nowhere vanishing sections U € I'(Rad(TM)) and V' €
[(tr/ (T M)).
The Levi-Civita connection V of M relative to g induces naturally a connection V/ on f*T'M defined by
?ﬁf Y =V, xf.Y.For X,Y € T'(TM), we use decomposition (2.2) to write the Gauss formula as

VLY = £VXY + 1 (X,Y). (2.3)

where X,Y,VxY € I(TM) and hf(X,Y) € T'(tr/ (T M)). V is a torsion-free connection on T'M, while hf is a
symmetric section of Hom?(T'M,TM:;tx/ (TM)). Note that V is not a metric connection: If X,Y, Z € I'(TM),
then

0= (VLI (LY, £.2) = X(G(£.Y. £.2)) — GV £.Y £.Z) — §(£.Y. Vi £.2)

= X( (Y, 2)) — g(f.VxY + W (X, Y), £.Z) — g(£.Y, £.VxZ + 1/ (X, Z))
X(g(Y,2)) = g(£.VxY, f.2) — §(1.Y, £V x Z)
—g(W (X, Y), f.2) = g(f.Y, W/ (X, 2))
X(9(Y,2) —g(VxY,Z) - g(Y,Vx Z)
—g(W (X, Y), f.2) — g(f.Y, W' (X, 2))

therefore,
(Vxg) (Y. Z) = g(h! (X,Y), f.2) + g(f.Y. W/ (X, Z)).

Given X € I'(TM) and V € T'(tr/ (T M)), we use again (2.2) to write the Weingarten formula
VIV = —f.ALX + VLY, (2.4)

here A{/ is the shape operator of M in M, while V/* is a connection on tr/ (T M).
Let P denote the projection of T M onto S(7'M) relative to decomposition (2.1). We have the following Gauss-
Weingarten equations in T'M:
VxPY =VXPY + h*(X,PY),
VxU =-AyX + VU,
where V* and V*' are connections on S(T'M) and Rad(T'M), respectively. A}, is the screen shape operator and
h* € Hom?*(TM, S(TM),Rad(TM)). In fact, V* is a metric connection associated to glsrary-

Consider a vector field U € I'(Rad(T'M)). Since V/ is a metric connection, using (2.3) with Y = U and taking
the scalar product with U we obtain ht (X,U) = 0. Then,

g(h! (X, Y), £.U) = g(VA LY, £.U) = =g(£.Y, VL £.U)
= —gG(1.Y, f.VxU + b/ (X,U))
= —g(Y,VxU) = g(Y, A} X).

From (2.4) it is easy to see that g(f*A{/X, V) =0 for any V € I'(trf (T'M)), which means that A{/ is S(T'M)-
valued; therefore to determine it we calculate its product with any vector field of the form PY, where
Y e (TM):

g(PY, A, X) = g(f.PY, f A, X) = —g(f.PY,VLV)
I(VLLPY, V) = g(f.VxPY + 1/ (X,Y),V)

9(f+(Vx PY + h*(X, PY)), V) = g(f.h" (X, PY), V).

In short, we have the following relations between the shape operators and the second fundamental forms A/
and h*:

g(h! (X, Y), fU) = g(Y; AL X),  g(PY, ALX) = g(f.h"(X, PY), V). 25)

Remark 2.1. Since locally any immersion is an embedding, for the sake of clarity we will work locally, identify

M with f(M), consider f as the inclusion map and omit the reference to it. We will return to use f only in the
statement and proof of Theorem 4.1.
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Denote by R, R, R*, R and R*! the curvature tensors of V, V, V*, V! and V*!, respectively, with the sign
convention in [27]; for example,

R(X7Y)Z =-VxVyZ+VyVxZ+ V[X.y]Z.
Also, let
(Vxh)(Y, Z) = V& (MY, 2)) = i(VxY, Z) — h(Y,Vx Z),
(Vxh*)(Y, PZ) = V(1" (Y, PZ)) — h*(VxY, PZ) — h*(Y,V PZ).

Proposition 2.1 (see [2] and [14]). Let (M™*2,g) be a semi-Riemannian manifold and M a null hypersurface of M.
Forany X,Y,Z e T'(TM), U e T'(Rad(TM)) and V € I'(tr(T'M)) we have

1. The Gauss-Codazzi equations

R(X,Y)Z = R(X,Y)Z + Anv,) X — Anx,2)Y
+ (Vyh)(X, 2) = (Vxh)(Y, 2),

2.6

R(X,Y)PZ = R*(X,Y)PZ+ Ay.y ppyX — Ao x.pY 26

+ (Vyh*)(X,PZ) — (Vxh*)(Y, PZ).

2. The Ricci equations
R(X,Y)U = VY ALY —VyALX + Aoy X — Ay
+ (X, ARY) = B (Y, A X) + R™(X,Y)U

hMX,ALY) — WY, Ay X),

) + (X, ApY) = h(Y, Ap X) 2.7)

RX,)Y)V =VXAvY = Vi Av X + Agt v X — Ayt vY
+hH(X,AvY) — h (Y, Ay X)
+h(X,AvY) — (Y, AvX) + R (X, Y)V.

We arranged the above Gauss-Codazzi-Ricci equations so that each line is a component in S(7T'M ), Rad(T'M )
or tr(T'M), depending on the case. In particular, if M has zero constant curvature, each line in the right hand
side of (2.6) and (2.7) vanishes, implying

R(X,Y)Z = Apx,2)Y — Any, )X,
(Vxh)(Y, Z) = (Vyh)(X, Z),
VXADY = VY ApX = AGa Y — AGup X,
WX, A5LY) = h*(Y, A, X) — R*(X,Y)U,
h(X, AfY) = h(Y, A} X),
VXAVY — V3 Ay X = Agi v Y — Ayt v X,
R (X, AvY) = h*(Y, Ay X),
WX, AyY) = h(Y, Ay X) — RI(X,Y)V.

(2.8)

3. Compatibility conditions

In order to set up the general framework for our constructions, we consider the following data:

e M isanull (n + 1)-dimensional manifold with metric g.

e S(T'M) is an n-dimensional screen distribution on M; note that g restricted to S(T'M) is a Riemannian
metric.

e Rad(T'M) is the 1-dimensional radical distribution, with

TM = S(TM) @ Rad(TM). (3.1)

e V is a torsion-free connection on M, such that restricted to S(T'M) is a metric connection relative to g.
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* Decomposition (3.1) gives rise to the following Gauss-Weingarten equations on M:
VxPY =VxPY + h*(X,PY),
VxU=—-ApX + VXU

where P is the projection of TM onto S(TM), X,Y e I'(TM) and U € I'(Rad(T'M)).
¢ £isa l-dimensional vector bundle over M, playing the role of tr(T'M).

Following [11, p. 37] we define the bundle
E=TM®&=S(TM)®Rad(TM) ® £.

We will define a metric g¢ on this bundle as follows. Let P, P and Pe denote the projections of £ onto S(T M),
Rad(T'M) and &, respectively; also, let ggr, gc be Riemannian metrics on Rad(T'M) and &, respectively, and
consider the product metric

g=P'g+ Pror + Pege
on &. Take {¢, N} a g-orthonormal 2-frame with respect to this metric, such that span(¢) = Rad(TM) and
span(N) = &, respectively.

Definition 3.1. Let X,Y € I'(€). Then

F°(X,Y) = g(X,Y) = (5(X,€) — g(X, N))(g(Y,€) — g(Y, N)). (3.2)
Proposition 3.1. g€ is a Lorentzian metric on €. Moreover, if X, Y e T'(S(T'M)), then
X, Y)=¢9(X,Y),

S“!\’!“

7°(
7°(X,€) = g° (X, N) =0;

7€) =g°(N.N)=

4. g¥(¢,N) =1.
Proof. Straightforward calculations give the enumerated properties of gg: It is clear from the definition that
g°(X,Y) is bilinear and symmetric in X,Y". Since §° |sran= g |s(ram), §° is Riemannian on S(TM). On the

other hand, properties 3 and 4 imply g€ restricted to Rad(T'M) & £ is Lorentzian; therefore it is also a Lorentzian
metric on £. [

We define a symmetric operator h° € Hom?(TM, T M, £) playing the role of the second fundamental form %,
by

S(X,Y),U) = g(Y, Ap X), (3.3)

g (h
forany X,Y e I'(TM) and U € I'(Rad(TM)).
Given a connection V¢: I'(TM) x T'(£) — I'(€) on &, we define a connection on &, analogous to (2.3) and
(2.4): )
V&Y = VxY +hE(X,Y),

V&V = —AvX + V&V.
where XY € I'(T'M) and V € I'(£); we define the S(T'M)-valued operator Ay by
g(PY, Ay X) = g°(h*(X, PY), V). (3.4)
Our next result establishes necessary and sufficient conditions for the metric compatibility of the connection
VE.
Proposition 3.2. V¢ is a metric connection on & relative to g& if and only if

75 (W (X,Y),V) = g5 (Y, Ay X), ]
X (G (U, V) =g (VEU,V) + g (U, V& V),

forany X e I(TM),Y e I'(S(TM)), U e T(Rad(TM)), V e T'(E).

