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ABSTRACT

The aim of this paper is to calculate inextensible curve flow using a new orthogonal frame in three-
dimensional Minkowski space. First, the history of the subject the main geometric results are
presented. Then we obtain inextensible flow of Frenet frame and curvatures. Last, the necessary
and sufficient conditions for inextensible curve flow are given by a partial differential equation
(PDE) which is involve curvature.
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1. Introduction

Numerous applications of curve theory can be found in mathematics, physics, and engineering [3, 7].
External influences were largely disregarded in most of these investigations. However, this atypical temporal
parameter, or external influences, play a significant role in more recent investigations. This has increased the
significance of curve flow, or the way that curves change over time [1, 10, 14, 16]. If the arclength of a curve is
protected, the flow is inextensible. First, Kwon and Park investigated developable surfaces and inextensible
flows of space curves in E? [8, 9]. They are followed by a study of the inextensible flow of space curves
and surfaces [1, 5, 10, 13, 14, 15]. Sasai introduced the modified orthogonal frame in 1984 [12]. In this work,
new formulation for the flows of inextensible curves in 3-dimensional minkowski space are presented. For
an inextensible curve flow, we provide the required and sufficient conditions, which are denoted by a PDE
that includes the curvatures and torsion. Our anticipate that mathematicians who specialize in mathematical
modeling will find these results useful.

2. Preliminaries

We offer a brief overview of the modified orthogonal frame with curvature (MOFC) in E$ in this section. The
three dimensional Minkowskian space E3 is the real vector space R? provided with the standard flat metric
given by

(,) = —da? + daj + da3

where (21, 2, z3) cartesian coordinate system of three dimensional Minkowski space E$. A vector v in Ef is
called spacelike vector, timelike vector or null vector if (v,v) > 0orv =0, if (v,v) < 0 andif (v,v) =0and v #
0, respectively. The same holds is true for curves in Minkowski 3-space. When F'(s) is taken as a curve in three-
dimensional Minkowski space, which can locally be timelike, spacelike, or null (lightlike), if each of its vector of

velocity F'(s) = 7 spacelike, timelike, or null (lightlike). Let’s assume that the moving Frenet frame along the
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curve F'(s) in three-dimensional Minkowski space is { £, b } . The Frenet formulas for an arbitrary curve

F(s) Minkowskian 3-space are presented in detail in [4, 16]. If F' is a timelike curve, then Frenet derivative
formula is given by

—>7

¢ 0 & 0] [7
ﬁ:KOTW
I 0 —7 0| |7

Unless otherwise stated, x and 7 will be taken as the curvature and torsion of the space curve F in E3,
respectively. The arclength parameter for F is s. The relationships listed below are particularly valid:

— — —
(T, ) =1, (@, @) =(b,0)=1, (T.7) = (¢, 8) = (7, b) =0.
If F is a spacelike curve with a spacelike principal normal, then Frenet derivative formula is given by 77,
—>
3 0 x O 7
Wl=|-x 0 7| |7,
e 0o 7 o |7

where
T T = @) =1,(8.5) =1, (T, %) = (7,3) = (7, 5) = 0.

%
If F is a spacelike curve with a spacelike principal binormal, then Frenet derivative formula is given by b,

—>
t 0 ~ O ?
7=k 0 r|.|7 ,
3 o7 o] |7
Where — — - — - - = — = _>—>
(t,t)y=(b,b)=1 (W, 7W)=-1, (¢, m)y=(t,b)y={(n,b)=0.

If F' is a pseudo null curve, then Frenet derivative formulas have the following form .

—>

¢ 0k 0] [T

7l=10 7 ol.|7]. 2.1)
7’ -k 0 -7 ?

In (2.1) the first curvature x = 0 if and only if F' is straight line, or x = 1 in all other circumstances. In this
instance, the following criteria are met.

(F.7) = (7, 8) =1, (@, 7) = (T,7) = (T.5) = (b, ) =0.
in [16]. Let F be a unit-speed curve in E} and let F {?, T, ?} denote the Frenet frame along the curve.

