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Abstract

Several models based on discrete and continuous fields have been proposed to comprehend residential criminal dynamics. This
study introduces a two-dimensional model to describe residential burglaries diffusion, employing Lévy flights dynamics. A
continuous model is presented, introducing bidimensional fractional operator diffusion and its differences with the 1-dimensional
case. Our results show, graphically, the hotspot’s existence solution in a 2-dimensional attractiveness field, even fractional
derivative order is modified. We also provide qualitative evidence that steady-state approximation in one dimension by series
expansion is insufficient to capture similar original system behavior. At least for the case where series coefficients have a linear
relationship with derivative order. Our results show, graphically, the hotspot’s existence solution in a 2-dimensional attractiveness
field, even if fractional derivative order is modified. Two dynamic regimes emerge in maximum and total attractiveness magnitude
as a result of fractional derivative changes, these regimes can be understood as considerations about different urban environments.
Finally, we add a Law enforcement component, embodying the “Cops on dots” strategy; in the Laplacian diffusion dynamic, global
attractiveness levels are significantly reduced by Cops on dots policy but lose efficacy in Lévy flight-based diffusion regimen. The
four-step Preditor-Corrector method is used for numerical integration, and the fractional operator is approximated, getting the
advantage of the spectral methods to approximate spatial derivatives in two dimensions.

Key words: Residential burglary; Lévy flights; fractional operator; anomalous diffusion; hotspots; law enforcement
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1 Introduction

The present work is motivated by the impact that insecurity produces for an urban area; evidently, there are different types of crimes,
and each one must be studied to later design prevention policies. This work studies criminal agents’ displacement effect, specialized in
house robbery, with the possibility of making long journeys in a short time, described by Lévy Flights in a two-dimensional environment.
We consider that this way of describing criminal diffusion is more realistic than models based on conventional diffusion. Understanding
the mobility of certain social groups within an urban area is of great relevance for policymakers, especially displacements at specific
geographical locations detrimental to security and forming specific patterns [1]. Several of today’s models focus on the displacement of
residential burglaries, this from the pioneering work by Short et al. [2, 3]. Both approximations show more significant criminal activity
areas, known as hotspots. This work inspired numerous modifications, generalizations, and theoretical studies that described dynamical
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properties, as in references (4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. In these models, a local random walk with a certain degree of statistical bias defines
diffusion dynamics among the criminal population. The core of model dynamics is that home thief’s agents have a higher stochastical
preference for specific targets known as the highest attractive zones. Several studies have been used to assess the stability of certain kinds
of solutions to crime phenomena, as presented in references [12, 13, 14, 15]. This dynamic belongs to the so-called reaction-diffusion
models, which are known to comprise a broad set of spatial distribution patterns [16]. Biased Brownian motion displacement is the kernel
of the agent version when the agents are sensitive to environmental gradients. In the continuum limit, this phenomenon is modeled by of
cross-diffusion equation. It is represented by Keller-Segel operator [17, 18]. One of the cross-diffusion attributes is that the increments
represent a local displacement, where the criminal agent moves from site i to site j, and j is in the neighborhood of i. A more general model
allows agents to travel to sites outside the neighborhood. These models are known as non-local diffusion and belong to the so-called
anomalous diffusion models.

A non-local diffusion model would assume that criminals can make long jumps in a short time, thus moving towards more attractive areas.
For example, motorized mobility is an influencing factor. The cause that house burglars would incur greater risk when leaving a familiar
area may be due to real-time information received by other thieves. Sharing/receiving this information dynamically with other criminals
they compete with may seem unlikely. However, Calvo et al. [19] provide an analysis of conditions under which different criminal agents
are likely to collaborate. According to this, it is established that, once a home robbery agent has moved away to a specific area, he again uses
random walking as a strategy to locate a target. Chaturapruek et al. [6] propose that so-called Lévy flights can describe that above dynamic,
where the probability distribution of jumps length of robbery agents follows an inverse power law distribution. Thus, criminal agents
can move from site i to j, where j is no longer part of the i neighborhood. Considering continuous limit, the fractional Laplacian operator
appears analogously to the fractional Gierer Meinhardt model [20]. A particular property of fractional operator hotspots solutions is that
they decay algebraically. Chaohao et al. [11] show that if the jump length is truncated, then a version of the conventional Laplacian diffusion
model is obtained. It is considered that criminal agents do not leave a specific area, and the unique modification occurs in the diffusion
coefficient. That study is carried out in one dimension for discrete and continuous cases; it also incorporates police effects on the criminal’s
attractiveness perception. S. Criiz-Garcia et al. [21] propose an alternative method to Lévy flights, applying stochastic interference to the
Jones et al. model [4], which contemplates large jumps from a small set of criminal agents at each time step. S. Criz also found that if
police presence is increased numerically in central hotspots, they will fragment into smaller areas. Other studies are based on discrete
agentalgorithms that incorporate Lévy flights in two dimensions and analyze patterns formation, depending on the model’s parameters [22].

The police dissuasive influence is a multifaceted problem, and there are various proposals to be addressed, depending on the environmental
conditions and the police agency’s resources [23]. To illustrate this, the work of Jones [4] shows how police presence affects attractiveness
when this is incorporated into the law enforcement scheme. Jones analyzes different strategies, among which Cops on the dots and
Peripheral interdiction stand out; results from these studies depend on the urban environment’s characteristics. Camacho [9] also compares
these two strategies with one based on region partitioning into smaller areas (beats), within which cops can move, although they are not
able to cross borders. Law enforcement has also been incorporated into one-dimensional fractional diffusion [6], based on the cops on the
dots strategy; however, the parameter of criminal density diffusion are modified. In his work, Chaohao [11] also incorporates two forms of
police agent’s motion, one governed by biased Brownian diffusion and the second by Lévy flights. The main difference is that police shifts
based on Lévy flights reach the steady-state solution in a shorter time.