(3.5)
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Proof. We have to prove that
(VRg°)(Y, 2) = X(g°(Y, 2)) = ° (V&Y. 2) = ° (Y, V& 2)
vanishes for any X € I'(TM) and Y, Z € I'(€). Let us separate in several cases:

1. LetY,Z e T(S(TM)). Then

(V&I)Y, 2) = X(8°(Y, Z)) — g5 (V&Y. Z) — g5 (Y, V5 Z)
= X(9(Y,2)) — g(VXY, Z) — g(Y, V¥ Z),

which vanishes since V* is a metric connection relative to g.

2. LetY e I'(S(TM)) and U € I'(Rad(T'M)). Then

(V&g )(V.U) = X(g°(V.0)) = g5 (V&Y. U) — 57 (Y. V& D)
—3° (W°(X,Y),U) + (Y, A X),
which vanishes because of definition (3.3).
3. Take Y e I'(S(T'M)) and V € T'(£). Now,
(V&g )V V) = X(g°(V.V) = (VXY V) - g° (V. V& V)
—g5 (7 (X,Y), V) + g° (V. Ay X),
which vanishes because of our hypothesis.
4. f U, U’ € T'(Rad(T'M)), then
(V&g )(UU") = X(gS’(U U") = 3" (V&U.U') = g5 (U VX U)
7°(VxU +h5(X,0),U") — g ( VXU +hE(X,U"))

-9
g (VXU,U’) (U VxU') =
where we used (3.3) in the form

g5 (hE(X,U),U") = g(U, A} X) = 0.
5. f V,V' € T'(€), then

(Vg5 (V. V') = X(g5(V, V") — 65 (V& V, V) — g5 (V, V& V')
= 35 (~AvX + VEV, V) — g’f(v Ay X +VEV)
= F(VEVIV) + g5 (V, V& V) =

recall that the operators Ay, Ay are required to take values in S(T'M).

6. Finally, if U € T(Rad(TM)) and V € T'(€),

The claim follows. O
The proof of the following result is an straightforward calculation but we include it for completeness.

Proposition 3.3. The curvature tensor RE of V¢ is identically zero if and only if equations (2.8) hold.
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Proof. As usual, we may suppose that all Lie brackets vanish identically. First we calculate RE(X,Y)Z for
X,Y,Z e T'(T'M). Note that

VEVEZ = VyVxZ +hE(Y,VxZ) — Apex.0Y + V5 (hE(X, 2))
and analogously for V& V% Z. Therefore,

RE(X,Y)Z = R(X,Y)Z + Apey. X — Ane(x.2)Y
—h¥(X,Vy Z) = V& (hE(Y, Z))
+ 1 (Y, VxZ) + V(8 (X, Z))
+h8(VxY,Z) — h8(Vy X, Z)
= R(X,Y)Z + Ape(v,2) X — Ape(x,2)Y
+ (VEhE)(X, Z) — (VERE)(Y, 2)
=0;

note we added two terms in order to obtain VEh¢.
Analogously, if U € I'(Rad(T'M)),

RE(X,Y)U = VX A)Y = V3 ApX + Avup X — AgupY
— (X, ALY) 4+ h (Y, A X) + RY(X,Y)U
+hE(X, ALY) — hE(Y, Ap X)
= 0.
Finally, if V e T'(tr(TM)),
RE(X,Y)V = VX AyY — V3 Av X + Age y X — Age Y
+ R (X, AvY) — h*(Y, Ay X)
+h8(X, AvY) — hE (Y, Ay X) + RE(X,Y)V
= O7

which proves our claim. O

4. Isometric immersions into R} *?

We now prove a stronger version of the Fundamental Theorem for null hypersurfaces isometrically
immersed into Lorentz-Minkowski space (cfr. [14, Theorem 4.1]). In the next section we extend this result
for isometric immersions of a null manifold M* into a simply connected semi-Riemannian manifold Q%! with
constant sectional curvature ¢ and index ¢ > 1.

Theorem 4.1. Let (M, g,S(TM)) be a null, simply connected (n + 1)-dimensional manifold with an n-dimensional
screen distribution S(TM). Let € be a 1-dimensional vector bundle over M, g¢ a metric on € = TM & & defined by (3.2)

and a connection V¢ on & satisfying (3.5). Suppose further the Gauss-Codazzi-Ricci equations (2.8) hold on E. Then there
exists an isometric immersion f: M — R"* and a vector bundle isometry ¢: & — tr(T M) such that

hf = ¢h® and Vg = pVE. (4.1)

Moreover, let f,g: M™t — RY*? be isometric immersions of a null manifold. Suppose there is a vector bundle
isometry 1 tr/ (T M) — tr9(T M) such that

Yh! =h9 and YVt = VIl
Then there is an isometry 7: R7+? — R such that

Tf=g and 7'*|trf(TM) = .
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Proof. The argument follows closely [11, p. 37] and [8]. By our previous work, the curvature tensor R¢ of £
vanishes identically. Since the connection is flat, by standard results (see [11, Corollary A.5]) there exists a
global parallel orthonormal frame {E;}, i =1,...,n + 2, relative to VE. Let (z1,...,2,41) be local coordinates
in a simply connected neighborhood U of p € M; we write

a n+2
= Z aikEy
89@ =1

for some functions a;. Since { F;} is an orthonormal frame, the coefficients of the metric gg are given by

~ a a n+2
_ =& _ .
gij = 9 (8@’ 8xj> = g Wik Ak,

k=1

since E; is parallel, we have

L 9 n+2 9 9 n+2 9 ;
vé, = Yk g and Ve, 2 = akEk,
9z; 0 Ox; o Ox Oz
k=1 k=1
which gives
8ajk 8aik
8:177' a’Ej ’
implying that the forms
wr = a1xdxy + -+ Gy kdTny1, k,=1,...,n+2,

are closed; since U is simply connected, for each k there is a function f; such that

O fr

= Aik-
8.’L‘i

Let f: U — Ry givenby f = (f1,.. ., fut2), SO that

f (DN (PR O
* a.’]’,‘l a.’l’}i"." a{,UZ' ily ey Uint2),

w2 o 0
? (5 (52:) # (5,)) = S =0 (5727 )

where VY is the canonical flat connection in R} *2. This means that f is an isometric immersion. In particular,
f(U) is a null hypersurface in R} and f.(S(TM)|y) is an screen distribution defined in f(U). We have also
a well defined transversal distribution 7'(f(U))*. Since the tangent bundle TR}*? is trivial, in the remaining of
the proof we use the standard identification of the pullback bundle f*TR7"? with M x R} *? (refer to [31, Prop.
20.5]).

We define a vector bundle morphism ¢: TU & E — U x R} by

and therefore

¢(Er) = ek,
~ 8 n+1 B n+1 a
0] <8xi) = ;aikQS(Ek) = kzﬂaikek = fu <8$1) .

In particular, ¢|7y = f. is an isomorphism onto T'(f(U)). Since ¢ is an isometry on the fibers, it sends E
isomorphically onto T(f(U))". Also, since ¢ maps the parallel orthonormal frame {E;} into the parallel
orthonormal frame {e;}, we have forany Y € I'(TM) and V € T'(E),

HVXY) = V§.xaY,
OV V) = V§ xoV;
311 dergipark.org.tr/en/pub/iejg
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in short, ¢ is a parallel vector bundle isometry.
Let ¢ = ¢|¢. For X, Y € I'(T'M) we have

IVEY = ¢(VxY + B8 (X,Y)) = f.VxY + ¢hf(X,Y)
V&Y = V& £.Y = £.VxY + A/ (X,Y).

Taking the transversal components, we have h/ = ¢h?, the first claim in (4.1).
From (2.5) and (3.4), for V € I'(tr(TM)) we have

g(PY, Ay X) = g°(h* (X, PY),V) = ¢°($h* (X, PY),4V)
= g(f.h*(X, PY),¢V) = g(PY, AL, X);

thatis, Ay = Aév. Therefore,

PVEV = G(—Av X + VEV) = —fL Ay X + ¢VEV
= —f ALy X + V&V,
while (2.4) implies
V&PV = ViV = —f AL X + VioV;

implying in turn V!¢ = ¢V¥¢, the second claim in (4.1).

Since M is simply connected, the vector bundle morphism ¢ may be extended globally. For simplicity we
will denote this extension again by ¢.

