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Abstract

The current paper investigates a newly developed model for Hepatitis-B infection in sense of the Atangana-Baleanu Caputo (ABC)
fractional-order derivative. The proposed technique classifies the population into five distinct categories, such as susceptible, acute
infections, chronic infections, vaccinated, and immunized. We obtain the Ulam-Hyers type stability and a qualitative study of the
corresponding solution by applying a well-known principle of fixed point theory. Furthermore, we establish the deterministic
stability of the proposed model. For the approximation of the ABC fractional derivative, we use a newly proposed numerical method.
The obtained results are numerically verified by MATLAB 2020a.
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1 Introduction

Many pandemics and endemics around the world are first explored using a mathematical model based on data from various hospitals. These
models explain the human disease origin, current development, and forecast. Mathematical formulations can then be used by researchers
and scholars to discover the treatment or cure. The treatment may come in the form of precaution or vaccination for affected individuals of a
certain population. Thus, vaccinations against several diseases such as pertussis, measles, polio, Hepatitis-B and influenza have been given
and have led to healthy recovery, as mentioned in [1, 2, 3, 4, 5, 6]. Numerous mathematical models for various diseases have been developed
recently, including stochastic, deterministic, and difference equation systems with several vaccination parameters for diagnosed infections,
as seen in [5]. Among the most serious diseases is Hepatitis-B, which is transmitted by infected individuals. More than one million people
have died worldwide due to this outbreak. [7, 8] shows that around 200 million individuals were infected by the pandemic and that three
and a half billion people were in a chronic condition. A combination of long-term planning and frequent vaccinations can reduce the spread
of the disease in the population in the case of a major epidemic [8]. Strong immunization and dose for the infected persons will rapidly
decrease the cases of HBV. To investigate the qualitative analysis Hepatitis-B disease, we consider [9] model as below:
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A(e) = TTA - M +AH(0) - (5 + WA(0),
(o) = YAITLD _ (11 o4 5%),

, (1)
I(0) = k7o) = (n+ p +n)T (o),
(o) = ag%0) + 1T (o) — uR(0),
#(o) = AL—T1) + 6Q(0) — (A + WH(0),

where the parameters and variables in the above equation are listed below:

- vaccinated cases, susceptible population, acute infection cases, chronic carriers cases and immunized cases have been represented by
H(0), Q(0), 7o), 7°(o) and R (o) respectively.
+ A: Recruitment/Birth rate.
- A: Waning vaccine-induced immunity.
- u: Natural death rate.
p: The HBV death rate.
v: Contact rate among infected and non-infected individuals.
+ o The rate of recovery for infected individuals.
n: The rate of recovery of individuals infected chronically.
«: The rate at which acute cases are transformed into chronic cases.
- TI: Ratio of new-borns who have not received proper immunization.
&: Hepatitis immunization rate.

Riemann-Liouville, Euler, and Fourier made significant contributions to the development of ordinary calculus in the 18th century. At the
time, many authors made significant contributions to the field of fractional calculus (FC), see [10, 11, 12]. This is due to the fact that ordinary
calculus lacks the applications of modern calculus in many mathematical modeling domains, such as the process of memory and hereditary
data. FC, as a general form of integer order calculus, has significantly larger freedom in their derivative than is found in integer-order
derivative due to its local behavior. Several applications of FC are discussed in [13, 14, 15, 16, 17, 18, 19, 20, 21]. Researchers and scientists
have become more interested in analyzing non-integer order (FO) of differential and integral calculus because of its applications. Non-local
and non-singular concepts were introduced in FC articles, replacing singular and local kernels with these new concepts. The most useful
feature of this newly developed kernel is its memory property combined with the system’s hereditary. Atangana, Baleanu, and Caputo
(ABC) [13] proposed a novel FO operator, in 2016, depending on the general non-local and non-singular kernel of Mittag-Leffler (ML)
mapping. As seen in [22, 23, 24, 25, 26], the ABC order fractional order operator has been used in many mathematical schemes describing
different physical problems. More specifically, this generalized ML function is a precise tool to deal with real word problems.