The relations between the well-known classical Frenet frame {7, T, ?} and orthogonal frame {?, ﬁ, ﬁ}

at k # 0 are N
?:?7ﬁ:ﬁﬁ>,§=m b

The subsequent modified orthogonal frames are valid in this situation: If F" is timelike curve, then the derivative
formulas of orthogonal Frenet frame is

77 1o 1 0] [T
Nl=12 = 7||N]. (2.2)
B' 0 -7 %’ ﬁ
The derivative formulas are written as in the following form if F' is a spacelike curve and F' have a spacelike
principal normal 7 then the derivative formulas of orthogonal Frenet frame is

T
N|. (2.3)
B
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If F' is a spacelike curve and F' have a spacelike binormal T , then the following derivative formulas are given
by;

N| = |2
5L

If F' is pseudo null curve, the derivative formulas of orthogonal Frenet frame are given by

7] 0 1 o 1[7
Nl=]0o =+ o [|N (2.5)
B L-x B

0
V] 24)

[\v]
o
EIEN
|
\]

in[2,6,11,12].

3. Inextensible flows of curve in modified orthogonal frame with curvature

Throughout this work, unless otherwise stated, we will give the F(u, t) transformation as follows;

F:[0,1] x [0,w) — E?
(u,t) = F(u,1),
is a class of differentiable curves with one parameter on the MOFC in E, where [ is the arc-length of the

initial curve. Now assume that u be parameter (0 < u <) of a space curve. If velocity vector of F' is given by
v = |%—5 , then the arc-length of curve F'is
[1|oF
S(u) = -
w= /5
0

du.

where |25 = ’(g—i, oL ‘ "2 The operator 2 is given in the form below, depending on u
9_190
ds  wvou’

The parameter of arc-length is ds = vdu. A flow of F' with MOF{?, ﬁ, ﬁ} in E? can be express as

887? = fl? + fgﬁ + f3§

u
Let S(u,t) = [vdu be the arc-length variation of curve F in Ej. The requirement that the curve not be
0

u u
dependent to any extension or compression can be phrased by the condition [ S(u,t) = %du =0, forall
0 0

u € [0,]. The necessary and sufficient conditions for inextensible flow according to timelike, spacelike or
ligthlike of curve in E3 have been given the following theorems.

3.1. Inextensible flows of timelike curve in a new orthogonal frame with curvature

Definition 3.1. A timelike curve flow %—f on the MOFC in E$ are called as inextensible if

9 |oF
ot | Ou

Next theorem states the necessary and enough situations for the inextensible flow of timelike curves in E3.

Theorem 3.1. Suppose that %—f = fl? + fQN2 + fgﬁ be a reqular and differentiable flow of the timelike curve F with
curvature on the MOF {?, ]7, B}in 3-dimensional Minkowski space.The flow is inextensible necessary and sufficient
condition

579 dergipark.org.tr/en/pub/iejg
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on

ds " fa

Proof. We have equation (2.2) and (2F 9y — 42 Because parameters u and ¢ are independent of coordinates,
Ou’ Ou

the operators a and ; are commute and we can write

dv 0 OF OF
var = 290 aa’
oOF 0 OF
(55 (5)
<8F 0 f1?+f2ﬁ+f3§

— <7 fl ?+vf1ﬁ+ fz ﬁJrUfz 2T + ,ﬁ+7§)>
—|—2U? f3§—|—?}f3 Tﬁ—kﬁ?
=2v (%(fl) + K% fav).

Thus we hold
ov

= (o () + A2 fo0). @1

Now assume that  be extensible. From the eq.(3.1) we get

0 31}
aS(u, t) = Edu
0
—f(au>+ﬁfmm
— au 1 2

0
0.

O

For all u € [0,1] This mean that 2 (f,) = —«%fav or 2(f1) = —k? fo. The other part of the proof of theorem
can be completed in a similar steps. Now, we are limited to curves with arclength parameters. Lets we take
v = 1 and the local coordinate u corresponds to s. By a parameter change, the following theorem can be given

Theorem 3.2. Let %—If = f17 + fzﬁ + f3§ be the smooth flow of the 3-dimensional Minkowski space timelike curve
F on MOF {7, ﬁ, ?} .The form of derivative formulas are given as in the following:

7 .
%:(fl'f'g(f)‘F f2—7f3ﬁ+ (1f2 + (fs)‘f'%f?a)ﬁ,
88]—52“200 +§(f2)+ f2—7'f37+ §

aﬁ:ﬁhh+iﬁ@+2m?—lxﬁ

K2

where (86—7, §> =\

Proof. Using Theorem 3.1 and the MOFC in E3, we calculate

dergipark.org.tr/en/pub/iejg 580
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oT 0 oF
Ot Ot Os
:3(f1?+f2ﬁ+f3§)
f1 7JrflﬁJr f2 NzJer 2?+ ,ﬁﬂLT?)i(ﬁ%)ﬁ
—|—f3 —Tﬁ+i§