The present work shows a two-dimensional extension of the Chaturapruek continuous model, incorporating law enforcement with Cops on
dots strategy. These models have been published at the agent level (discrete) for the two-dimensional case, using Lévy flights, for example
Brantingham et. al. [1], but this work proposes a deduction for the continuous two-dimensional case based on the one already made by
Chaturapruek for one dimension. An interesting aspect is that it appears in our deduction, it is a new function that is the equivalent of
Riemman’s ¢ for two dimensions, and that modifies the criminal diffusion coefficient. The main aim is to show numerically that hotspot
solutions in attractiveness bi-dimensional fields are preserved by varying derivative order (in not truncated Lévy flights) using a spectral
approximation to bi-dimensional fractional derivative operator. However, they may change shape or intensity. We also present criminal
population spatial distribution patterns that reveal a more complex dynamic than the attractiveness field and exhibit strong dependence
on the fractional order. The Cops on the dots strategy assumes that police officers have restricted movements, this differentiates the
modeling behavior between house burglars with law enforcement. The investigatory police, who work within broader limits when apply-
ing their authority, represent a group that Lévy’s flights might better model. However, in the present work, we do not consider this approach.

This paper is divided as follows; in Section 2, we introduce a model deduction for a two-dimensional problem. Subsection 2 presents the
numerical method for model integration. Section 3 presents a qualitative analysis for stationary solutions, using a simplified attractiveness
version in one dimension. A numerical sensitivity analysis of the model concerning the derivative order is performed in Section 4. In
Section 5, we deduce the component that models law enforcement and present numerical results by changing fractional order, holding the
Cops on dots strategy. In the final of this manuscript, a nomenclature section is presented.

2 Continuum fractional model formulation

The two-dimensional model is deduced regarding an analogous formulation of a one-dimension problem by Chaturapruek [6]. The scenario
occurs in a lattice O with size N x N, and the lattice spacing is | = 1/N. To simplify, we initiate the model derivation without including law
enforcement. The position of each site d in Q is represented by d = (dy, d,) € R?. At site d and time t, there is an attractiveness A,4(t), which
is made of two components, A 4(t) = Ag + By(t), where Ag is the intrinsic attractiveness and B;(t) is time-dependent attractiveness. The
evolution of A ;(t) depends on whatever occurs around it, i.e., a criminal agent can change attractiveness in a time interval 5t by deciding
whether or not to attack a d site, and he does so with the probability

1+ eAy(D)’ W

py(t) =
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where e > 0 represents the effectiveness of the attractiveness at site d. Therefore, an increase in B; in the time interval 5t depends on E 4(t),
which indicates the number of criminal attacks on the same site during the same time interval

By(t + 6t) = By(t) + 0E4(1),

here © is the enhancement in attractiveness for a single criminal agent. Without considering that a criminal attack can exert influence in
neighborhood (broken window effect [24]), the expression for B,(t) is

B4(t + 8t) = By(t)(1 — wst) + OE4(1),

where w represents attractiveness decay rate. Permitting the inclusion of the diffusive term for attractiveness, we have
By(t+58) = [(1=n")By(t) + T 3~ By (0)](1 = wst) + Bng(t)pg(t), @)
d’

heren* > 0 represents of attractiveness influence in position d to its immediate neighbors d’, for this work, a regular Cartesian lattice
is used, with d’ = 4. Therefore, replacing in Eq. (2) the number of criminal attacks on site d in the time interval 5t with the number of
criminals ny(t), also replacing the probability that they will attack p4(t) and take the limit [, 5t — 0, keeping fixed the radius 1*/5t, and
anew parameter e* = 05t, which represents the influence of the criminal presence in each position d, in a time interval (t, t + 5t) (the
detailed derivation can be seen in the work of Short et al. [2]), we have

dB(x,t) _ n*P
ot 4ot

AB(X) t) - LUB(X, t) +e” %p(xl t)A(Xy t)y (3)

where p(x,t) = lim;_, nd(t)/l2 is the criminal density, and the position x € [0,1] x [0, 1] is defined as

X= (Xl,Xz) = lim (dll,dzl), dl,dz [S [I,N].
N 1—0

—00,

For modeling criminal displacement agents in 2-D, we have the probability that a criminal will arrive at site d = (d;, d,) from i = (iy, i),
analogously to that defined by Chaohao et al. [11] for 1-D

W
) = =—2d (%)
od ™ ey

the relative weight w;_ ; is defined as

A1) o
Wi_g() = { - 2= M= dll<oo (5)
0, other case
with || - || the Euclidean norm. Lévy flight is an anomalous diffusion, where the density function of jump length probability possesses an

algebraic decay [20], so  is the exponent of the underlying power law. Thus, can be expressed the following

Ai(t)
— ] —
Z Wiy = Z IIli—jlw Z

jez? j# jez? j# jezr? j#

Aj(t) —A;(t)

A(t)
wlli—jie

— 6
& Il T ©

On the other hand, bearing in mind the Riemann sum definition, on the continuum limit ! << 1 for D dimensions, the operator £ can be
expressed as