To prove the uniqueness part, following again [11], we define

P: fFTRIY? — g* TR
by _ _
Vfe =g« and  Ylr (o) = ¥
We prove that ¢ is parallel relative to the pullbacks V/° and V9 of the standard connection V° of R} "2 on
f*TR}*? and ¢g*TR}2, respectively. For X, Y € I'(TM) we have
vg(’oﬂ;f*Y = ?g&og*Y
— 0. VxY +h(X,Y)
= PLVXY + bl (X,Y)
=P(£.VxY + 1/ (X,Y))
= VL LY.
On the other hand, if V € T'(tr/ (T M)),
VOV = VOV = —g, A%, X + VIV
= L ALX + VY
= D=L AVX +VEV)
= VLV
here we used the fact that A, = A?,, which is proved using (2.5):

g(PY, A%, X) = g(g.h*(X, PY),$V) = g(d f.h* (X, PY),0V)
= §(f.h* (X, PY),V) = g(PY, A, X).

Then ¢ is parallel. Since TR} ** ~ R2"*+4 s flat, its transition functions are locally constant (see Theorem 5.5
in [3] and Corollary 9.2 in [22]). Thus ¢ defines an orthogonal transformation B on R7"2.Since Bf, = U f. = g,
there is an isometry 7 on R} such that 7, = B and 7f = g. Therefore,

T*|trf(T]V[) = B|trf(TJV[) = lmtrf(TM) = 1. O
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5. Isometric immersions into Q;}”

We prove in this section a Fundamental Theorem for isometric immersions for null manifolds in a simple
connected semi-Riemannian space form Q7}? of constant sectional curvature ¢ and arbitrary index ¢ > 1. We
take advantage of the fact that manifolds Q}#? can be isometrically immersed as hypersurfaces of a semi-
Euclidean space and follow an approach inspired in [11]. To accomplish this, we rely on certain codimension
two null submanifolds, named half-lightlike submanifolds in [13]. As a first step, we prove an immersion result
for this kind of submanifolds in semi-Euclidean spaces.

Let (M,g) be an (m + 2)-dimensional semi-Riemannian manifold of index ¢ > 1 and (M,g) a lightlike
submanifold of codimension two of M. If dim(Rad(T'M)) = 1 then M is called half-lightlike submanifold. Observe
that T, M+ of T, M in T, M for each = € M is a degenerate 2-dimensional subspace of T,,M and there exists a
complementary non-degenerate distribution S(7'M) to Rad(T'M) in T'M, called a screen distribution of M, with
the orthogonal decomposition

TM = Rad(TM) L S(TM). (5.1)

In this case, (T M)* is also half-lightlike since Rad(7'M) is a 1-dimensional vector sub-bundle of (TM)+. Thus
there exists a complementary distribution D to Rad(7'M ), which is called a screen transversal bundle of M. Thus
there exists a rank 2 distribution D+ such that

S(TM)* =D 1L Dt

and a unique null rank 1 vector bundle ltr(T'M) complementary to Rad(T'M) in D+, called lightlike transversal
bundle of M. Finally, the transversal vector bundle is defined as (see [15, p. 158]):

tr(TM) = D L tr(TM),
Following the approach given in [15] we can write the decomposition
TM = S(TM) L D L (Rad(TM) & ltr(TM)),

which gives us the following Gauss-Weingarten formulae. If V is the metric connection on M, N € ltr(TM) and
u€eD, _
VxY = VxY +h(X,Y),

VxN =—AnX 4+ VxN, (5.2)
vxu = —-AnyX + Vxu,
for any X,Y € I'(T M), where VxY, AxX and A,X are in I'(T'M), while h(X,Y), VxN and Vxu are in
[(tr(T'M)). The connection V is torsion-free on M and h(X,Y) is a symmetric C*°-bilinear form with values in

I'(tr(TM)). Now, let {¢, N} be a pair of locally lightlike sections on a neighborhood ¢/ C M with £ € Rad(T'M)
and N € ltr(TM). Then we can define symmetric smooth bilinear forms D;, Dy and 1-forms p1, p2, €1, €2 on

U by
Di(X,Y) = g(h(X,Y),§),
Dy(X,Y) = pg(h(X,Y),u),
p1(X) =g(VxN,§), p2(X)=pg(VxN,u),
61( ) =9(Vxu,§), e2(X) = pg(Vxu,u),

where p = g(u,u) = £1, depending on the causal character of the unit vector field v and X,Y € I'(T'M).
Consequently, we have the relations

W(X,Y) = Di(X,Y)N + Ds(X,Y)u,
VxN = pi1(X)N + p2(X)u,
Vxu=e1(X)N + e2(X)u,

which imply corresponding modifications in the Gauss-Weingarten formulae (5.2). The curvature tensors R
of V and R of V satisfy corresponding structure equations in terms of all the objects previously defined. For
details, see section 4.1 of [15]. The geometry of half-lightlike submanifolds was developed by K. L. Duggal and
A. Bejancu in [13], which we use here to establish the following setting, generalizing the previous section with
a similar approach.
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e M is anull (n + 1)-manifold with metric g.

e S(T'M) is a screen distribution in M of dimension n and index ¢ — 1. Observe that the restriction of g to
S(TM) is semi-Riemannian.

e V is a torsion-free connection of M, which restricted to S(T'M) is a g-metric connection.

¢ The decomposition (5.1) gives rise to the following Gauss-Weingarten equations of M:

VxPY = V5% PY + h*(X,PY), (5.3)

VxU = —A; X + VU,

where P is the projection of TM over S(T'M), X, Y eT'(TM) and U eT'(Rad(TM)), with
V% PY, A5 X € T(S(TM)), h*(X,PY),VxU € '(Rad(TM)). Besides, V* is a metric connection on
S(TM), V+ is a linear connection, while A* and h* are C°°(M)-bilinear forms.

* §is another rank-1 vector bundle over M, playing the role of the screen transversal bundle D.
* cisarank 1 vector bundle over M, playing the role of the lightlike transversal bundle ltr(7'M).

Now, let € the vector bundle over M defined by
E=TM@edd=S(TM)dRad(TM) ded,

and define a Riemannian metric over € in the following way: let g, g Riemannian metrics over Rad(7T'M) and
¢, respectively, and let g5 a semi-Riemannian metric over ¢. Consider the product metric

9= P9+ Praaray9r + Pl ge + +P5 gs
over € and let {¢, N, u} an orthonormal frame such that
span(§) = Rad(TM), span(N)=¢, span(u) =20.

Finally, let
A=0s (’LL, 'LL).

Definition 5.1. Let X,Y € I'(¢). We define
g (X,Y) =g(X,Y) = (5(X,€) = g(X, N))(g(Y,€) - g(Y, N)). (5.4)

Proposition 5.1. g° is a Lorentzian metric over €. Moreover, if X, Y € T'(S(TM))), then

1. (X, Y) = g(X,Y);

2. 7°(X,8) =75 (X, N) =g°(X,u) = 0;
3. g°(u,u) =\, g°(N,N) =0,7°(£,€) = 0;
4. 9w, &) =0,9(u, N) =0,5°(§, N) = 1.

Corollary 5.1. With respect to the metric ¢, we have the following decomposition
€=S(TM) L5 L (Rad(TM) @ e). (5.5
Proposition 5.2. If the index of § is d respect to the metric ¢, then € has index q + d.

Proof. Let ¢ = (Rad(T'M) & ¢). It is a rank two vector bundle with 0 # { € Rad(T'M) and 0 # N € e independent
non null elements in ¢. Consequently, ¢ is timelike and therefore have index 1.

The decomposition (5.5) together with the fact that € is a semi-Riemannian bundle with respect to g°,
imply that
ind(€) = ind(S(T'M)) + ind(0) + ind(y) =qg—14+d+1=q+d.

O

dergipark.org.tr/en/pub/iejg 314


https://dergipark.org.tr/en/pub/iejg

C. Avila, M. Navarro, O. Palmas & D. A. Solis

Now we define the connection V° on & by the following equations (compare to [15, Eqs. 4.1.7-4.1.9]):

V%Y = VxY + Dy(X,Y)N + Do(X,Y)u, (5.6)

VYN = —AnX + p1 (XN + p2(X)u,

and o
Vxu=-4,X+¢e(X)N,

for all X € I'(T'M), where D+, D, are bilinear C*°(M) forms, p1, p2 and €, are 1-forms and A, y Ay are C> (M)
linear operators on I'(T'M).