(ﬁ+*%ﬂ-f%4ﬁﬁ+fb+ (f3)+ mﬁ

Now differentiating the MOFC according to ¢;

2(T N) —o—m2(f1+%(f2)+i’f2—rf3 (T, 25y,
2T B) =0=r2(fa+ 2(fo)+ % fa) + <?,%—§> (3.2)

0N, B) =0=x+(N,2L)

SIN

From the equation (3.2) we obtain

‘95 W+ )+ = )T+ B,
a((f =r*(fo + %(fza) + %fs)? - %Aﬁ,

where 85,? =\

The next theorem states the circumstances on PDE involving the () and (7) for flow F'(s, t) to be inextensible.

Theorem 3.3. Assume that the curve flow %—f = fl? + f zﬁ + f3§ on the MOFC in 3-dimensional Minkowski space

is inextensible. Then the next equations obtained:

okr 9, 0 0 9
O =) + o6 <f2>> o () - ag(n rf3)
—H/ﬁ,(f1+%(f2)+ fz—Tf:s)—/‘i T(Tf2+ (f3)+ fs)

; 9,1, 10 9
8772; :/\%(?)4_?%(/\) —H2(7f2+%(f3)+;f3)7

where
A=f<27(f1+g(fz)Jrifz—Tfs)JrﬁQ(%(sz) &+ 2 g

+’%(sz+ (f3)+ f3)
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Proof. Noting that 2 88?: 2 %?, Differentiating % 8? according to s, we get

8 0T

s ot ;[(f1+ (f2)+ f2_7f3ﬁ+ Tf2+ (f3)+ f3)§]

e S+ g - (ng))ﬁ
+(f1+%(f2)+—f2—rf3 /@2?+iﬁ+7'§)
+(%(sz) P B

(ot (f3>+2f3 Tﬁ+;§)

(") 1+—<f2>+%fzwf3>>7

)+ o (f2)+ O ()~ (m)ﬁ
<%<f1+8<f2>+ 5ot - e )+ )R
i+ )+ S - B

c L+ D B et L+ ) B

and while
00T 0% o0, 0 K 2. 1.3
% 05 ot —K(f1+%(f2)+;f2*7f3) +? ,
thus
) ,
N=rr(fit () + fz—ng)m( O emt U+ (S g
+ R (Tf2+ (f3)+ f3)
Since das aaN; gt %, we have
90N o, , R SR
%ﬁ—g[( f+"€*( )+f<&f€f2—f€7'f3) + 5AB]
0 8 0 8
(o (2 11) 4 (6 () + (o) — (62T fs) T
0
+/‘€2(f1+%(f2)+;f2*7fs)ﬁ+)\%(%)§

(—7N + ’Zﬁ) + L9 B,

K2 85(

while

dergipark.org.tr/en/pub/iejg
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8 ON A /

e 6t (2T 4 © ﬁwﬁ)}
?er (fi+ 5 <f2>+ “fo—rh)N
W((r 2t () + f3§+ AL

+/m'(f1 + —(f2)+ —fg —7f3) ?+§/\§+%(7)§
+RAT(T S+ o (f3)+ feﬁ AN,
thus we get
90N 0 B K 7
5% 05 (8t( )+"m(f1+a*(f) f2—Tf3)+'€T(Tf2+ (f3)+ f3))
S0P+ L)+ )+ 25 —?A)ﬁ‘f‘(g/\‘f‘&(ﬂ)?

Hence we see that

ok? 0 0 0 0 0 /
87/1 =o5 (5 )+ FAG s (f2)) + s o= (kR (f2)) = s Ao (KT f3) =k (fi+ (fz) + fz —7fs) =TT+ 5 (fz)
or 0,1 10
Fri E(E) *25.*( ) — (Tf2+ (f3)+ fs)
The £ of o 0 0B _ 00B
proof of the equality ;- %7 = 7; 5. can be completed following similar steps as in above. O

3.2. Inextensible flows of spacelike curve with a spacelike principal normal @ on MOFC

In this section we suppose that a spacelike curve and it have a spacelike principal normal curve.