ﬁf(x):l%J LS 2k (SONINRES S (Ve (O o

D —x||n Ity —x||w”
yeso Ny =xllw 7 & Telly = xl

Eq. (7) can be compared with respect to the fractional operator definition in D dimensions [20]

~a0F00 = G [ TP Iy, €, =2 D2 o (®)

b Tly — xI[D+2s DR (=s)]
where f(x) : RP — R. To simplify notation, it is defined —(—A)S = AS [6], therefore, is possible to relate £ with AS as follows
£f(x) = 17°Cp 5 A%f(x), and p=D+2s. (9)

For bi-dimensional case (D = 2) implies 1 € (2, o) (4 coincide with the usual Laplacian operator). For cases where the order of the
derivative s € z, the operator AS is a local property (conventional differentiability) and loses this local property when s is a non-integer
[25]. A notable difference between cases 1 and 2-dimensions is explained in the following table:

Prefactors 2 and 4 in Table 1 are a consequence of the characteristic symmetries of the corresponding dimension. Non-integer values in the
norm have their origin in diagonals that connect the point i with j.
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Type of neighbors D=1 D=2

(i,j) li—jl = Ii—jll =

first 1 1,2

second 2 2,+/5,2V2

third 3 3, \/Ey \/ﬁy 3\/i

r-th r V2 +12,V/r2 +22,..,1/2
Liepp s 2Xma AL e o

Table 1. The development in a series of accessible distances between the position i with j is shown.

Proposition1 For u > 2 andr > 1the following inequality is satisfied:

1 1
i

re [ZCX:O m];.

Proof1 Inessence, it is necessary to show rt < [3_ 7 _o V2 + o2]*, in particular for p. > 2, expanding the series and factorizing terms, we need to
prove

r< im:r r{ir(r+1)6(2r+l)}’

=0

but r(r +1)(2r +2)/6 =1+22 +3% ... +r> > 1andr > 1, then

, {r(r+ 1)(52r+ 1)} S,

therefore is satisfied r* < [3_" _, VI + «2]* and the Proposition 1.

Using Proposition 1, it is possible to show

1 el 1
> ),
D D N Y CEo) T

-

thus, we can define

20=2) & =2¢(w), andZ(1) =4 (10)
r=1 =

1
T [X o V(P2 +a2)I’

where ¢(u) is the Riemann function and Z() is a new function adapted to the 2-dimensional case, and is satisfied 1 Z(n)<z(u) for 1 > 2,
this implies that Z(w) is well defined, therefore,

Z wi_j = CA;(E) + ITHZ(W)A;(D),
jez2 j#

so, the probability g;_, ; could be expressed in terms of £and Z = Z(p)

Ayt) 1 LA;(DIM
g = - . 11
ima = Ti— e <ZAi(t) Z2A2(t) ) )
The result of Eq. (11) is used below in Eq. (13). The derivation of the 2-D model, in essence, is the one developed by Chaturapruek [6] for 1-D,
which is clearly explained. However, an outline of the deduction is shown below.

The criminal dynamics agents can be highly complex, so limiting the model’s scope is required. For this, the following assumptions are
proposed:

- At position i for each time interval 5t, two things are possible: (a) Each criminal commits a crime with probability A; 5t, (b) He moves to
another location direction that is biased by the attractiveness distribution field.

- New criminals are being created everywhere, with a I spawn rate. This property allows a regular population of criminals to move
continuously to more attractive places.

- House burglars can only move from a site i to a site d by means of g;_, ; or otherwise be generated at d, atarate I".

+ Aportion A, proportional to house burglars n;(t), can cease to operate, leaving without committing a crime.

Expression (12) models the criminal dynamics, established on previous assumptions, such that

ny(t + 5t) = Z n;(£)(1 = A;(t)5t) - q;_,q — Ang(t)5t + T'st, (12)
iez2,izd
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subtracting n;(t) from both sides and dividing everything by 5t, we have

ng(t + 5t) —ny(t) _ l{

iez2,izd

considering only the term into the brackets of the previous equation, and replacing g;_, ; from Eq. (11)

Z ni(t)(l—Ai(t)ét)|: Ayt) ( 1 LAi(t)lu)}_nd(t)

ic72,i7d Mi—dllw \ZA,(t)  Z2A;(1)
- n(t) . ) 1 B ng(t)
=A4(t) KEZ;W A (1 A,(t)ét)||i —d| |uz> Ad(t)} (14)

Ay(t)  cA DM
_ ,-GZ;,-;M ()2 - Ai(t)ét)m ﬁ?(ﬂ'

based on the fact that n;(t) = ZieZZ,i;/d %, truncating to order O(I*, 5t) and neglecting terms O(I*5t, I2*) [6], we have
RO AD om0 camn ®
Ai(t) Ad(t) n; t L i t n; t
~A(t - — ot
a® 3 | izainz " Ti=die (ewz) " i divz)

iez2,izd
using the right side of the definition of operator £ in equation (7)

~ Ay(t) [’7“1:(2223) - na,(t)"‘X‘g’f(:))zlH - 5md(t)} , (15)

substituting the last result (15) in Eq. (13), applying the limit I, 5t — 0, and using Eq. (9) that relates the operator £, with A%, we have

ng(t+ 52‘ ng(H) _ - Z’gms {A(x, t)AS(zg: 3) - Zé’; 3 AS(A(, t))] — n(x, DA(X, £) — AR, 1) + T, (16)
in agree to equation (8) for the case D = 2
_2B1r(s+1)