Scientists and researchers across a wide range of fields are working to stop or slow down the spread of these diseases, as evidenced by these
references [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44]). Many authors have investigated various models for a number
of diseases; for a detailed study see [45, 46, 47, 48, 49, 50]. Epidemic models by the researcher are widely used nowadays to investigate
the dynamic spreading of disease and to follow the efficient method for its controlling. Ordinary differential equation with integer-order
derivative could be generalized to the fractional-order larger degree freedom derivative of fractional order. Also FO differential equations
with 0 < p < 1have been studied in [26]. Generally, biological models and FDEs are theoretically related to memory-based systems
[23, 25, 50]. Furthermore, the history factor is a major source of disease transmission. In the coming days, the development of totality and
historical effects on existing levels will be a source of transmission. Heterogeneity and historical effect show the spread of the previous
infections. Thus, the mentioned properties can be examined via fractional derivatives, as well as their effect on disease transmission
(39, 501.

The purpose of this work is to investigate the dynamic behavior of the fractional HBV epidemic model’s solutions (2). We established the
stability and equilibria analysis for the given system based on the diseases free equilibrium point. We additionally addressed some basic
principles and gave theoretical solutions. Furthermore, we simulate the unknown quantities to verify and explain the fractional order
mathematical model. We note from the existing research that limited study has been done on non-integer order epidemic models using ABC
derivatives. There has not been enough research done on the ML kernel-based arbitrary order HBV vaccinated model. Thus, the primary
motivation for this study is to develop a HBV FO-vaccinated system. Under the ABC derivative with p € (0, 1] we reexamine the HBV model
(1) in the following fractional form

ABCDY (3 (o) = TTA — %ja@ + AH(0) = (5 + 1) Q(o),
ABCDpJa(O‘) = 729_0(012[‘70(0) —(p+a+x)TY o),
ABCD® 7¢(0) = k7o) = (1 + p +1) T (), @
ABCDPR (o) = 0 7o) + nT(0) — uR(o),
ABCDPi(0) = A(1—TT) + 5Q(0) — (A + ) H(o).
with the initial conditions
S(0) >0, 7%0) >0, 7°0) >0, %(0)>0, #H(0)>o0. (3

Our remaining paper has the following arrangement as follows. In Section Fundamental we recall some basic results of fractional calculus.
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In this way, we manage the remainder of the contents of the current examination as follows. During Section 2, essential definitions are
provided. The existence theory of model and stability is given in Section 3. Also, numerical methods to solve the considered problems are
given in Section 4. Indeed, numerical results of the proposed models under practising different values of fractional orders are supplied in
section Section 5. Finally, the conclusion of the current investigation can be observed in Section 6.

2 Preliminaries

In this section, we give some important definitions which we will use in the rest of the paper [23, 25, 26, 50].

Definition 1 Let £(c) be a function satisfying £(c) € H[0, T]the ABC fractional derivative of order 0 < ¢ < 1and is defined by

Mepp(e(on) = 1) [ B[22 (t-2) ] L e, ®

where M(p) = 255 is the normalization constant, M(0) = M(1) = 1and E, is the Mittag-Leffler operator given by

[} yk
F‘S?(y) = kgo m

Theorem 1 [51] The Atangana-Baleanu fractional differential equation
ABCDP (o) = f(o)

has a unique solution in the form

f(®) (o =) dy. (5)

)= /O s b

Definition 2 [52] Let

{ABCDg (o) = f(t, £(0)),
£(0) = &

is a non-linear fractional ordinary differential equation. The new formula for the numerical scheme of the ABC fractional derivative can be written
as

Emen = £0 + o Ef(E (), tm) + 2 )Z{hi{ijaj’;;)[(m+1 M —n+2+ p)
(6)
—(m=mP(m—n+2+20)) - T E 41 - )@”—(m—n)p(m—n+1+p)1+Eﬁ1},
where E§, is given by
_ ® & (=1 (y — tn)(y — ony) 92 1
B o e r oDl (oma =)y @

Theorem 2 Let B be a convex subset of Z and suppose that the two operators Y1, Y, with
(1). Yiu + You € B foreachu € B.