Proposition 5.3. ¥ is a metric connection over € with respect to g© if and only if the following equations hold (compare
to [15, Egs. 4.1.10-4.1.21]).

g (h*(X,PY),N) = g (Ax X, PY), (5.7)
Di(X,PY) = g(A{ X, PY), (5.8)
Di(X,€) =0, (5.9)

7 (ANX,N) =0, (5.10)

pL(X) = —g°(Vx&N), (5.11)

p2(X) = A7 (AuX, N), (5.12)

e1(X) = —AD:(X, §), (5.13)

(A, X,Y) = ADy(X,Y) + 1 (X)g (Y, N). (5.14)

Proof. We must prove that
(Vxg)(Y, 2) = X(§(¥, 2) = §" (VY. 2) - 5" (Y, Vx Z)
vanishes for all X € T'(T'M) and Y, Z € T'(¢). We are going to consider each of the ten possible cases.

(1) LetY, Z e T'(S(T'M)). The decompositions (5.3), (5.6) together with the fact that V* is a metric connection
on S(T'M), give us
(VXT)(Y. 2) =X (g(Y, Z)) = (VxY + D1(X,Y)N + Da(X, Y )u, Z),
E(VXZ +D1(X Z)N +D2(X Z)u,Y),
=X(9(Y,2)) —9(V&Y,Z) = g(VXx Z,Y) = 0.
(2) LetY e I'(S(TM)), r€ € I'(Rad(T'M)). By decomposition (5.6) we have

(V) (Y.r§) =X(3°(Y,7€)) — 5 (Vy Yor€) — 5°(¥, Vxr€),
-3 (VxY + D1(X,Y)N + Dy(X,Y)u,r)
(Vxré+ Di(X,r§)N + Da(X,r)u, Y),
?E(Dl(X Y)N,r§) —g(Vxre,Y),
—rD1(X,Y) —g(— A*5X+VX7"§ Y),
=—7r[D1(X,Y) — g(A: X, Y],
which vanishes if and only if (5.8) holds.
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(3) LetY e I'(S(T'M)) and vN € I'(¢). By the structure equations,

(Vxg)(Y,0N) =X (*E(Y vN)) =g (VxY,oN) =g (Y, VyuN),

(VxV.oN) ~ 5 (Y, XN + 0V N),

“(VxY + Dy(X,Y)N + Do(X,Y)u,vN)

7 (—ANX + pr(X)N + pa(X)u, Y),
—v[g(VxY,N) =g (An X, Y)],
—v[g°(h*(X,Y), N) = 5" (An X, V)],

which vanishes if and only if (5.7) holds.
(4) LetY e I'(S(T'M)), wu € I'(9). Using the structure equations again,

C b\ ‘Q\

(V") (Vs wu) =X (57(Y, wu)) = 77V, w) = (Y, Vixwu),
g (VxYywu) =g (Y, X (w)u + w¥xu),
7 (VxY 4+ D1(X,Y)N 4 Dy(X,Y)u, wu)

wg (= A X + e1(X)N,Y),
—wAD2(X,Y) — g(AuX, Y],
= w[)\D2< ) - )\D2(X7 Y) — € (X)§€<Y7 N)]v

which vanishes if and only if (5.14) holds.
(5) Now let r¢, '€ € T'(Rad(T'M)). Using again the structure equations, we have

(VxG)(r&, r'€) =X (g°(r&, 1'€)) — g (Vixr€,7'€) = g°(ré, Vi r'€),
—G(Vx7E + D1(X,7E)N + Do(X,7E)u, r'€)
—G(Vxr' €+ Dy(X,r"E)N + Dy(X,r'E)u, ré),
=—2r'Dy(X,€),

which vanishes if and only if (5.9) holds.
(6) For r¢{ € I'(Rad(T'M) and vN € I'(¢), the structure equations imply that

(V%)(r&, oN) =X (g

X (rv

r§,vN)) — (erfaUN) g5 (r€, v;vN)
7 (Vxré + Di(X, )N + Da(X,r€)u,vN)
T (X(0)N + vV N, 7€),
=vX(r) +rX(v) = g (X(r)¢ + rVx&uN) —rX(v)
rg (—AnX + p1(X)N + pa(X)u, §),
=vX(r) —vX(r) — rvgg(fAZX + Vﬁ‘(f,N) —ropy (X)),
59 (Vx&N) +pr(X)],

and it vanishes if and only if (5.11) holds.
(7) Now, letting ¢ € T'(Rad(T'M)), wu € T'(§) we have

“
) -

—Trv

(V) (1€, wu) =X (7 (r&, wu)) — 7 (Vré, wu) — 7 (rg, Vyyw),
= —F(X ()¢ + V& wu) =7 (€, X (w)u + wVxu),
= — rug (V& u) — rug (&, Vu),
= —rwg (Vx&+ Di(X, )N + Do(X, E)u,u)
—rwg(§, —Au(X) + e1(X)N),
= —rw[AD2(X, &) + e1(X)],
which vanishes if and only if (5.13) holds.
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(8) For vN,v'N € I'(e) we have

(V) (N, v'N) =X(g°(vN,v'N)) — (VxoN,v'N) — 5 (N, Vo' N),
= — F(X(W)N + vV N, v'N)
(X(W)N + 'V N, o),
== 200" (AN X + p1(X)N + pa(X)u, N),
=200'g(ANX, N),
which vanishes if and only if (5.10) holds.
(9) For vN € T'(¢), wu € I'(0),
(ﬁ;? YN, wu) =X (g°(vN,wu)) — (ﬁ;UN, wu) — g (vN, ﬁ;wu),
7°(X (v )N—l—vVXN,wu)
— 7 (X (w)u+ wVyu,vN),
—vwG (—ANX + p1(X)N + po(X)u,u)
—vwg (—A,X + e (X)N,N),
= —vw[Apa(X) — 7 (AuX, N)],
which vanishes if and only if (5.12) holds.
(10) Finally, for wu,w'u € I'(3),
(ﬁ;?g)(wu,w'u) =X (g (wu, w'u)) — *g(ﬁiwu w'u) —g° (wu,ﬁiw’u),
=X (cww") — (X (w)u + wVXu w'u)
— (X (wu+w VXu, wu),
=cwX (w') + ow' X (w) — w'g (X (w)u — wA, X
+ wer (X)N,u) — wg (X (w)u — w' A, X +w'er (X)N, u)
=cwX (') + ow' X (w) — cw' X (w) — cwX (w") = 0.
O

Proposition 5.4. The curvature tensor R’ vanishes identically if and only the following relations hold (compare to [15,
Egs. 4.1.24-4.1.26]).

0=R(X,Y)Z + D1(X,2)ANY — D1(Y, Z2)ANX + Do(X,Z)AY — Do(Y, Z)A, X

+[(VxD1)(Y, Z) = (VyD1)(X, Z) + p1(X)D1(Y, Z) — p1(Y) D1 (X, Z) (5.15)
+a(X)Do(Y, Z) — e (Y )Dz(X Z)|N '
+[(VxD2)(Y,Z) — (VyD2)(X, Z) + p2(X)D1(Y, Z) — p2(Y) D1 (X, Z)]u,

0=—Vx(ANY) + Vy(ANX) + AN[X, Y]
+ 1 (X)ANY — pi(Y)ANX + pa(X) ALY — pa(V) AL X (5.16)

+ [.Dl(Y, ANX) — Dl(X, ANY) + del(X, Y) + €1(X)p2(Y) — 61(Y),02(X)]N
+ [D2(Y, AnX) — Do(X, ANY) + 2dp2 (X, Y) + p1(Y)p2(X) — p1(X)p2(Y)]u,

and

0= Vx(A)Y) + Vy(AuX) + A[X, Y] + 1 (X)ANY — 1 (V) Ay X
+ [D1(Y, AuX) — D1(X, AY) +2der (X, Y) + pr(X)er(Y) — pr(Y)er (X)| NV (5.17)
+ [D2(Y, AuX) — Da(X, AyY) + e1(Y) p2(X) — e1(X)p2(Y)]u.
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Proof. Let X,Y € I'(T'M) and assume, as usual, that the Lie bracket [X,Y] is identically zero. We make the
calculations for each of the three cases.

(a) Let Z € I'(T'M) and observe that
Vi Vy Z =V%[VyZ + Di(Y, Z)N + Dy(Y, Z)u)
=V5VyZ+ X(Dy(Y,Z))N + Dy(Y, Z)V s N

+ X(Do(Y, Z))u + Dy(Y, Z)Vxu
=VxVyZ + D1(X,VyZ)N + Dy(X,Vy Z)u
+ X(D1(Y, Z))N 4+ D1 (Y, Z)[-AnX + p1(X)N + pa(X)u]
+ X(Ds(Y, Z))u + Da(Y, Z)[~Au X + e1(X)N]
=VxVyZ — ANXD\(Y, Z) — Dy(Y, Z)Au X

+[X(D1(Y, Z)) + D1(X,Vy Z) + p1(X)D1(Y, Z)

+ e (X)Ds(Y, Z)|IN

+ [X(Do(Y, Z)) + Da( X, Vy Z) + p2(X) D1 (Y, Z)]u.