Definition 3.2. A spacelike curve flow 2 9 on the MOFC in Minkowski 3-space is defined as be inextensible if

9 |9F| _
ot | ou|

The next theorem states the requlslte and adequate circumstances for the inextensible flow of a spacelike
curve with a spacelike principal normal 7 in E3.

Theorem 3.4. Let 2= f17 + ngZ + f3§ be a regular and differentiable flow of the spacelike curve F' curvature on
MOEFC ? Nz Bin 3 dimensional Minkowski space.The flow of curve F' said to be inextensible if and only if

583 dergipark.org.tr/en/pub/iejg
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Proof. We have equation (2.3) and ((635 , ‘gf: ) = v2. Because parameters u and t are independent of coordinates,

the operators a and 7 are commute and so we have

dv_9 0F OF,
Vo “ot'ou au

__OF 9 0F

=2 o (5

= <8F 0 ]01?4-]t2ﬁ+f3§

:2v(?,%(f1)?+vf1ﬁ+— F)N +0fo(—r2T + /ﬁ+7§>)>
+20(T, %(h)ﬁ +ufs(rN + %?»
a 2
=2v(5.(f1) = K" f2v).

Thus we get

ov

% (%(fl) — K fav). (3.3)

Now 2L be extensible. From eq.(3.3) we get

for all Vu € [0,1] This means that 8% (f1) = k?favor % (f1) = K2 f2. The other part of the proof can be completed
by similar steps as in above. O

Now, we're limited to curves with arclength parameterization. Accordingly, v = 1 and the local coordinate u
relates to the curve’s arclength s. By a parameter change, we may give that following theorem.

Theorem 3.5. Let & = f17 + fgﬁ + f3§ be a regular and differentiable flow of the spacelike curve F' on MOFC
{?, ﬁ, ﬁ}in 3-dimensional Minkowski space. In this case

? ’ ’
O (it 2+ ot r )N+ (ot i)+ 1) B,

8 ’

= —K2(f1 + %(ﬁ) + %fZ +Tf3)? - %)‘3’
0B
= =

2

R (ot () + )T —

where Eg,ﬁ =\

dergipark.org.tr/en/pub/iejg 584
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Proof. Using Theorem 3.4 and the MOFC in Ei{’, we calculate

oT 0 0F
ot Ot s
:g(fl? + N + fs B)

f17+f1ﬁ+ f2ﬁ+f2 2T 4 ° ﬁ+r§ f3§+f37ﬁ+

(f1+ (f2)+ f2+7’f3ﬁ+ Tf2+*(fs)+ fs)g

Now differentiating the m0d1f1ed orthogonal frame according to ¢

%?ﬁ =0=~r?(f1+ as(f2)+n/f2+7f3) <77a{§>7
9T By =0= w2rfot 2(f5) 15 f5) + (T, 28),
2(N,B) =0=x+(N,2D).

From the previous equation (3.4) we get

85 =i+ (B + b )T - B,

aa? =K (Tf2+ (f3)+ fS)? ,j)‘ﬁ7

where 65,? =\

E*)

(3.4)

O

The following theorem presufficient for the curve flow F(s,t) to be inextensible for a PDE involving

curvatures and torsion.

Theorem 3.6. Assume that curve ﬂow fl? + fgﬁ + f3§ on the MOFC in 3-dimensional Minkowski space is

inextensible. Then the next equations of partzal PDE holds:

oDyt B g )+ g )+ gsw%fg)
b (ot D)+ b e ) + )
O (rhat D)+ g - L A%(%)
where
A=+ Dyt )~ ) + () + ) = () +
Proof. Noting that 2 ‘9§ 2 ‘9872 Differentiating 2 ﬁ according to s, we hold

aia(;:a[(fﬁr +-(f2) + f2+Tf3ﬁ+ Tf2+ (f3)+ f3)§]

“(2 () + o (fz)+*( o <Tf3>>ﬁ
+(fi + 8(f2)+ f2+7'f3 274— ﬁ+7'§)
s+ S+ 2 B

ot %(fs) - ;fgxfﬁ L),

(fs))
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and while
00T 0 95 T_ 1,8
5 9s = Bt R (f+ 5 (f2) + f2 +7fs)T = 5ADB,
thus
A= 7t D ot S o)~ 1) + () + L) = o () +
0s K 0s
Since £ 2 = 228 we have
80N o ) K VT — LB
55 op =pal (it 5 (f2) +*fz+ff3 — 37Dl
0 B 9 9
()~ (W ()~ (ko) — (62T fs) T

