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ABSTRACT. In this study, we introduce two new classes Si[FE, F;u;v] and
T (0, p, v) of analytic functions using the general integral operator. For these
two classes, we study the majorization properties. Some applications of the
results are discussed in the form of corollaries.

1. INTRODUCTION AND DEFINITIONS

The Majorization for two analytic functions v and v is defined as follows
(see [17])

u(€) <= v(§); (£eD),
if there is an analytic function (&), such that

(W) <1 and u(§) =¢(§)v(§); (§€D), (1)

where D = {{ € C: |{| < 1} is an open unit disk.
The function u is subordinate to v and defined as u(§) < v(§), if there is a schwarz
function w, that is analytic in D with |w(§)| < 1, w(0) = 0, £ € D such that
u(§) =v(w(§)), £ € D.

Thus, by combining subordination and majorization, we may define quasi-subordination
as follows:
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We say that the function u is quasi-subordinate relative to ¢(z) to the function
v and defined as (See [19])

u(€) =g v(€); (€€ D).
If there are two analytic functions 1(£) and w(£) in D such that % is analytic
and subordinate to v(£) in D and
() <1 and w(0) =0, |w(§)]<1; (§€ D),
satisfying
u(€) =) v(w(§): (€€ D). (2)

Remark 1. (i) We have the conventional definition of subordination if we put

¥(§) =1 in @).
(ii) We have the conventional definition of majorization if we put w(€) = & in (2).

Let A be the class of all functions of the form

fO =6+ ast™; (D), (3)
R=2

which are analytic in open unit disk D, and consider H, : A — A be an operator
EH, , (£)(&)

such that A OIG) is analytic in D with
L (DO,
Han© |t
and satisfies
EH Ly (F)(€) =k Hor (f)(§) +m H, (£)(6), Vf €A (4)

for some v, m, k € C, and § is a real number with 5> 0 (See |2]).

Remark 2. (i) If we take k = —n,m =n+1, 8 =1—mn, and vy = n+n for
some integers n > —1 and 0 < n < 1, then the operator Hy reduced into the integral
operator I, introduced by Liu and Noor in [16].

(i1) If we take k = —b, m = 1+b, p = 1—a andy = a+b, forbec C\Z;, 0 < a < 1,
then the operator H, reduced into the Srivastava-Attiya operator Jsp, (see [12]
and [20]).

Now, using the operator H,, we express the following classes of analytic functions.

Definition 1. The function f € A is stated to be in the class Sk[E, F; u;v] if and
only if

/

1(£(Hsf(€)) _k_7> PRES L

Yo\ T ' L Fe

with k,y€C, p e C\ {0} and -1 < F < E<1.

()
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If we take the value of k, m, B and v as defined in Remark (1.2)(i), then this
class becomes S,[E, F; u;n] which is defined by Liu and Noor in [16)].
Again if we take the value of k, m, u and ~y as defined in Remark (1.2)(ii), then
this class becomes Hy . o (E, F') which is defined by Kutbi and Attiya in [12).

Definition 2. The function f € A is stated to be in the class Ty (0, p, v) if and
only if

’

et? (f(Hsf(g))
ptk+y\ Hsf(6)

where k, v € C, p € C\ {0} and -3 <6 < 1.

If we take the value of k, m, 5 and v as defined in Remark (1.2)(i), then this class

become as T, [0; ;).

If we take the value of k, m, u and vy as defined in Remark (1.2)(ii), then this class

becomes Tj, .

) < efcosh +isinb; (€ € D), (6)

Numerous mathematicians have recently investigated various majorization prob-
lems for univalent and multivalent functions as well as meromorphic and multivalent
comprising distinct operators and different groups, (see [1], 6], [7], [8], [9], [10], [21],
B2).

The majorization problems of the classes Si[E, F’; u;v| and Ty (6, p, v) are ex-
plored in this study as follows:

2. MAIN RESULTS

Theorem 1. Assume the function f € A and that g € Sk[E, F;p;v]. If Hef (&) is
majorized by Hgg(€) in D, then

[Hs—1 f(E)] < [Hs—19(&)],  for [§] < eo, (7)
where the least positive root of following equation is €.
W(E = F) + 7y Fle® = 2|F| + [7])e* = [2+ |[u(E — F) +~ Fl]e
+ =0, (8)
and -1< F<E<1 k,v,meC, ueC\{0}.
Proof. Since g € Si[E, F; u; 7] then, from and definition of majorization
1 H! 1+ FE
1+(é‘( 29(9)) —k—v) _ 1 Buw(©)
w\ Hsg(§) 1+ Fuw(()
with w(0) = 0 and |w(§)| < €] <1, V§ € D.
Now, from the above equality