Therefore,
R(X.Y)Z =N\VyZ -V Vs Z

=V Vs Z =Ny Vs Z — Di(Z,[X,Y])N — Do(Z,[X,Y))u

—VxVyZ — AnXD1 (Y, Z) — Do(Y, Z)Au X
+ [X(D1(Y, 2)) + Di(X, Vy Z) + p1(X) D1 (Y, 2)
+e(X)Ds(Y, Z)|N
+ [X(D2(Y, Z)) + D2(X, Vy Z) + p2(X) D1 (Y, Z)]u
— VyVxZ— ANYDi(X,Z) — Do(X, Z)AY
—[Y(D1(X,Z)) + Di(Y,Vx Z) + p1(Y)D1(X, Z)
+e(Y)Do(X, Z)|N
— [Y(Da(X, 2)) + Da2(Y,Vx Z) + p2(Y)D1(X, Z)]u
— D\(Z,VxY)N + Dy(Z,Vy X)N
— Dy(Z,VxY)N + Do(Z,Vy X )u

—R(X,Y)Z + Dy(X, Z)ANY — Dy(Y, Z)AnX
+ Dy(X, Z2)AY — Do(Y, Z)AuX

~— ~—

+[(VxD1)(Y,Z) = (VyD1)(X, Z) + p1(X)D1(Y, Z)

=, (Y)D1(X, Z) + e1(X)D2(Y, Z) — e1(Y) D2 (X, Z)|N
[(VXD2)( ,Z) = (VyDs)(X, Z)

+ p2(X)D1(Y, Z) — p2(Y)D1(X, Z)]u,

which vanishes if and only if (5.15) holds.
(b) Letting vN € I'(¢), v # 0 we have

ViVy N =V5[—ANY + p1(Y)N + pa(Y)u]

= — VX (ANY) + X(p(Y))N + p1 (Y)Vx N
+ X(pa(Y)u+ pa(Y)V

= — Vx(ANY) - Dl(X, ANY)N - DQ(X, ANY)’LL
+ X(p1(Y))N = p1(Y)ANX + p1(Y)p1(X)N + p1(Y)p2(X)u
+ X (p2(Y))u — p2(Y)Au X + Pz(Y)Gl(X)N

== Vx(AnY) = p1(Y)ANX — p2(Y)A,
+[=Di(X, ANY) + X (p1(Y)) + 1(Y) 1(X) + e1(X)p2(Y) N
+ [=Da2(X, ANY) + X(p2(Y)) + p1(Y) p2(X)]u.
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Consequently,

R(X,Y)wN =V VyoN — Vs VyuN
=V%[Y ()N + vVy N] — Vy [X ()N + vV N]
=X(Y(0))N + Y (0)Vy N + X(0)Vy N + 1V Vy N
—Y(X(0))N — X(0)Vy N — Y (0)V5N — oVy Vi N
=[X,Y](0)N + o[V Vy N — VsV N]
[V Vy N — Ve Vi N]
=v{-Vx(AnY) = p(Y)ANX — p2(Y)A, X
+ [=D1(X, ANY) + X(p1(Y)) + p1(Y)p1(X) + e1(X)p2 (V)N
+ [=Da(X, ANY) + X (p2(Y)) + p1(Y) p2(X)]u
+ Vy(ANX) + ,01( )ANY + pg( )AuY
= [=D1(Y, AnX) + Y(p1(X)) + p1(X)p1(Y) + €1(Y) p2(X)|N
— [=Da2(Y, ANX) + Y (p2(X)) + p1(X) p2(Y)]u}
:U{—Vx(ANY) + VY(ANX)
+ 1 (X)ANY — p1(Y)ANX + p2(X) ALY — pa(Y) AL X
+ [D1(Y, AN X) — D1(X, ANY') + 2dp1(X,Y)
+er(X)p2(Y) — er(Y)p2(X)|N
+ [Do(Y, Ay X) — Dy(X, ANY) + 2dpa(X,Y)
+p1(Y)p2(X) — p1(X)p2(Y)]u},

which vanishes if and only if (5.16) holds.
(c) For wu € T'(§) and u # 0 we obtain

Vi Vyu=Vy[-A,Y + ¢ (Y)N]
= — Vi (AuY) + X(e1(Y))N + e, (Y) VN
= — VX(AUY) — Dl(X, AUY)N — DQ(X, AuY)u
+ X (e (V)N — e (Y)ANX + e1(Y)p1(X)N + e1(Y)p2(X)u
= Vx(AY) — e (V)AnX
+ [=D1(X, AY) + X (e1(Y)) + ex(Y) pr (X)]N
+ [Da(X, AyY) + e (Y)pa(X)]u.
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In this way,
RE(X, Y)wu :vi(ﬁiwu - Wiﬁiwu
=V [Y (w)u + wﬁiu]ﬁ— vy [X(w)’lf + wﬁig] i
=X (Y (w))u + Y(w)v}u:}- X(w)v;uf wv;?;ui
— Y (X (w))u — Xfw)?;u - }/(uj)v}u —wVy Vyu
=[X, lf}(ui)u + wEV;iv;u —Vy Vi
=w[VyVyu— Vy V]
:w{va(A Y) - 61( )ANX
[_DQ (X, AuY) + 61(Y)p2(
+ VY(AUX) + 61(X)ANY
DY, A X) + Y (1 (X)) + 61 (X)pr (V)N
= [=D2(Y, AuX) + e1(X)pa(Y)]u}
:’LU{—VX(AUY) + VY(AUX) + 61( )ANY — €1 (Y)ANX
+ [D1(Y, A, X) — D1(X,AY) + 2de1 (X,Y)
+ p1(X)er(Y) — p1(Y)er (X)IN
+ [D2(K AuX) - D2<X7 AuY)
+ e1(Y)p2(X) — e (X)p2(Y)]u},
which vanishes if and only if (5.17) holds.

) +ea¥)p(X)|N
)Ju

Now we can state and prove the following Fundamental Theorem.

Theorem 5.1. Let (M, g, S(T'M)) a simply connected null (n + 1)-manifold, with a screen distribution of dimension n

and index q — 1. Let € and § rank 1 vector bundles over M. Let g° the metric over € = TM @ 0 & e defined by (5.4). Let
us denote by d the index of § in this metric and let Y a connection over € satisfying (5.7)-(5.14). Moreover, suppose the
Gauss-Codazzi-Ricci equations (5.15)-(5.17) are satisfied for €. Then there exists an isometric immersion f : M — jog,
and a vector bundle isometry ¢ : € & 6 — tr(TM) such that D1 = DY, Dy = DY, p1 = p%, po = pS and ¢; = €.

Moreover, let f,g: M™™ — RIFS two isometric immersions and suppose there exists a vector bundle isometry
o TR — g*TRITS such that B

Y fe = gs,
and los(rary = satisfy
V(T (N)) = ¢(N), (¢! (u) = ¢7(u).

Then there exists an isometry T : Ri'F3 — RIS such that

Tf=g and T*|trf(TM) =1.

Proof. Proposition 5.3 implies that the connection Vs compatible with the metric g°. Then, Proposition 5.4
establishes that the curvature tensor R* vanishes identically over €. As in Theorem 4.1, let us consider a global

parallel frame {E;} with respect to V*. Besides, by Proposition 5.2 we know that € have index ¢ + d. Thus,
without loss of generality,
g°(Ei, Bi) = { 1 if ief{g+d+1,...,n+3}

Now, let (z1, ..., 2,41) be local coordinates in a simply connected neighbourhood U of the point p. We write

n+3

82:» = Z aik Bl

k=1
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for some functions a;i. Because {E;} is an orthonormal frame, the metric coefficients satisfy

- - P n+3 n+3 n+3n+3 B
5 () =5 (B Son) -5 s o

=1 k=1
q+d n+3
= - E ik + E AikQjk
k=q+d+1

On the other hand, since {E;} is a parallel frame,

n+3 n+3n+3

—e 0 —e
o () T St - 3 S T
T, k=1 = =1 k=1
n+3n+3 _ n+3n+3
= ik (Ek(ajl)El + ajlkaEl) = Z Z aikEk(ajl)El
=1 k=1 =1 k=1
n+3
(9ajl
= E
(“)mi !