R )+ rf@ﬁ

o1 10 1 K
- )\%(?)3 - 75(A)§ - ?A(Tﬁ + ;ﬁ),
while
20N 0 /
e :&[(_“2? + %ﬁ + Tﬁ)]
:—%(“2)? (f1+ (f2)+ f2+7'f3)Nz
Kot o)+ ;fs)ﬁ
—i—gt(";)ﬁ—%((/ff +ﬁ2g(f2)+ﬁm/f2+m27f3))?—%)\g
315 §+T (K27 fo + K2 —(fg)—l—m@fg ?—%)\ﬁ.
thus we get
OON _ 0 o K o a0 S, ) , 0 ey
5% 05 —(—a( )—*(/‘€ itk *(fz)*“f/ﬁ fo+w°Tf3) + (K Tfo + K *(f3)+/‘m f3))
(2 )+ ) ) = TR (Rt )+ ) -

Hence we see that

ok* 9 0 0 0 0
B Sps W)+ *<n25<f2>> 5 (K J2) + 5 (5T )

+/‘m(f1+ (f2)+ f2+Tf3)+“T(Tf2 8(f3)+%f3)7

0 0 10 0,1
S5 =R+ 5o (fa) + ;f?,) — SN A ().

(f3))

ot
The proof of the equality ‘99 88]_? gt a(f can be completed in above similar way. O
dergipark.org.tr/en/pub/iejg 586


https://dergipark.org.tr/en/pub/iejg

A. Kizilay & A. T. Yakut

3.3. Inextensible flows of spacelike curve with a spacelike binormal T on MOFC

_>
In this section we suppose that a spacelike curve and it has spacelike binormal b .

Definition 3.3. A spacelike curve flow 2 9 on the MOFC in Minkowski 3-space is defined as be inextensible if

o |oF| _
ot |ou|

Theorem 3.7. Assume that 8F f1? + fgﬁ + f3§ be a differentiable and regular flow of the spacelike curve F with
binormal 5 MOFC 7 ﬁ gln 3-dimensional Minkowski space.The flow is inextensible if and only if

0
Ee

Proof. We have equation (2.4) and (25, 25 — 42 The operators 2 and 2 commute because the parametters

uvand ¢t are independent coordinates. So we get

o ov 0 0F OF
St~ ou au’
oF 0 OF
= <5T 5.*(@)@
(gF 88 f1?+f2ﬁ+f3§

20(T, ()T +ofi N+ ()N 40T + N +7B))
2@, 2 (B 4 op N + B
202 (1) + 52 o).

Thus we get
0 0
671; = (a(ﬁ) + K2 fov). (3.5)

Now let the flow %f is extensible. From eq.(3.5) we hold

0 81)
_/<aau(f1)—|—/—s2f2v>du

0
0,

for all Vu € [0,1]. That is; a% (f1) = —K?fav or % (f1) = —k? f2. The other part of the proof can be completed by
similar steps as in above. 0

We now circumscribe ourselves to arc-length parameterized curves. That is, v = 1, and the local coordinate
u relates to the curve arclength s. By a parameter change, we may give that following theorem.

"iheorem 3.8. Let %—f = f1? + fgﬁ + f3§ be a differentiable and regular flow of the spacelike curve F' with binormal
b on MOF {?, Nz, ﬁ}in 3-dimensional Minkowski space.In this case
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= (fi+ (f2)+ f2+rf3ﬁ+ Tf2+ (f3)+ f3)§

ot

N
887 =r*(fi + %(h) + %fz +7f) T + ?Ag,
5’5 = —Rrht (o) + )T + 5,

where 35,? =\

Proof. Using Theorem 3.7 and the MOFC in 3-dimensional Minkowski space, we calculate

oT 0 OF
ot Ot s
:g(fl?-l-hﬁ—l-fsﬁ)

f1 7+f1ﬁ+ fg ﬁ+f2 2T + /ﬁ+7§>)+§9(f3)§
+f3(71_vk+;§)

0 ’ 0 ’
=i+ 5 () + =+ TN + (ot 5 (f) + ) B.
Now differentiating the MOF according to ¢

<?,ﬁ> 0=—r?(f1+ ag(f2) + 4 f2 +K27f3) + <?, %),
0(T,B) =0=r(rf+ §<f3> + 5 f5) + (T, 2B, (3.6)
0

A+ (N, 28),

Ho glo

Bt

@ﬁ?