(2). Y1 is "contraction".

(3). A continuous and compact set is Y.

satisfying the operator equation Y1u + Y,u = u, has one or more solution(s).

3 Existence theory of model (2)

In this part, we established the existence and uniqueness of the solution for the proposed system (2). We find the solution and stability of
the proposed model under ABC derivative with FO using Banach fixed point principles. We rearrange the proposed model in the following
way

Q a
%1(0,Q, 7%, 76,1, 9) = 1A - £

pQ(0)7% o)
N

+AH(0) — (5 + 1) (o),

Xy(0,Q,7% 71, %) = = (n+ a+ k) 7%0),

(8)
Ng(U,Q,Ja,jC;H>m) = Kja(o') —(n+p +H)JC(U),
NA(U,Q,ja,jC,H’fR) = O‘Ja(o-) + lec(o') - Hm(o-)y

R5(o,Q, 7%, T H, %) = AL —TT) + 6Q(c) — (A + p) H(o).
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For 0 < p < 1, using (8) we write the proposed model in the following form

ABCDfOH(D_) = X(o,Vv(0)),

(9)
v(0) = vg.
By Theorem 1, the system (9) becomes
W(0) = vo(0) + |X((o, V(o)) = No(o) 1‘—1"+Lj“(c—s)p—1x<e,v(e»de, (10)
M(p) M(p)T(9) Jo
where
Q(G) QO NI(UJQJJ‘IJJC)’Hym) x1(0)007jgng!H0)m0)
ja(d) j(l)l NZ(O‘,Q,ja,jC,’H,fR) NZ(O;Q01\7C‘)]1~7(():7H0)mo)
V(D_) = jC(U) 7V0(0_) = JS ,N(O‘,V(O‘)) = N}(Uyﬂ;jayjcyﬂym) vNO(O_) x_’,(oy QOrjng(ngOJmO) . (11)
R(o) Ro NA(G)Qyjuyjcy,Hym) z'z[,(oy—CZOJ~7(()11~7(():17{019%0)
H(U) Ho N5(G,Q,ja,jcyﬂ,%) z'IS(Oy QOrj(()lrj(():lHO;mO)
Using (10) and (11), define two operators Y; and Y, using (10)
1-p
Y= vo(0) + [3(0, () = Nolo)| 115,
M(p) (12)
® N -1
v uzif (o = $)P71R(9, (0))do.
27T M) (p) o

Next, we have to determine the qualitative analysis for the proposed model by using fixed point principle.
(Ly) there exist some constants e; and e,

[} (o, V(o)) < e1lv(o)] + €.
(L) there exists a positive constant Kp, for each u, u; € X,

[ (0,v(0)) = R(0,v1(0))| < Kpllu—uq].

Theorem 3 The system (10) has at least one solution, if (L) and (L3 ) hold, then the proposed system (2) also has a unique solution if

(1- p)Kp <

M) ¢

Proof First we have to show that Y is contraction by using Banach contraction principle. Letu; € B,: B={u e 3 : ||lull <r,r>0}bea
closed convex set. From the operator v, defined in (12), we have

= Yo = G ma [5(e,v(@) - (om0, "
-9,
S “M(g) llu—uw].

Hence, the operator Y is closed and therefore contraction.

Next, we have to show that the operator Y, is compact, continuous and bounded. Also, obviously the operator Y, is defined on all domains,
S0 X is continuous. Let u € B, we have

_ L
ol = maX o (e) '

J:(a - s)p‘lx(e,v(e))dﬁH,

Y I Pt

SM(P)F(@)JO(U $PTIR(D, v(9))Idd, w
T

Sm[e1r+ €zl

So by (14) the operator Y, is bounded. For equi-continuous, o, > o, € [0, T], such that

8
M(p)o(9)
[€1r+ 62] _

< M(pr(p) o1 %)

[7v(01) = Yav(oa)l =

j“l(ol — $)°7IR(y), v(y)dd — j”(oz — $)PIR(D, v(9))dd |,
° 0 (15)
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As oy — 05, RH.S of (15) tends to 0. Also, by continuous operator Y, we have
|Y2V(01) - YzV(O’z)l — 0, as oy, — o3.