Analogously,

—< 0 Hax daj
v = “E
o (5m) -2 5
oz 7 =1
In this way, because V is a torsion-free connection,

—€ 1o} =€ 0
Vo <ax> =V (a%)

al‘i al‘j

Consequently,

Odajr,  Oag . .
= k
0.’131‘ 8l‘j V’L, J:

Therefore, the 1-forms given by
Wi = a1,dry + ... + Qg 1)pdTrp1

are closed forall k € {1, ...,n + 3}. By Poincaré Lemma, wy, is exact forall & € {1, ..., n + 3}. Therefore, there exist
functions f}, such that
Of

axi
Now, let f : U — R™!3 given by f = (f1, ..., fa+3) and note that

q+d
9 — of1 afn+3 o
f* (8.561) - (8.]:1".“7 8$Z - (azl,...7ai(n+3)).

a 9 q+d n+3
0 _
g <f* ((%) L S (8%)) = _Zaikajk + Z Qi Qjk

k=1 k=q+d+1

= aik Vie{l,...,n+1}

Consequently,

where ¢ is the standard flat metric of R7'+3 Therefore, f is an isometric immersion. In particular, f(U) is a

null submanifold of Rgig

Since the vector bundle T]Rgij is trivial, for the remaining of the proof we use the standard identification of

the pullback bundle f*R}'"3 with M x RI'73.
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We define now the vector bundle morphism

¢:TU @ e|ly @ |y — U x R"3

q+d
given by _
¢(Ex) = e}
In particular,
P n+3 n+3 )
> — b — o e0 — —
¢ (8:@) = ;azm(Ek) ;amek [ (ax) :

which implies that ¢|ry; = f. is an isomorphism over T'(f(U)).

Note that given X,Y € I'(€) we have the following:

3

+

M+

ey g (Ex, Er)

n+3 n+3
(Z xy By, Z ylEz> =

k=1 1=1
n+3n+3 n+3 n+3
. . (5.18)
*ZZIIJJZQ ekael kekazylel
k=11=1 =1

=g°(¢(X), 6(Y)).

Consequently,
Rad(Tf(U)) = ¢(Rad(TU)),

and thus Rad(T'f(U)) is generated by ¢(¢&).

Note that ¢(S(TU)) is a screen distribution on T'f (U)) because it is a distribution on 7' f (U)), and equation (5.18)
implies that it is orthogonal to Rad(T'f(U)). Given Z € I'(T'f(U)) there exists Z’' € I'(T'U) such that ¢(Z’') = Z,
but Z' = Z; + Z» with Z; € T'(Rad(TU)) and Zy € T'(S(TU)). Therefore,

Z = ¢(Z1) + 6(22),
where ¢(Z;) € T(Rad(Tf(U))) and ¢(Z) € I'(¢(S(TU))). Consequently ¢(S(TU)) is a screen distribution of
TU.

Because ¢(u) € ['(Tf(U)*) and g°(¢(u), ¢(u)) = g°(u,u) = A # 0, we have that ¢(u) ¢ T'(Rad(Tf(U))) and it is
linearly independent with ¢(¢). Therefore, ¢(u) span a complementary vector bundle to Rad(T f(U)) in T f(U)*.
Then ¢(d]y7) is a screen transversal distribution. Further, ¢(8|r/) is a subbundle of ¢(S(TU))* and both are
semi-Riemannian bundles. Then we have

H(S(TU))*F = 6(0]v) L ®b(dv)*
Since ¢(N), (&) € ¢(8|r)* are linearly independent,
_ 1 0V, v
S(N) = = < - oY)
9°(4(£), V) 29°(¢(€), V)

where F is a complementary distribution of Rad(T'f(U)) in ¢(5|/)*, therefore ¢(e|r) is a lightlike transversal
bundle.

¢(§)> Ve ()

Then (f(U),¢° ¢(S(TU))) is a half-lightlike submanifold of RZI;’ with a lightlike transversal distribution
¢(e|r) and a screen distribution ¢(d|;), generated by ¢(N) and ¢(U), respectively.
Letting ¢ = $|E|U@5‘U the connection V' takes on f(U) the following form:

Vo f.Y = VLY + DY(X,Y)o(N) + DY(X,Y)p(u), X,Y € T(TU) (5.19)
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VYB(N) = —AXX + p3(X)G(N) + p)(X)d(u), X € (TU) (5.20)

Ved(u) = —A°X + &(X)¢(N), X € I(TU) (5.21)

Now, because ¢ transforms the parallel orthonormal frame {E;} on the parallel orthonormal frame {€?}, we
have that for all Y € T'(¢|y).

_ _ nt3 n+3 B n+3
d(VxY) =¢ (V;{ Z ylEl> =0 (Z X (yr)Ex + ka}Ek> =¢ (Z X(yk)Ek>
n+3 = n+3 = n+3 o k:140 n+3
=Y X()d(Er) =Y X(yn)el = Y X(un)el +uVxel =V > e}
k=1 k=1 k=1 k=1
V5% a(Y).
Consequently, VX,Y € I'(TU)
B(VY) = Vi hY, (5.22)
HVXN) = Vyo(N), (5.23)
(V) = V(). (5.24)

The equation

d(VY) =¢(VxY + Dy (X,Y)N + Dy(X,Y)u)
=f:(VxY) 4+ Di(X,Y)d(N) + D2(X,Y)(u)

together with (5.19) and (5.22) imply that $(VxY) = V& £.Y, D; = DY and Dy = DY .

On the other hand,

(VX N) =¢(~AnX + p1(X)N + pa(X)u)
== [(ANX) + p1(X)D(N) + p2(X)¢(u)

together with (5.20) and (5.23) yields f. Any = A}, p1 = p§ and p2 = p§.

Now, the equation

P(Viu) =¢(—Au X + €(X)N)
= — [o(AuX) + 61 (X)p(N)

together with (5.21) and (5.24) imply that f, 4, = A% and ¢; = €!.

Because M is simply connected, the vector bundle morphism ¢ can be globally extended. We denote this
global extension by ¢.

Now we focus on the uniqueness part of the proof. We thus proceed to show that ) is parallel respect to the

Eullbacks Vf’ohand V7" of the standard flat connection V' of RP3 over f*TR! 73 and g* TR}, respectively.
irst we note that
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D" — Dy,
pf* - pg"
pl? = i
P’ = p3Y
e{’o = 6‘(1]0,
BAX) = AKX,
P(AIPX) = A90X.

Then, for every X,Y € I'(TM) we have

vgéoﬂf*y :vgéog*y
=0.VxY + DP°(X,Y)¢?(N) + DI°(X,Y)o? (u)
=0 fVxY + DX, Y )p(o! (N)) + DI (X, V)0 (¢ ()
=)(f.VxY + D{*(X,Y)¢! (N) + DI°(X, V)¢ (u))

:Wg(’of*y
Consequently,
V0! (V) =V% 97 (N)
= — AYX + P (X)¢ (N) + p3 0 (X) ¢ (u)
— (AL’ X) + p]° (Xw(qb( ) + 5 (X)) (o ()

=w<—A{v0X+p1 (X)! (N) + p5 2 (X) ¢! (u))

—VR N,
and

V0! (u) =% 6% (w)
= — A90X + (X)) p?(N)
— B(ALOX) + (e (X0 (¢! (V)
=p(—AL°X + el 2(X)g! (N))
V¢ u.

Therefore 1 is parallel. The fact that T]R.Zig =~ R?"*+6 js flat implies that its transition functions are locally
constant. Hence v defines an orthogonal transformation B over R"H Further, since Bf, = ¢ f, = g., there
exists an isometry 7 on ]R" g suchthatr, = By 7f = g. Then

T*|trf(TM) = B|trf(TM) = mtrf(TM) =1.
]

Our next goal is to prove a Fundamental Theorem for isometric immersions of 1-lightlike manifolds in
semi-Riemannian space forms of constant sectional curvature ¢ # 0. To achieve this goal, we construct a vector
bundle that satisfies the assumptions of Theorem 5.1 from a vector bundle that satisfies the conditions of
Theorem 5.2. Throughout the process we will denote the analogous objects between both vector bundles
without distinction.

The following will be assumed:
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e M is a null manifold with metric g and dimension n + 1.

e S(T'M) is a screen distribution over M of dimension n and index g — 1. Note that the restriction of g to
the screen S(T'M) is a semi-Riemannian metric.

e Rad(TM) is the radical distribution of M with dimension 1 which satisfies:

TM = S(TM) L Rad(TM). (5.25)

® V is a torsion-free connection over M which restricted to the screen S(7'M) becomes metric respect to g.
¢ The decomposition (5.25) imply the following Gauss-Weingarten formulae for M (compare to [13, Egs.
2.12-2.13]):

VxPY = Vi PY + h*(X,PY), (5.26)

and
VxU = -A5X + VU, (5.27)

where P is the projection of TM over the screen S(TM), X,Y e I'(TM) and U € I'(Rad(TM)).

With V% PY, A;, X € T'(S(TM)) and h*(X, PY), V4 U € T'(Rad(TM)).

Besides, V* is a metric connection over the screen S(T'M) and V= is a linear connection, while A* and h*
are C*>°(M) bilinear forms.