2,25 — 7T|F(-S)| )
dividing Eq. (16) by I2, using the limit 5t,I — 0, and the definition p(x, t) = lim;_, , ny(t)/ 12, we obtain the Lévy Flight Model approximation
for criminal density p(x, t), as shown in Eq. (18). On the other hand, from equation (3), is obtained directly Eq. (17) (using A(x,t) =
B(x,t) + A°(x)), as follows

0A(x, t)

oF = MAAE, 1) - A%(x)) - wAx, t) — A°%(X)) + ep(x, DA(X, 1), (a7)
ap(x,t)  _ p(x,t) p(x,t)
o = M{A(x, 1A (A(X, t)> - Ax t)AS(A(x, t))} — A(X, D)p(x, 1) — Ap(X, £) + v.
(18)
With the following definitions:
R I I T
n_45t’€_€lz’M_m’y_ﬁ' (19)

Numerical integration

A straightforward way to approximate the two-dimensional fractional Laplacian operator is by Fast Fourier Transform (FFT) properties
[26, 27]. The underlying factor that allows us to take advantage of the Fourier transform is that by projecting the fractional Laplacian
operator to the Fourier modes space, differential operations are transformed into algebraic operations, which is relatively simple to compute.
Subsequently, the inverse transform is applied, thus completing the cycle to approximate the fractional operator. Therefore, the spectral
approximation [28] to AS is expressed as follows:

ASA = real{FZ_B — (kxS + kyzs)fZD{A}}},
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Figure 1. (a) Relative error approximation ey as function of st = {0.5, 0.05, 0.01, 0.001} after integrating a time t = 200 using parameters defined in Fig. 2. (b) Values 5t>|;,
i =1...N? of discrete space operator of attractiveness. It can be seen that the stability condition 5t |Amax| < 2.868 is satisfied, with Amax = max{A;3.

F,p represents the Fourier transform in two dimensions, and kx, ky € 2, are the wavenumbers in each orthogonal direction, respectively.
Time derivatives (0A/dt, 0 p/dt) are solved via a succession between an explicit and an implicit method, as explained below. Let

QA(x,t)
f(Ag, pp) = (ap?,t(,t)) .
20(x,t)

Step 1: A predictive step is made according to the explicit Adams-Bashforth method [29]

~ . dt
(Atistr Prest) = (Apy pp) + 2% [55f(At; 1)) — 59f (Ai—sty Pr—st) + 37f(At—a5t) Pr—25t) — 9f(At—35t; Pt—35t)]- (20)

Step 2: A correction stage is now implemented, following the implicit Adams-Moulton method

dt ~ -
(Atsst) prese) = (g, pp) + i[9f(At+5t; Ptest) + 19f(A¢, pr) — 5f(Ar—st) Pe—st) + f(Ar—25t) Pt—25t)]- (21)

A successive combination at each time step into explicit (20), and implicit (21) integration procedure, conforms a four-step Predictor-
Corrector method (PC4) [30]. Three additional steps are generated by applying a fourth-order Runge-Kutta method (RK4) to initiate
the integration process. The reason for using PC4 is because of its lower computational cost compared to RK4 [31]. However, exists

alternatives, for example, the proposed by C. Tadjeran and M. Meerschaert [32], explicitly designed for fractional operators. To evaluate
the convergence of the numerical solution, the definition of relative error es; = max{[As,s5¢ — A¢1/A;} is used. The calculations of e,

with 5t = {0.5,0.05,0.01, 0.001} are presented in graph (a) of Fig. 1 for p = {2.5, 3}, the rest of parameters are defined in Fig. 2. One

method to determine spectral stability in time depending on partial differential equations is to calculate the eigenvalues A;,i =1...N?

of the spatial discretization of the operator A* = nA — w + ep(t, X) scaled by 5t> (two dimensions) [28]. Stability condition for PC4 is

5t2|Amax| < 720/251 ~ 2.868 [33]. In graph (b) of Fig. 1, the eigenvalues of the discretization of the spatial operator of attractiveness A

scaled by 5t2 are shown.

In Fig. 2 initial condition and numerical integration is shown. The parameter values are fixed in N = 256, dt = 1 x 1073, integration t = 200,
andn™* =3.94, A = 0.05, w = 0.05, " = 0.019, € = 0.10. (a) Initial condition is an attractiveness random map, the initial burglaries density
p(x)o, is a homogeneous distribution fixed at 0.2 and boundary conditions are periodic. In (b) 1 = 4.40 corresponds with s = 1.20. Maximum
attractiveness intensity showed an increase compared to the initial condition, achieving a maximum of ~ 0.8. (c) p = 2.50 corresponding
with derivative order s = 0.25, in this case, dominate Lévy flights over Gaussian diffusion, it can be seen how attractiveness is concentrated
in two principal regions (central hotspots) achieving a maximum of ~ 1.6. The non-local effect of fractional operator explains that this
plays a relevant role in how the crime field influences attractiveness distribution.

The preceding numerical examples show relatively distant cases compared to the fractional order. The most relevant aspect is the formation
of intense few hotspots (central hotspots) in issues where Lévy flights dominate. For example, this result has particular interest for modeling
metropolitan areas where attractiveness does not manifest homogeneous space of small hotspots distribution. Still, instead, a few hotspots
rise, as is usually the case with city centers, as shown in [21]. In the case of s ~ 1 were recovered Laplacian diffusion results.