8t

From the previous equation (3.6) we obtain

ON _

? ’
O o Rht L)+ ST

K2 (f1 + %(fz) + %fz + ng)? + %)\ﬁ,

respectively, where 85,? =\ O

The next theorem states the circumstances on PDE involving the curvatures(x and 7 for the curve flow F'(s,t)
to be inextensible.

Theorem 3.9. Assume that curve ﬂow St fl? + f 2N> + f3§ on the MOFC in 3-dimensional Minkowski space is
inextensible. Consequently, the following PDE hold.

’ /

2
B =t () (o (1)) (58 1) (5T fs) = (o4 e (o) + o 4 703) + W27 fo 2o+ o)
G, 91 10 ) '
871 :)\g(?) + ?go\) — K} (Tf2 + %(f?,) + %f:&%

A= e+ D ) ) ) + () + D ) )+ () + ).

dergipark.org.tr/en/pub/iejg 588
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Proof. 90T _ 00T a?

5s o = i a5 -Differentiating =~ with respect to parameter s, we hold

00T o
% ot a [(fl (f2)+ f2+7'f3 ﬁ+ Tf2+ (f3)+ f3)§]

(o (f)+ 5 g )+ 8(Hf2)+3(7f3))ﬁ

+(f1+$(f2)+—f2+rf3 n2?+;ﬁ+7'§)

e (L o+ LB

ot )+ SN + ),
and while

00T 0 B /
%08 aﬁ =r*(f1+ %(fz) + %fz +Tf3)? + %)\ﬁ,

thus

A= (f1+ f2+ (f2)+7f3)+“(8(7f2) (fa) ( f3) (Tfa))+“/‘?(7f2+ (f3)+ fS)
8 oN _ aaﬁ

Since 5. %5 = 5; %, we have

9N 0
ds Ot 83[( fl+ﬁ7(f2)+“ﬁf2+ﬁff3?+7/\§
9, , P 5
:(%(H fl) + 87( f2) (Iﬁfi f2) 85("{ TfB))?

+ (521 + KQ%(fz) kK fo + K27 f5)N

a1 19 1 K

while
90N 9
9% s 675 2?4‘ ﬁ—i—T?
=D ?w (it 2+ fat )R
e 2+ B 2N
+%((,§2f1+m %(f2)+/m fatr ng))?Jr%Ag
+ %(T)B — 7'(,%27']"2 + “2%(,]03) + lili/fg)? + %)\ﬁ
Thus we get
gtaaf (%( 2)+%(F02fl+f€2g(f2)+'mlf2+f€27f3)—T(nQng+f{2ﬁ(f3)+nn/f3))?
+(x (f1+7(f2)+ f2+7f3) gt(n ﬁ‘F Tf2+*(f3)+ fs) H)\—i—%(T))?
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Hence we see that

/

2 |
O D (1) 2R L)+ ) e (6T fs) = (e () 4 o) KT+ gy

and

or 9 0
ézAa(%H%%(A) KTt 5 (f3)+ fs)

o 0B _ 8 0B

The proof of the equality 5 57 = ;5=

may be obtained using a similar argument to that in above. O

3.4. Inextensible flows of pseudo null curve on MOFC with curvature
Definition 3.4. A pseudo null curve flow 2 on the MOFC in Ef is defined as inextensible if

ot
o |or| _
ot | du|

Theorem 3.10. Let 9& = f17 + fzﬁ + f3§ be a regular and differentiable flow of the pseudo null curve on MOFC
{7, ﬁ, B}in 3-dimensional Minkowski space.The flow is inextensible if and only if

on

88 = ,K:Qfg . (3.7)
Proof. We have equation (2.5) and (g—i, ‘gfj ) = v?. The operators % and commute since v and t are
independent coordinates. We have
20 _0 OF OF,
ot ot 'Ou’ du
oF 0 0F
=50 aaar)
oF 0
=2(5-. o (AT + LN + 5 B))

ol 2T 4 o N+ 2 () +oh fmm
+2v<7 f3§+vf3 2?4— ?—r§)>

=2v(%(f1) K fy0).