Hence we proved that Y, is continuous and bounded. So Y, is also uniformly continuous. Using "Arzela' -Ascoli theorem", we have that Y,
is relatively compact and therefore completely continuous. By (3) and (10) it is easy to obtain that the system has at least one solution.

Uniqueness of the solution

Theorem 4 Assume (L,) and the integral form (10) has a unique solution. Then the system (2) has also a unique solution if

|:(1 - {Q)Kp + Tpr :|
M(p)  M(o)T(p) '

Proof Let the operator 7 : 3 — 3 be defined by

1~ % (0 = )P 1R(9,v(8))dD, o ¢ [0,T). (16)

_ _ ®
TV(e) = vo() + | (o, W(@)) = Xo(e)| 175 + gt |

andu,u; € 3,then

1-o) max

M(p) oelo,T]
® -1 % e

) L(a )P 71N (9, v(9))dd Jo(o‘ $)P7IR(9, vy (9))d9 |,
(1 - p)Kp eT®Kp

S[ M(p)  M(p)M(p)

< Ollu-ull,

[7u-Tuwll <

% (0, v(0)) - x(a,vl(c»],

(17)

]Hu—uln,

where

_ (1—[;))Kp Tpr
= "M T Moo (8)

By (17), the operator 7 is contraction. Therefore, the equation (10) has a unique solution. Consequently, the proposed system (2) has also a
unique solution.

Ulam-Hyers stability

Next, we obtain the stability of the proposed system, consider small change ¢ € C[0, T] satisfying 0 = p(0) , we have
(D) lo(o)l < &,for £>0
(2)4BCDE, (v(0)) = (0, ¥(0)) + @(o),forall o € [0, TI.

Lemma1 The solution to the changed problem can be expressed by

{gBCDfov(c) = X(o,v(0)) + ¢(0), (19)
v(0) = vg,
satisfying

@) = (vole) + [35(0,9(@) = o) 18+ 1B [ (o a)p—lx(e,v(a))df))' < prpk, (20)
where

om = Mp)(1—-p) +T¥
e M(p)r ()

Proof The proof is obvious, therefore the details are omitted.

Theorem 5 Consider (L,) together with equation (20), the solution of equation (10) is UH stable and hence, the analytical solution for the proposed
system is UH stable for © < 1.
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Proof Let u; € 3 be a unique solution and u € 3 be any solution of equation (10), we have

V(o) = vi(o)l =

V(o) - (vo(o) . [x(o,vl(o)) xo<o>] s)@‘lx(e,vlw))de) ]

Tes) M(p)r(p)J (o=

< v(o) - (vo<c)+ [x(c v(a))—xo(a)] j (o= 9)P IR (®, v(s))de)]

M(zp) M(p)l“(zp)
. (vo(o>+ [x(c,vw» xow)]

v -1
) M(p)r(p)J(U 9) N(ﬁ,v(e))da)

(21)
—(vo(c>+[x<a,vl<c>) o(c)}M(p) o e (0= 971, vl(e))da)
<eon s SO - wlle ETI - )
< o, +Ollu—ll.
From (21), we can write
Iy —wll < 2Te, (22)

From (22), we obtained that the solution of (10) is Ulam-Hyers stable and hence by considering Xy (&) = OT,p0 & Ny (0) = 0 the solution is
generalized Ulam-Hyers Stable. This proves that the solution of the considered model is Ulam-Hyers stable and also generalized Ulam-Hyers
stable.

Now we postulate the assumptions given below
(1) lo(o)l < V(0)g,for £>0
(2) 4BCDE, (v(0)) = X (0, ¥(0)) + @(0), forall o € [0, T].