3 Approximate analysis for stationary solutions in one dimension

For some nonlinear phenomena under specific continuity conditions, can be done a study through a power series approximation. This idea
is based on the assumption that solutions are analytical functions concerning some of their parameters. The series length is infinite, but an
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Figure 2. (a) Initial condition and (b-c) final state after integrating equations (17), (18) for a time t = 200. Boundary conditions are periodic for both examples. The parameters
are fixed in N = 256, n* = 3.94, A = 0.05, w = 0.05, T = 0.019 and e = 0.10. Case (b) p = 4.40 corresponding with s = 1.20, the number of hotspots has been reduced
compared to the initial condition, but the magnitude of the intensity has increased. (c) p = 2.50 equivalent to s = 0.25, in this instance Lévy flights (anomalous diffusion),
dominate over Laplacian diffusion, the formation of hotspots with a mayor intensity is observed (respect to (b)). These can be explained as the non-spatial locality effect of
the fractional operator, which allows the crime density field p to have a more significant influence on the appearance of a few high-intensity hotspots in the attractiveness A.

approximate model is obtained by truncating to a specific power order. The precision radius is usually a function of the power order trimmed
in the series. Expanding series analysis is applied to estimate the local phenomenology of the original system through an approximate
model. There are studies using series expansion on stationary solutions for the Short model (2, 7, 10]. Other studies have also been made to
assess their stability 3, 8, 15, 34] and bifurcation analysis [35, 36]. Our study proposes a series expansion analysis, considering the density
home burglaries field as an analytical function of attractiveness. A comparable analysis is undertaken in reference [6], although the ansatz
for expansion is different from the one suggested here, as shown below. Using equation (17) in the steady-state i.e. 9A/dt = 0, also, consider
special case A? = & (constant in all Q), we propose

NAA - wA + eAp(A) + wi = 0, and p(A) = 3 B;(s)A", (22)
i=0
Replacing p(A), dividing by 1, and ordering by powers of A, we have

)

an- (@mcBoly, eBip, eBays, o
n n

_w~
n n

renaming the coefficients, as g = W’%*’O% fori>2p; = % and « = “;15‘ , therefore,
AA = B1(S)A+ Bo()A% + B3()A3 + ... = —ax.

For qualitative analysis, we will work on one dimension (AA = Axx), and the last expression is truncated to the third power in A. Which
provides us with a non-homogeneous and non-linear ordinary differential equation

Axx = B1(5)A + B(5)A” + B3(5)A% = —«x. (23)
For the analysis, we propose changing the second-order differential equation (23) for two first-order equations, as follows:

Ax = M,
My = B1()A — Bo(s)A* — B3A3 — . (24)

One further approximation is required to introduce the functional relationship between 3 i=1,2,3» With respect to the derivative order s. In
a small disturbances scheme (concerning intrinsic attractiveness), a linear relationship is suggested for the three functions, such that
B;(s) = a;s. Fig. 3 presents the numerical solution for this approximation level. In Fig. 3 (a) the configuration space M(x) vs A(x) is plotted
for several values of derivative order s € [0.2,1.4]. In Fig. 3 (b) Solution of egs. (24) is shown with coefficients a; = 100, a, = 8,a;3 = 8,
which resemble spike solutions. (c) For the complete model (egs. (17)-(18) in 1-Dimension) is shown M(x) vs A(x), with parameters
M = 3.874, w = 0.05,A = 0.09, T = 5 x 100, € = 0.04, s € [0.2,1.4], the initial conditions are A(x, 0) = (1 — cos(27x)), p(x, 0) = 0.1and the
subjacent attractiveness o« = A°(x) = 0.1. (d) Are shown solutions of A(x, t = 200), for different derivative order values s € [0.2,1.4]. In sub
Figs. (a)-(d), curves with the maximum amplitude correspond with lower values of s, and the amplitude decrease when s is incremented.
Visually, it can be seen that the behavior of the real and approximate solutions are qualitatively different. By tuning the parameters in the
approximate model, the amplitude and width of the curves can be adjusted, however, to modify the shape of the curve a different model is
required. With this observation, we can say that an approximation by a few terms is not enough to capture the dynamic of the attractiveness
represented by Eg. (17). Also, the linear relationship between the coefficients §3;., , ; and the order of the derivative s, seems not to be
adequate to approximate the behavior of the system.
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Figure 3. Graphical comparison between complete (egs. (17) and (18) in 1-dimension) and approximated model (Eq. (24)). (a) Evolution of different derivative order values
s € [0.2,1.4] for M(x) = 9A(x)/dx vs A(x). (b) Spatial distribution of A(x) for s € [0.2,1.4]. (c) Solution of the complete model (egs. (17), (18) in 1-dimension) for derivative
order s € [0.2,1.4]). (d) Spatial distribution of the solution A(x, t = 200) for s € [0.2,1.4]. The parameters of the approximation (Eq. (24)) are ;(s) = a;s witha; = 100, a, = 8,
a3 = 8. Parameters of the egs. (17) and (18) aren = 3.874, w = 0.05,A = 0.09,T = 5 x 1076 ,e = 0.04and o = A°(x) = 0.1. It is appreciated that an approximation of a few
terms and linear relations of the 3;-; , 3 coefficients and s does not consistently capture the dynamics of the complete model. However, the relation between curve amplitude
and fractional derivative is represented in a qualitative way.
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Figure 4. Numerical attractiveness solution A(x, t), after integrating for t = 200. (a), (b) and (c) represent the attractiveness field for s = {0.17, 0.25, 0.29} respectively. Figures
(d), (e) and (f) correspond to the criminal density distribution field for (a), (b) and (c) respectively. The three scenarios show in the attractiveness field a hotspot’s existence,
coupled spacially with hotspots in the criminal density field. For case (a)-(d), the attractiveness hotspots have a localized and intense dot at the center, and the criminal
density field exhibits similar behavior. In (b)-(d) appears an intense ring around the center of the hotspot. Those phenomena occur in attractiveness and criminal density
fields. In figures (c) -(f), the attractiveness increases marginally concerning the previous cases. The hotspots in crime density are less intense than (a)-(c) and (b)-(e).