¢ ¢isarank 1 vector bundle over M which plays the role of tr(T'M).
Now let v the vector bundle over M given by
y=TM ®e=S(TM)®Rad(TM) ®e. (5.28)

We define a Riemannian metric on this bundle as follows. First let gz and g. Riemannian metrics over the one
dimensional Rad(T'M) and e, respectively. Now consider the product metric

9 = P9+ Praacrandr + Pl ge (5:29)
over €. Let {¢, N} an orthonormal frame such that span(§) = Rad(T'M) and span(N) = e.
Definition 5.2. For X,Y € I'(y) we define
9(X,Y) =g'(X,Y) = (¢'(X, &) — g (X, N))(¢'(Y;§) — g'(Y, N)). (5.30)
As before, a straightforward computation based on (5.28) and (5.29) yields the following result.
Proposition 5.5. g° is a Lorentzian metric over €. Moreover, for X,Y € I'(S(T'M)) we have:
L g"(X,Y) = g(X,Y),
2. g7(X,§) =g"(X,N) =0;
3. g"(N,N)=0,9"(£€) =0
4. g7(¢,N)=1.
Corollary 5.2. With the metric g7 the bundle ~ can be written in the following decomposition:
v=S(TM) L (Rad(TM) @ e).
We define next a new connection V7 over v by
VY =VxY +h(X,Y),

and
VxV =-AlX + ViV,

for all X,Y e (TM) and V €T'(e), where VxY, A, X e I(TM) and h(X,Y),V4V €T(e). h(X,Y) is a
symmetric bilinear C*° (M) form and A is a C*>°(M) linear operator, V' is a linear connection over e.
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To extend the bundle v to a semi-Riemannian bundle of dimension (n + 3), which satisfies the hypothesis of
Theorem 5.7, we make the following assumptions between some of the objects previously defined.

B(X,Y)N = h(X,Y), (5.31)
VAN = g"(VEN,§N = —g" (V& N)N (5.32)
and
B(X,¢) =0, (5.33)
g"(h*(X,PY),N) = g(A}, X, PY), (5.34)
(AL X,N)=0 (5.35)
9(A{X,PY) = B(X,PY), (5.36)
(Vxg)(Y,Z) = g"(Y,N)B(X,Z) — g"(Z,N)B(X,Y) =0 (5.37)

forall X,Y,Z € T'(T' M), where B is a C°°(M) bilinear form.

We assume also the following structure equations for constant sectional curvature ¢ = % # 0.

T

0=R(X,Y)Z+ Ay Y — ALy 1y X — 7%(g(y, 7)X — g(X, Z)Y), (5.38)
0= (Vxh)(Y,2) - (Vyh)(X, Z), (5.39)

0=—-Vx(4}Y) - A%;VX + Vy (A} X) + AWV}VV + A} [X,Y]

o (5.40)
- L@ VX - (X V)Y),

0=—h(X,A}Y)+ V5VLV +h(Y, AL X) - Vi V5V — fo,y] V. (5.41)
Let § a semi-Riemannian rank 1 bundle with metric ¢° and index d and let u € I'(§) unit which satisfies
¢’ (u,u) =o.

Define a metric g° over € = § & ~ such that v L § and restricted to § and ~ coincides with ¢° and ¢, respectively.
The following results are immediate consequences:

Proposition 5.6. The metric G° coincides with the metric defined in (5.4).

Corollary 5.3. The metric g° defined on the bundle € has index q + d.

Now, we define the connection V* over & by the equations

VY =VxY 4+ B(X,Y)N + %g(X, Y)u, (5.42)
VYN = —ALX + g (VK N, N + %gv(x, N)u, (5.43)

and .
Vxu=——X. (5.44)

Next we show that this connection on € satisfies the hypotheses of Theorem 5.7.
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Proposition 5.7. Suppose conditions (5.31)-(5.37) are satisfied. Then equations (5.7)-(5.14) hold.
Proof. (i) g°(h*(X,PY),N) =g (AnX, PY). Using (5.34), we have
7 (h*(X,PY),N) = g"(h*(X,PY),N) = g7"(A} X, PY) = (AN X, PY).
(i) D1 (X, PY) = g(A; X, PY). By (5.36) it follows that
Di(X,PY) = B(X,Y) = g(A; X, PY).
(iii) e2(X) = 0. This is immediate from the definition of v

(iv) D1(X,€&) = 0. From (5.33) we obtain
Dy (X,€) = B(X,£) =0.

(v) °(AnX,N) = 0. The equation (5.35) implies that
7 (ANX,N) = g"(ALX,N) =0.
(vi) p1(X) = —g°(Vx£, N). Using (5.32),
pL(X) = 9" (VAN €) = —¢" (V& N) = =g (VxE N).

(vii) p2(X) = 0g°(A,X, N). This follows from the definitions of p, and 4, X:

g
p2(X) = ;g(X7 N),=0g° (A, X, N).
(vill) €1(X) = —oD2(X,€). By the item (iv) above, we have
€1 = _JDl(X7£)

(ix) (A, X,Y) = 0D2(X,Y) + €1(X)g°(Y, N). It follows from definitions of A, X, e; and Ds:

_ _/1 _
T (AuX,Y) =5 <"va> =07 (X,Y) +0=0Ds(X.¥) + a(X)7 (¥, N).

We now verify the validity of the structure equations for half-lightlike manifolds when ¢ = 0.

Proposition 5.8. Assume the hypotheses of Proposition 5.7, and that equations (5.38)-(5.41) hold. Then equations (5.15)
- (5.17) are satisfied.

Proof. (i)
R(X,Y)Z + D\(X,Z)ANY — D1(Y, Z)AnX + Do(X, Z) ALY — Do(Y, Z)AuX =0
Denote by C; the left hand side of the previous equation. Applying (5.31), (5.38) and the linearity of A7.

Oy =R(X,Y)Z + B(X, Z2)ALY — B(Y, Z) A} X + %g(X, 2)Y — %g(y, 27X

=R(X,Y)Z + A} Y — A,

o
B(X,Z)N X — 72(9(5/7 Z)X —g9(X,2)Y)

(Y,Z)N

“R(X,Y)Z+ A, Y — A X— %(g(Y, 2)X — g(X, Z2)Y)

h(X,Z) h(Y,Z)
=0.

(ii)
0={(VxD1)(Y,Z) — (VyD1)(X,Z) + p1(X)D1(Y, Z) — p1(Y) D1 (X, Z)
+e1(X)D2(Y, Z2) — er(Y)D2(X, Z)}N

Let C; be the right hand side of the previous equation. Applying (5.31), (5.32), the fact that V* is a linear
connection and (5.38),
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Cy={X(B(Y,2))-B(VxY,Z)-B(Y,VxZ)-Y(B(X,Z))+ B(Vy X, Z)
+B(X,VyZ)} + g (VX N, B(Y. Z) — " (Vy N, §)B(X, 2)}N
—X(B(Y, Z))N = h(VxY, Z) — h(Y,VxZ) = Y (B(X, Z))N
+h(VyX,Z)+ h(X,VyZ)+ B(Y, Z)VxN - B(X, Z)Vi{ N
=X(B(Y,Z))N + B(Y, Z)VsN — hl(VxY, Z) — h(Y,VxZ)
~Y(B(X,Z))N — B(X,Z)VYN + h(VyX,Z) + h(X,VyZ)
[V h(Y, Z) = h(VxY, Z) = h(Y, Vx 7))
— VL R(X,Z) = h(VyX,Z) — h(X,VyZ)]
—(Vxh)(Y, Z) - (Vyh)(X, Z)
=0.
(iii)
{(VxD2)(Y,Z) = (VyD2)(X, Z) + p2(X)D1(Y, Z) — p2(Y) D1 (X, Z) }u = 0,
Let C5 be the right hand side of the previous equation. Applying (5.37) yields

Oy = {X (%g(Y, Z)) - %g(VXY, Z) - gg(Y, VxZ) Y (%g(X, Z))
+ %Q(VyX, Z) + %g(X, VxZ)Y + %gV(X, N)B(Y, Z)
—%gw N)B(X.Z) fu

{(VXQ)(YZ) (Vyg)(X,Z) +¢"(X,N)B(Y, Z)
-9 (Y,N)B(X, Z)}u
*{(ng)(Y Z)—g"(Y,
g7(

— (Vyg)(X, Z2) + g7 (X
=0.