Lemma 2 The next equation will satisfy (19)

V(o) - (vo(c>+ [xw V(o)) = Ro(0)

< V(o)epr,,-

o —9)PIR(9, v(e))ds) '

» JG(
M(zp) M(p)r(p) 0 (23)

Proof The proof is obvious, therefore the details are omitted.
Theorem 6 By Lemma (2), the solution to the considered system is Ulam-Hyers-Rassias (UHR) stable and hence, the generalized UHR stable.

Proof Let u; € 3 be a unique solution and u € 3 be a solution of (10), we have

lv(o) = vi(o)l =

V(o) = (vo(0o) + | X(0,v1(0)) — Ng(0) + o (G D)PTIR(D, v1(9))dd )|,
M(p) M) (p) Jo

< v(o) - (vo<c)+ [x(c v(a))—xow)] 5 M(pfr(p)j (o = )P (D, v(a))da)]

. <v0(6)+ {N(U,V(U)) xo(a)] +LJ (0 —9)P 1R (o, v(e))da)

M(p) M(p)T () (24)
—(vo<c>+[x<a,vl(o>) Xo(o )} e m j (o= 9)P1%(9, w(e))de)
(1-p)Kp, L oT°Kp
SV(U)E'ZQT,@ W”u U1|| M( )I_,( ) ul”,
< V(0)Epp  + Ofu — ty.
From (24), we get
&
vy < ST, (25)

Therefore, the solution of (10) is stable.

4 Numerical solution of the proposed model

Numerous numerical techniques have been suggested for the approximation of the fractional derivative of Atangana-Baleanu in the sense
of Caputo. In [53, 54] Atangana and Owolabi proposed a new form of the Adams-Bashforth approach based on the Mittag-Leffler kernel
for the ABC fractional derivative approximation. The purpose of this section of the article is to demonstrate how to apply the numerical
technique described in [52], which has recently been proven for accuracy and reliability [55, 56] to solve any fractional differential equation.
The numerical technique for approximating ABC is defined in (2). To learn more about this numerical approach in detail, we suggest our
readers to [52].

To determine the approximate solution to the given model, we use theorem (1) for each of Q (o), 7%(o), 7¢(o), RV(0), V(o) of the system
(2) and obtain the following result:
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a(0) = 5(0) + 18 [11A = YARIHD L xy(0) = 5.+ ) (o)
a
*mj (o= {n/\_W+AV(0)—(5+N)Q(0)]®,
a - .
J% o) = 7%0) + M( )[YQ(GKIJ (o) - K)ja(g)] R mfo(c_y)p_l[%

—(uratR)T (o)}dy,

70 = 7€) + 17 E[0a%0) = (o e m) @) ¢ B [ (@ = 70 = ko ) 7o) ay,
_ _ _ 1 _

m(c)_m<o)+M(p)[wa(c)mﬂg) um(c)} Wp)r(pJ( Yo~ [w (0) +n7%(0) um(c)]dy,
_ 1-p _ _ 1 _

H(o) = 1(0) + - & [/\(1 M+ 50(c) (7\+u)7-t(cr)] M(p)r(pj (c—y)®~ [/\(1 m

+50(0) — (A + u)’i—[(o‘)} dy.

At o = o+ and by applying (6) on (26), we get the result as

Om+1= Qo + ]M(p Vl(s(ffm), om) + ( ) 2 Z { hp:;;finz,)cn) [(m +1-n)(Mm-n+2+yp)

h® V1(Qn—1y On-1

—(m—n)"’(m—n+2+2p)]— (o +2)

{(m+1—n)*”+1 —(m-n)P(m-n+1+ p)}} +Efm,
h®v (78, on)
T(p +2)

h® VZ(Jn—lv On—1
T(p +2)

~7m+1 L70 ( )VZ(j (O'm),O'm) M(p)z{ |:(m+1_n)p(m_n+2+lp)

—(m—n)p(m—n+2+2p)] - [(m+1—n)p+1—(m—n)"(m—n+1+p)]}+E§"m,

h®v3(7g, on)

T = Jo + ]M( )Vg(j (om), om) + ]M(p)Z{ {(m+1—n)p(m—n+2+p)