4 Numerical analysis of fractional order in 2-dimensions

Using the integration method explained in Subsection 2, several bi-dimensional scenarios were calculated, while varying s. The initial
condition Ay (x) for all cases is composed of an array with 4 x 4 Gaussian distributions on the domain Q = [0,1] x [0,1] and periodic
boundary conditions. In Fig. 4, the final state is shown after integrating by t = 200 for s = {0.19, 0.25, 0.29}, with parameters n = 3.947*,
w = 0.05, A = 0.05, T =0.0019, e = 0.10. As observed in Figs (a)-(c) (attractiveness) and (d)-(f) (density criminal agents), exist different
behavior regimes for values of s < 0.45, which is where the Lévy flights dominate over conventional diffusion. Although there are not quite
significant changes in the attractiveness hotspots magnitude in (a)-(c), there are more noticeable changes in criminal agents density
distribution (d)-(f). To explain this change is necessary to understand criminal density dynamics, as we hypothesized below. In the space
of criminal density, Figs. (d)-(f) a descending difference in the magnitude of the hotspot can be observed, while s increases, simultaneously
the hotspot base becomes wider. The hypothesis is that stochastic flights are longer and directed to the most attractive areas, with greater
precision, while s < 1. When derivative order s increases, Lévy flights exist, but now they compete with Laplacian diffusion.

In agreement with numerical observations (Fig. 4), there are two-dimensional periodic solutions for different derivative order values
s. However, there are considerable differences between them, analogous to the one-dimensional case reported by Chaturapruek et al.
[6]. The magnitude and spatial distribution of the attractiveness field and the criminal density constitute most of these differences. The
results interpretation is that for s < 1, the fractional operator A® manifests its non-local nature. From graphs of Fig. 4, the maximum
attractiveness intensity variation is observed by changing parameter s. The two-dimensional system solutions are determined numerically
for s € [0.17,1.20]. To analyse results, we determine global properties max[A]/ max[Ao] (max for all x on Q), as a function of s.

In Fig. 5 it is observed how the total attractiveness I[As], defined in equation (25) shifts with respect to the total attractiveness of the initial
condition I[Ay]. In graphs (a) and (b) of Fig. 5, both properties are shown, as well as the integration time t = 200. Graph (a) for s < 0.5
corresponds to a regime where Lévy flights dominate Laplacian diffusion. The Maximum attractiveness reaches high values compared
to the rest of the graph. The region 0.5 < s shows max As/ max A, has small variations, but it shows a local maximum at s ~ 1. In graphs
(a)-(b), itis observed that in the case s > 0.5, the attractiveness magnitude remains low (respect to the case s < 0.5) and continues with
this trend, for s explored in this experiment. The hypothesis to explain these two regimens is a behavior change between them from Lévy
flights diffusion to one where the Laplacian diffusion has relevant effects or dominates. As a result of the analysis of graphs, it can be said
that in an environment where criminal agents have high mobility, attractiveness increases significantly for usual Laplacian diffusion.

10A] = JQ Ag(x,t = Te)dxand T[Ag] = JQ Ao(x)dx. (25)

In Fig. 5 the substantial increase in both global attractiveness properties, for values of s < 0.45 reveals a significant criminal population is
leaving its neighborhood and is continually moving to the most attractive areas. This mechanism is reinforced by a cyclical process and
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Figure 5. In both graphs the parameters are fixed at T = 200, = 3.947, w = 0.05, A = 0.05, " = 0.0019, € = 0.10and s € [0.17,1.20]. (a) Evolution of max[As]/ max[Ao],
which measures the maximum attractiveness values in Q. Graph (b) shows I[As]/I[Ao], which represents a total attractiveness measurement in Q. As the previous graph,
this shows two attractiveness regimes with a transition zone between them, for the same values of O, although, there is a significant decrease when s = 1, which corresponds
to the usual Laplacian diffusion. In both graphs, there is evidently a region for values of s < 0.4 where essentially there is great attractiveness, both at the maximum intensity
level, as in case (a), and global attractiveness, as in case (b). The explanation for this increase in attractiveness relates to greater mobility among the criminal population.

is only limited by local diffusion. In fact, for s < 0.37, the numerical solutions show a remarkable increase, as local criminal diffusion is
not enough to delocalize the high attractiveness concentration, and the integration process is numerically unstable. Another exciting
aspect is the apparition of a local maximum for s ~ 1 because evidence of a substantial change occurs within the usual Laplacian diffusion
regime (for the case s = 1, the conventional definition of the Laplacian operator is used) in this regime, an intense local diffusion increase
the attractiveness. In Fig. 5 (b) is shown the total attractiveness on Q, it has a similar trend to that of the graph (a), that is, the global
attractiveness also changes as a function of s.