§(Hig(©) _ (k+7) + (n(E —F) + (k+7)F) w(§) )
H,g(§) 1+ Fuw(() '
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Using the relation ({4)), that is,

§(Hl9(©)) = kHs () +m Hs 1 g(6),
for k, m € C, we have from @ as
Hs_19(&) v+ (WE-F)+yF)uw(é)

Hog(§) m (14 Fw(g)) ’

which implies that
| (1 + |F][€]) [Hs—1 9(E)]
V| = |W(E — F)+~F|¢]
As Hy f(§) is majorized by Hg ¢g(§) in open unit disk D, then
H, f(§) = ¥(&) Hsg(&). (11)
Multiplying by & after differentiating with respect to £, we get
E(H 1(9) = £0(&) (HLg(&)) +E€w'(§) Hag(©),

on using relation , we have

m Hy y f(€) = €4 (€) Hy g(&) +m(€) Hy_1 g(€)

[Hs g(§)] <

that implies
ml |Ho—y FE)] < €118 (€)1 Ha g(&)] + [m] [(€)] 1 Ha-1 g(E)]. (12)

As a consequence, considering that the ¢ (Schwarz function) meets the inequality,
(see [18])

) . 2
WOl T €eD), (13)

on using and in (12), we have
€11 — ()12 (1 + | F[€])
(1= &) (171 = |u(E = F) + F [¢
Setting €] =€, [1(§)| = &, then inequality leads to
¢le, k) [Hs—1 9(§)|
(1=e) (Il = |u(BE— F)+yFl )

[Hs—1 f(E)] S[ ) + |w<5)|] [Hs—19(5)]. (14)

|H—1 f(6)] <

(15)

where
(e, k) = (1 = k) (1 + |Fle) + k(1 =€) [[y] = [u(E = F) 4~ Fle].

Then, from
[Hs—1 f(E)] < e, k) [Hs1 9(8)], (16)
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where

¢(e k)
(1= e) (|7l = [u(E ~ F) + 7 Fle)
from relation , in an attempt to prove our result, we have to specify
€0 =maz{e € [0,1); T(e,r) <1; Vr € [0,1]}
=maz{e € [0,1); G(e,x) > 0; Vr € [0,1]},

T(e, k) = (17)

where
Gle, k) =(1 = )1 = 8)[I7] = (B = F) + 7 F|
—e(1—K*)(1+|Fle).

A simple calculation shows that the G(e, k) > 0 inequality is equivalent to

u(e,n) =l = |u(B = F) + 7 Fle| (1-¢2)
—e(l+r)(1+|Fle) >0,

while the function u(e, k) has a least value at k = 1, i.e.
min{u(e, k) : k € [0,1]} = u(e, 1) = v(e),
where

v(e) =[u(E = F) + 7y Fle = (2|F| + ])e?

— 24 |mE - F)+vF[le+ ]y =0,

it follows that v(e) > 0; Ve € [0, €], where €9 = €o(u,y, E, F') is the least positive

root of equation , which proves the conclusion of @ O

Theorem 2. Assume the function f € A and that g € Ty(0, u, v). If Hsf(§) is
majorized by Hgg(€) in D, therefore

[ Hs—1 f(E)] < [Hs-19(8)] for [§] < e, (18)
where the least positive root of following equation is €.

e (|ptk+~| e —|k|—|p+7|[tand|) +2¢|sechd| — (|p+k-+7| e — k| |u+|[tand]) = 0,

(19)
and v, ke C, -4 <9< ¥, peC\{0}.
Proof. Since, g € Ty(0, 1, v) then, from and the subordination relation
et <£(H’ 9(5)))
s = e"©cosh + isind 20
e cos isind,
ptk+v\ Hsg(§) 20)
with w(0) =0 and |w(€)] <1 VEe D.
From , we have
EH. g(¢) e + itand
= k - 21
Ho© ~ PR e (21)
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Now, using () in (21)), for v, m, k € C and p € C\ {0}, we have the following.
Ho 1 9(6)  (n+k+7)e“® — k4 (y+ p)itand

Hgg(€) m(1 + itanb)
which implies that
|m| |sect]
|Hsg(§)] < |Hs—19(8)!- (22)
(In+ &+ ] elél = [k| = |1+ 7l[tand])

Now, since H; f(£) is majorized by H; g(§) in D, we have
H, f(§) = ¥(§)Hsg(8). (23)
Multiplying by € after differentiating with respect to £, we get