Now let %—f be extensible. From (3.7) we get

u

0 [ v 0 9
58t = [ G [(5(h) = kv =
0 0
for all Vu € [0, 1] This means that a% (f1) = K% fsvor % (f1) = k* f3. The other part of the proof can be completed
by similar steps as in above. O

"l_")heorem 3.11. Let %—? =f T + fgﬁ + f3§ be a differentiable and reqular flow of the spacelike curve F with binormal
b on MOFC {?, Nz, B}in 3-dimensional Minkowski space. In this case

o _ 0 D)4 S e rf) N 4 () + o) B

ON g+ T
o8 0 K T

9 —&2(f1 + %(ﬁ) + ;f2 +7f2)
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Proof. Using Theorem 3.7 and the MOFC in Ei{’, we calculate

oT 9 OF
ot Ot ds
:%(fl? + N + fsg)

Z% (F)T + AN + %(fz)ﬁ‘f‘fz(%ﬁ‘iﬂ'ﬁ)*‘ %(f:a)ﬁ
+ f3(— 2T 4 E)—TE))
=(f1+£(fz)+%fz+7fz)7\f>+ crtat D+ S B,

Now, differentiating the MOFC according to ¢

P oT oN
P
.50

= (7H2Tf3 + /432%(]03) + ’W‘:,f?)) +

0 o1 0B
= AT B) = (50 B) + (T, 50)

= (H;ﬁ + H2§8(f2)_;; K f2+ HQTf2§ ?7 8(9?
0 0 0 0
= = (N B) = (5 By + (N, 50 = A+ (N, 0.
From previous equation we get
ON 0 ’
e —52(%(,703) + %fs — /)T,
0B 0 ’
5 = —&2(f1 + 552 + %fz +7f)T.
respectively, where 68_]2} , § =X O

The next theorem states the circumstances on PDE involving the curvatures and torsion for the curve flow
F(s,t) to be inextensible.

Theorem 3.12. Assume the flow curve %—f = fl? + fzﬁ + fgﬁ on the MOFC in 3-dimensional Minkowski space is
inextensible.
Then the PDE in the following system hold:

okr 0 0 0 0 / 0 /

ait o R A O e A o R s T
or _ 50 9 K

i (f3)—ffﬁf3+f€7f3+at( )-

2 oT _ 8 9T
Proof. Noting that 5-%- = 5,5,
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00T

0 P
95 o — sl (f2)+*f2+7f2)ﬁ+ (~fs+ 5, (f3)+ f3)§]

(o (f1) + 5 . S+ a(“fzwﬁ(rfg))ﬁ
+(f1+£(f2)+—f2+rf2 —ﬁ+rﬁ)

~ L+ 82<f3> 2 B
(Tf3+—(f3)+ f3 2T " B?—TE?),

while
80T 8 ) ’
= = &ﬁ = —k2(5-(fs) + %fg )T
Since 883 33_?) gt %_B),we have
908 0 ,
9 O —%[( K fi— K a*(fz) — KK fo — sz)?]
=(— 5-2( 2f1) aﬁ( Eh) aa(/m fa) — 2 (K Tf2 ?4' -k %(fz) —’“,f2 _“27f2)ﬁ7
while
808 0 i
e :&(—ﬁ? + ;3 —rB)
=— %(H2)7 - 2(fl + g(ﬁ) + ifQ + sz)ﬁ
K2 (— 7'f3+ (f3)+ f3 §+<§t Z)g
T2k R () e b R)T - (B
+ (2 + —(f2)+/m fot K271)T.
Thus we get
90B 9 K

5% D5 (—a( 2)—;( 2f1+f<c2g(f2)+H'€/f2+f<27'f2)+7'( 2f1+f<&2£(.702)‘i‘fmlf2-l-f<27'fz))7

PR+ () + f2+7f2 DN 4+ (R (s o)+ f3) §t<’;> o B

Hence we see that

aK/Q _ 8 2 a 8 a 2 ’ / 8 /2 2 2 a 2 2
W—%(nh)%f( f) ('mf2) 55K Tf2) =Kk fi =k oo fo = K fo+ KTfL 4 KT o fo + KT
and
or d K
a—— (fs)—f@“f3+f€7f3+8t( )-
O
The proof is completed.
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