5 Law enforcement of fractional bi-dimensional model

How police officers engage with the attractiveness field is fundamental to the model dynamics. As mentioned before, there are several law
enforcement strategies for Laplacian diffusion, and each one produces different results [4, 9, 11], particularly in the work of N. Rodriguez
[37], a complete study is made of different patterns on hotspot policing. The usual Laplacian diffusion models primarily represent these,
and those fractional models represent only one dimension. Two main components maintain the incorporation of police officers: (a)
Displacement dynamics over the environment, i.e., displacement rules. (b) The way criminals interact with the environment; what makes
criminals perceive particular sites as less attractive. The strategy applied in this work is cops on the dots, considering this as a typical law
enforcement example. Therefore, police agents’ existence modifies criminal attractiveness perception in the following way

Aq(t) = exka®g (1), (26)

where x > 0 represents police influence on criminal perception. The probability that a criminal agent performs an attack on the sited € Q
attime t + 5t is expressed as

. €A (t)
pg(t) = —4—_.
1+ €Ad(t)

A similar deduction to that described by the equations (1) and (3), is made, for attractiveness in the police presence A(x, t), and residential
burglaries p(x, t). In the continuous limit, we have

0A(x,t)

= = nAAx,t) — w(A(x,t) — Ag) + eBA(X, D)p(X, b). (27)

In the case of p(x, t), the attractiveness change, expressed in equation (26), is exhibited in a variety of probability q; qto go fromasiteitod
ina (t,t + &t) period, as follows:

Qg = Wi_d ,
1

70 Tdez,dn Wind
where the weight w;_, ; is defined as

_ A
Wiod = Tl — dilw
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and the sum of the weights is

) Ay(0) = 2,(0) Ay(0)
D Wia= ) m+ 2 Wil = il

dez2,d# dez2,d# dez2,d+

Using equation (9) for the operator £, and with a similar deduction to that shown in section 2, then we have:

ap(X,t) — Y p(X) t) _ p(X, t) A _ 7 +
e - D[A(x, t)AS<A(X’ t)> AwD AS(A(X, t))} Ax, Dp(x, t) + . (28)

Values for D and vy are specified in equation (19). A relevant aspect of the cops on the dots strategy is that those police officers are biased
towards the most attractive areas. These phenomena generate a masking effect that reduces the attractiveness perception of criminals
concerning specific places, thus forcing them to move to less attractive areas or disappear from the scene without ever committing a crime.
The probability that a police officer will move from site i to site d is

_ Ay
O A

the expected number k of police agents at site d over time t + 5t is expressed as
kq(t+5t) = > ki(t)q;_q4(t).
Chaohao [11] make a similar deduction for the continuous limit, which, if adapted to the two-dimensional case, can be expressed as:

ok - 2k
5 =DV [vk— KVA}, (29)

where D = wD. The equations (27)-(29) represent the fractional diffusion model with law enforcement, which will be used for the
simulations below. The model parameters were set in T¢ = 200, n* = 3.94, A = 0.05, w = 0.05, " = 0.019, € = 0.15, s € [0.17,1.20] and
the effect of the law enforcement x = 0.0, 0.86, 3.86. Similar to the section 4, the maximum and the attractiveness total sum over Q, is
determined integrating and divided by the maximum and the total sum, respectively, of the initial condition A,.

Arelevant aspect to the law enforcement incorporate, then integration of the system (Egs. (27)-(29)) becomes unstable for s < 0.5, although
it also depends on the value of x. This phenomenon is notorious because the system shows a large ring formation around the hotspot center
before blowing up.

In Fig. 6 (a) the max[As]/ max[A,] for x = 0.0, 0.86, 3.86 indicated with blue, green and red colors respectively, are shown. The missing
points correspond to the cases with law enforcement x = 0.96, 3.86 and, it is where the model could not be integrated numerically for a
time t = 200 as observed for values s < 0.45, the maximum attractiveness magnitude, grows with the police presence, at least for case
X = 0.86, i.e., attenuation in the attractiveness by law enforcement was expected, but in a nonintuitive response of the system, it was
increased (s < 0.45). Reading this result is not easy and possibly not unique, but one interpretation is that criminal agents move relatively
easily to hotspots, while police officers move by Laplacian diffusion and therefore are slower. Thus, the police agents slowly concentrate on
some hotspots, but the criminals can create new hot zones without allowing the police agents to react adequately. For values s > 0.45, the
maximum attractiveness is reduced by the police presence, which is an expected result. Fig. (b), representing the total attractiveness in
Q, shows similar behavior to Fig. (a). A rapid criminal diffusion based on Lévy flights, and a slow police response, have increased global
attractiveness levels. It can be concluded that both graphs in Fig. 6 show two types of attractiveness response to law enforcement: First, for
a certain intensity of Lévy flights, the attractiveness increases with the law enforcement, and second, the attractiveness is attenuated when
the criminal diffusion is comparable to the police diffusion. It shows that different surveillance strategies should be evaluated to find an
effective response of police agents to avoid criminal attacks.