E(H. £(9)) = €0(€) (Hg(&)) +E0(€) Hyg(6),
on using relation , we have

m He 1 (&) = €4 (€) Hy g(€) + mab(€) Ho_y g(€)
that implies

Il [Ho—1 £()] < 1] [ (€] [Hy g(&)] + [m] [¥(€)] | Ho—1 9(£)]. (24)

As a consequence, considering that the ¢ (Schwarz function) meets the inequality,
(see [18])

/ 1— 2
14 (6)] < 1_'1/’|ff|)' (€€ D), (25)
using and in , we have

[€1(1 = [4p(&)[?)]sech)]
(L= 1P (|p + k + vl elel — k] — |p + y|[tand)]

[Hs1 f(E)] < ( )+w(§)|>IHs1 9@l

(26)
Setting [€] = ¢, [¥(§)| =k (0 < K < 1), then inequality leads to

gl(eaﬁ)
H,_ .27
(1—62)(|u+k+7|e6—|k|—\u+7\|tan9|)| -9l (27)

|Hs—1 f(g) S

where
(e, k) = e(1 — k?)|secl| + k(1 — ) (| + k + | e — |k| — |+ 7|[tand]).

Then, from
[Hs—1 f(O)] < Tale, ) [Hs—19(8)], (28)

where

B Gy (€ k)
Ti(e, k) = (1—€) (|u+k+~le — k| — |u+||tanb])’ =

From relation , in order to prove our result, we have to specify
61 =maz{e € [0,1); Ti(e,k) <1 Vr€[0,1]}
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=maz{e € [0,1); Gi(e,k) >0 Vr € [0,1]},
where
Gile,n) = (1= (1 = m)(Ju+ k4] e — [k] — |+ ~]ltand]) — (1 — 52)[sect].
A quick calculation illustrates that the inequality G1(e, ) > 0 is equivalent to
ui(e, k) = (1 —€)(|p+k+7|e — |k| — |u+v[[tand]) — (1 + &)|sech]| > 0,
while the function w1 (e, k) takes its lowest value at k = 1, that is,
min{ui(e, k) : k € [0,1]} = uy(e,1) = v1(e),
where
vi(e) = (1—€*)(|lu+k+vle —|k| — |n+ v|[tand]) — 2¢|secd] = 0,
It follows that va(€) > 0 Ve € [0, €], where e; = €1(0, 7, p, k) is the least positive
root of equation , which proves the conclusion of . O

3. COROLLARIES AND CONSEQUENCES

Corollary 1. Assume the function f € A and that g € S,|E, F;u;n). If T,, f(§) is
magorized by I, g(§) in D, then
1Zn—1 fO] < |Zn-19(8) for [€] < e, (30)
where the least positive root of following equation is €s.
|1 B+ (ntn—p) F|e* = (2|F|+n+nl) e = (2+|p E+(nt+n—pu)F|)e+|n+n| = 0, (31)
and —1<F<E<1,ucC\{0},n>-1,0<n<1,.
Corollary 2. Assume the function f € A and that g € T,[0; u;n). If T, f(§) is
majorized by I, g(§) in D, then
1Zn—1 fOI < |Zn-19(] for [€] <es, (32)

where the least positive root of following equation is €3.

(It nle ~ n] ~|a+n-+nl[tanb])e 2] sechle — (~|n| ~ [+ n-+nljtand] +]u+nle) =0,
(33)
andn>—-1,0<n<1, -5 <0< 3.

Corollary 3. Assume the function f € A and that g € Hq p o(E, F). If Jsp f(§)
is magorized by Jsp g(€) in D, then

[Jo—16 fF(E)] < [Ts—1p9(E)|  for [€] < e, (34)
where the least positive root of following equation is 4.
(1—a)E+ (2a+b—1)[¢ — 2|F|+ |a+b])e* — 2+ [(1 —a)E + (20 + b — 1)F|)e
+ |la+bl =0, (35)
and -1<F<E<1,beC\Z;,0<a<]l.
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Corollary 4. Assume the function f € A and that g € Ty, o. If Jsp f(€) is ma-
jorized by Jsp g(&) in D, then

[ Js—1 F| < [Ts—1p (O] for [§] < e, (36)

where the least positive root of following equation is €5.
(e — |1+ bl[tanb| — |b])€* + 2[sech] € — (e — |b] — |1 + b][tanb|) = 0, (37)

andbe C\ Zy,0<a<1, =5 <0< 7.
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