"WY,N)B(X,Z)—-g¢"(Z,N)B(X,Y)

N)B(Y,Z)+¢"(Z,N)B(X,Y)}u

(iv)
0=—Vx(ANY) + Vy(AnX) + An[X,Y]
+ p1(X)ANY — p1(Y)ANX + pa(X)AY — po(YV)AX

Denote by C; the right hand side of the previous equation. Using (5.40), (5.32) and the linearity of A” we
have

Oy = — Vx(ALY) + Vy (AL X) + AL X, Y]
+ 97 (VN OARY — g (Vy N, AL X — S (67 (V, N)X - g7(X, N)Y)
=— Vx(AJY) + Vy (AR X) + AY[X, Y]+ g7 (VN ARY — g7 (VY N, ALY X
+ Vx(ARY) + AL, X = Vy (AR X) = AL, (N — A} [X,Y]
=97 (Vi N, AYY = g (Vi N AL X + AL, (X — AL, (N
:Agv(v;N,g)NY Agv(vt NN T A%;NX - A%tXNN
—AL N = AL (X + AL, X = AL, (N
=0.
v)
0={D1(Y,AnX) — D1(X, ANY) + 2dp1(X,Y)
+e1(X)p2(Y) — e (Y)p2(X)}N
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Let C5 be the right hand side of the previous equation. Using (5.31), (5.41), (5.32) and that V" is linear
connection, it follows that

={B(Y, ANX) — B(X, ANY) + [X(p1(Y)) = Y(p1(X)) = p1((X, Y]]IN
=h(Y, AN X) = h(X, AJY) + X (g7 (Vy N, §))N = Y (g7 (Vi N, €))N
9" (Vixy)N.ON

== VXVYN + Vy VAN + Vix y N + X (g7 (V3 N, §))N

V(9" (ViN, f))N 9" (Vixy N, N

:—VX (VY NN +Vyg" (VNN + g7 (Vix y )N, )N
X(g (VtNé‘))N Y(g" (VAN OIN — g7 (Vix v N, N
X(g"(VyN,&))N — g7 (Vy N,V N
Y(g"(V5N,€)) + g (Vt N, £)V‘§N
X(g"(Vy N, )N =Y (g7 (Vi N,&))N

”(VyN VAN + g7 (Vi N, EVy N

— g (VY N,£)g" (V5 N, &) + g (Vi N,€)g" (Vi N, §)

(vi)
0 ={Ds(Y, AN X) — Do(X, ANY) + 2dpa(X, V)
+ p1(Y)p2(X) — p1(X)p2(Y) }u.

Let Cs be the right hand side of the previous equation. If we write X = pX + a and Y = PY + ¢, the
fact that V is a torsion-free connection, decompositions (5.26) and (5.27); and equations (5.34), (5.32) yield

Co ={Zg7 (Y, AR X) = g7 (X, ARY) + [X (p2(Y)) = ¥ (p2(X)) = pa([X, Y]]
+ 29" (VN7 (X, N) = Zg7 (Vi N, §)g (V. N) Yu
*{g”(Y ANX) = g7 (X, ARY) + X (g7 (Y, N)) = Y (g7 (X, N))
~ (XYL, N) +g7(VN, )" (X, N) = g (Vi N, &)g7 (V. N)}u
=2 {9 (PY. AL X) = g (PX, ARY) + X (g7 (b6, N)) — ¥ (g7 (0, V)
9" (VxY = VyX,N)+g"(VyN,£)g"(a§, N) — g7 (VX N, £)g" (b, N) }u
=;{97<PY, AN X) = g" (PX, ARY) + X (b) = Y (a)
— g (VxPY,N) — g"(Vxb&,N) + ¢ (Vy PX,N) + ¢g"(Vya&, N)
+ag (Vi N.€) - bm(vw &)yu
=2{g"(PY, A3 X) - g7 (PX, A Y) + X(b) - Y (@)
(X, PY),N) — g7 (X(b)E + bV x&, N) + g7 (h* (Y, PX), N)
Y(a)§ +aVy& N) +ag" (V4N €) = bg (Vi N, ) Ju
=2 {X(b) ~ Y(a) = X(b) + Y (a) ~ by (Vx§&, )
+ag" (V& N) +ag" (Vi N.€) — by (Vi N. ) Ju
=2 {=bg" (V& N) — ag” (V€ N) +ag" (V4N €) = by (Vi N, ) Ju
=0.

—~

-9
+ g7

—~

(vii)
—Vx(ALY) + Vy (AuX) + Au[X, Y] + e1(X)ANY — 6 (Y)An X = 0.

Denote by C7 the left hand side of the previous equation. Because V is a torsion-free connection, we have
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C;=—-Vx (iY) + Vy <iX) + %[X,Y]
:%(—ny +VyX + [X,Y])
=0.
(viii)
{D1(Y, AuX) = D1(X, AyY) 4 2der (X, Y) + p1(X)er (V) — p1(Y)er (X)}N = 0.

Let Cs be the left hand side of the previous equation. Because B is smooth, symmetric and bilinear, we

obtain
Cg = {B (KiX) - B <X,iY)}N
= L{BY.X) - BX,V)}N
=0.
()

{DQ(K AuX) - DQ(X, AuY) + €1(Y)p2(X) — €1 (X)pg(Y)}u =0.
Taking Cy as the left hand side of the previous equation, and applying bilinearity of g, give us

Cg :{1)2(}/7 AuX) - DQ (X, AuY)}u

:{:g (Y,iX) - gg (XiY)}u
=%{9(Y,X)—9(X7Y)}u
0.
m

Finally, we prove the Fundamental Theorem for isometric immersions of null hypersurfaces in semi-
Riemannian space forms with constant sectional curvature different from zero.

Theorem 5.2. Let (M, g, S(TM)) a null simply connected manifold of dimension n + 1, with a screen distribution of
dimension n and index q — 1. Let € be a vector bundle over M of dimension 1 and let g be the metric over v =TM @ ¢
given by (5.30). Further, let V7 be a connection over «y which satisfies (5.31) - (5.37). Moreover, suppose that the
Gauss-Codazzi-Ricci equations for ¢ = o /r? given by (5.38)-(5.41) hold for ~y, where o = sign(c).

Then there exists an isometric immersion f : M — Q'F?, such that f =i o f. Furthermore, there exist an isometry of
vector bundles ¢ : § @ e — trf (T M), such that
n' = o¢h,
Vil = ¢V

Moreover, let f,g: M — Qpt? be two such isometric immersions of a null manifold and suppose there exists an
isometry of vector bundles ¢ : f*TQ)*2 — f*TQp*? such that

Y(fi) = gs
and |1 (rary = 1 satisfies

V(@' (N)) = ¢*(N),
V(o' () = ¢(u).

Then there exists an isometry T : Q02 — Q0+2, such that

Tf=g and 7'*|trf(TM) =
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Proof. Let § be a semi-Riemannian bundle of dimension 1 over M, with index d and let v a unit element respect
to d.

We define the metric g° on the bundle € = v @ §, as in Proposition 5.6 and the connection V° over 7 as in
(5.42), (5.43) and (5.44). In this way, by Proposition 5.7 the properties (5.7)-(5.14) hold.

Now, since we are assuming (5.38), (5.40) and (5.41), Proposition 5.8 implies that (5.15) - (5.17) are satisfied.

Therefore, by Theorem 5.1, there exists an isometric immersion f : M — Rgﬁ and a vector bundle isometry

¢:e®6— tr(TM) such that Dy = DY, Dy = DS, p1 = 9, po = p% and ¢; = ).

From the election of D, and p;, and properties (5.31), (5.32) it follows that

W= Goh,
V% = oV
On the other hand, we consider the canonical isometry i : Q2'}? — R?ﬁ A(c)r Whose image is the hyperquadric
QY ={X eRS,) 1 0"(X, X) =1/c},

where A(¢) = 1if ¢ < 0 and A(¢) = 0 if ¢ > 0. Observe that \(¢) = d.

We affirm that f(M) C Q7+2, modulo a translation on Rgij if necessary. For that, we notice

c,qg /7
B(Viu) = d(-4,X) = ¢ (‘iX> = _%a(X) N _%f*X’

from which it follows that

where K is some constant vector in RZL? Then

9P°(f— K. f— K) = ¢"(=ré(u), —ré(u)) = r°g°(d(u), (u)) = or? = ~

c

In this way, there exists an isometric immersion f : M — Q}?, such that f =io f. Moreover, there exists a
vector bundle isometry ¢ : § @ e — tr/ (T'M), such that

' = ¢h,
Vilg = ¢V

Now we tackle the uniqueness part of the proof. For that, let f, g be two such isometric immersions and
let i : ngzrz — jo:s’ the canonical inclusion. Consider the functions f =io f, g =io0 g, which are isometric

inmersions of M in R}/ 7.
Because ¢/ (6 ) and ¢9(9) are orthogonal to af (v) and 55(7), respectively. Thus ¢ define the bundle isometry

C: T TR S — g*TR!}3, such that

Cfe=10.
and (| o = G satisfies
CT(V) = 7(N),

C@'(w) = ¢%(u).
Then, by Theorem 5.1, there exists a bundle isometry 7 : R;‘ig — R;‘Ig, such that
7f=79 and Tl = G
which in turn induces the bundle isometry 7 : ng — QZ;Q that satisfies
7f=g and 7—*|trf(TM) = 1.
O
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