Fig. 7 (a)-(b) presents stable attractiveness results A(x,t = 200), for the values of s = 0.31 with x = 0.86 and s = 0.45 with x = 3.86
respectively. These results correspond to the first points on the left of the graphs in Fig. 6 with x > 0. In (a), a ring with less angular
symmetry is shown, and the intensity of attractiveness drops suddenly for a critical radius. In addition, isolated spots are observed inside
the ring. In numerical tests for values of s < 0.31, these isolated points grow without limit. The attractiveness dynamic resulting in the
spatial distribution observed in (a) is difficult to explain. However, a hypothesis is that a weak police presence in an environment of high
criminal mobility fragments usual hotspots into a more complex structure. In Fig. (b), conventional hotspots are observed, the deterrent
police influence can be appreciated too, in the attractiveness magnitude. However, a symmetry break has occurred. The upper right corner
hotspot began to grow more than the rest. For s < 0.45 and x = 3.86, structures similar to case (a) appear, but they blow up before the
integration time reaches t = 200.
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Figure 6. In both graphs the parameters are fixed in T¢ = 200,11 = 3.94, A = 0.05, w = 0.05, " = 0.019, € = 0.15, s € [0.17,1.20]. (a) Evolution of max[As]/ max[Ao] (A is the
initial condition), Which is a measure of the maximum attractiveness values in Q, for x = 0.0, 0.86, 3.86. Graph (b) shows I[As]/I[Ao ], which represents a measure of total
attractiveness in Q tox = 0.0, 0.86, 3.86. Like the previous graph, the existence of two attractiveness regimes exists, the first (s < 0.45) is dominated by Lévy flights, and the
second (s > 0.45) corresponds to a more conventional diffusion.
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Figure 7. Spatial distribution for the x = 3.86 and s = 0.31 cases, the rest of the parameters are those specified in Fig. 6. (a) Field of attractiveness: A type of hotspot with a
shape that varies from the classic one (circular) is visible. (b) The result of the integration is a more conventional hotspot distribution, however, some hotspots have started to
grow more than others.
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6 Conclusions

We have made a numerical study of the fractional model for the bi-dimensional case of home thieves dynamics, incorporating the police effect
and using the Cops on dots strategy. The fractional operator was approximated through two-dimensional Fourier transform properties. It is
observed that applying a Predictor-Corrector 4 schedule to a random initial attractiveness distribution, the number and hotspot magnitude
are related to the derivative order s of the fractional operator. In a 1-dimensional scenario, stationary solutions analysis found that a series
expansion and linear relations between series coefficients with derivative order are not adequate to approximate the functional relationship
between attractiveness and criminal density population, inclusive for the small attractiveness amplitudes. A global properties analysis is
made, the maximum and total attractiveness were used as estimators of the system evolution. The results from 2-dimensional scenarios
reveal two regions with highly contrasting attractiveness behavior. The hypothesis is that Lévy flights dominate the powerful attractiveness
region when derivative order (s < 0.45 super diffusive regimen). In the interval s € [0.45, 0.5], the dynamics combine the impact of Lévy
flights with Laplacian diffusion. An appreciable variation emerges due to a smooth change in global maximums attractiveness for s = 1;It is
explained by the functional form of the coefficient Ds. Still, the interpretation is that the local diffusion of criminal agents is based entirely
on Brownian motion and produces its maximum effect on attractiveness. Incorporating dissuasive police effect into the model, maximums
and total attractiveness are significantly reduced for s > 0.5. In case s < 0.5, which corresponds to a regimen where Lévy flights coexist
or dominate, it is observed that surveillance type cops on the dots increase attractiveness levels in localized areas, with a more complex
structure than hotspots. Also, it is interesting that the police presence induces an abrupt change in the system’s evolution concerning the
derivative order (s < 0.5). Numerical results with police influence showed an attractiveness distribution with a different symmetry than the
classical hotspots with circular symmetry. However, a more detailed study is required to determine its dynamical properties. Extending the
fractional model to the 2-dimensional case brings us closer to a possible application in realistic urban environments, implementing an
optimal control investigation. Furthermore, it can be adequate for government agencies to identify attractive home zones and implement
optimal surveillance strategies.

Nomenclature

Q 2-dimension lattice

N Size of Q in each dimension

1 Lattice space

d Position in coordinates (d;, d,), d;,d, = 1l,2l, ... NI
t time

Ay(t) Attractiveness at position d at time t

Aj Intrinsic attractiveness at site d

By(t) Time t dependent attractiveness at site d

5t Minimal time interval

Py(t) Probability of a criminal attack at site d in time &t

€ Effectiveness of the attractiveness at site d

E4(t) Number of criminal attacks on site d during a time &t

] Enhancement in attractiveness for a single criminal agent attack
w Attractiveness time decay rate

n* Attractiveness influence in position d to its immediate neighbors
d Number of neighbors of position d

ny(t) Number of criminals at site d at time t

e* Influence of the criminal presence in each position d

p(x,t)  Criminal density in position x at time t

X Position in 2-dimension domain x = (X1, X,)

D Dimension

Qi_,q(t)  Probability that a criminal will arrive at site d from i at time 5t
Wi_q Relative weight of going from site i to site d

n Exponent of the underlying power law in the Lévy distribution

L Conventional fractional operator

A* Fractional operator derived from Lévy flight diffusion

s Fractional order s > 0

() Riemann function

Z(w) Adapted function to the 2-dimensional fractional case

r Crime population growth rate across all sites

A Rate of house burglars leaving without committing a crime in 6t time

A(x,t) Attractiveness in position x = (x;, X, ) at time t
Ap(x) Initial condition of attractiveness

n Rescaled attractiveness diffusion

v Rescaled Crime population growth rate

M Criminal fractional diffusion

I[As] Total attractiveness in [0,1] x [0,1]

Aq(t) Modified criminal attractiveness perception
X Police influence on criminal perception

kq(t) Expected police agents at site d at time t
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