Mo +2)
~(m=m®(m-n+2+ 253)] - Vii‘;":;)cn—l {(m +1-n)* —(m-n)(m-n+1+ p)} } +E§m,
h® )
Rm+1 = Ro + ( )Vz,(’ﬁ(dm), om) + ( ) 4 Z { Vr?ginz)vn) {(m +1-n)’(m-n+2+p)
hpvz,(mn—l, On-1

—(m—n)"’(m—n+2+2p)]— (o +2)

[(m+1—n)“’+1 —(m-n)(m-n+1+ zp)] } +ES m)

Hm+1 = Ho + Vs(H(Gm),Gm) (p) Z{h V5(#n, on) [(m+1—n)p(m—n+2+p)

( ) T(p +2)
—(m-n)P(m-n+2+ Zp)] _ hPV5(Hn-s, ony VSr((’;":;')g"—l [(m +1-n)P = (m-n)®(m-n+1+ ,p)} } fEE
where
vi=TIA = M +AH(0) — (8 + 1) Q(0),
V, = %ﬂ(c) (n+ o+ k) TY0),

V3 = kI 0) = (u+p +n)T(0),
V4 = Oéja(o-) + TlJC(U) - Hm(o-)y
V5= A1-T)+5Q(c) — (A + u)H(o),

andEfy,, ES m, B, EF o, EE , are of the form of Ef, given in (7).

65

(26)

(27)
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5 Numerical simulations

In order to make our obtained results more understandable, we continue with some approximations, such as simulations of the system (2).
By the values of all of the parameters in a biologically possible manner given in table 1 and to perform simulations to study the qualitative
analysis of deterministic and fractional stability, it is necessary to assign values to all parameters of model (2).

| Parameters | Value | Source |
A 0.8 estimated
n 0.03 estimated
o 0.005 | estimated
v 0.05 estimated
o 0.03 estimated
n 0.07 estimated
K 0.009 | estimated
A 0.07 estimated
) 0.07 estimated
Il 0.04 estimated
S(o0) 100 estimated
J%0) 10 estimated
J(0) 70 estimated
21(0) 60 estimated
#(0) 50 estimated

Table 1. Parameters values

Our simulation has been performed by applying a newly introduced numerical scheme for the approximation of ABC fractional derivative to
model (1). Further, the parameters from Table 1 can be used. Time ranges from [0 — 20] and the initial population for the compartment
susceptible class Q(¢), acutely infected class 7%( ), chronically carrier class 7¢( o), recovery class % ( o), and immunized class #(o) have
been chosen from Table 1 as well. Figures 1,2 and 3 illustrate the simulation of several compartments in the proposed model as a result of
applying the previously given data. Figures 2(a)—2(e) represent the comparison of model (2) and (1), and Figures 1(a)—1(e) represent the
comparison of the (2) and (1), when o = 1.0. Secondly, we apply iterative approaches developed from (27) to simulate the model (2) under
the ABC non-integer order operator. All of the compartments (Q(c), 7%(c), 7°(c), 9(o), H(o)) of the said fractional order system were
plotted for the table 1 parameters for various arbitrary order values as p = 1.0, 0.95, 0.90, 0.85. Non-integer order operators of the ABC type
have been used. According to these figures 2(a)—2(e), we can see the dynamic behavior of several compartments of the system (2). At
first, the decay in the susceptible class is pretty rapid, but subsequently becomes stable with time. Similarly, infection cases decayed at
various fractional orders of p. The recovery achieves their maximum at this point. The graphical findings show that the proposed model
is dependent on the fractional order p and provides more flexible data about the behavior of the model that cannot be achieved with the
classic integer-order model.
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(b) 7%—Acutely infected population
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Figure 1. Simulations of susceptible, acute infections, chronic carriers, recovered and vaccinated individuals of model (1), when o = 0.90.
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Figure 2. Simulations of susceptible, acute infections, chronic carriers, recovered and vaccinated individuals of model (2), when p = 1.
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Figure 3. Simulations of susceptible, acute infections, chronic carriers, recovered and vaccinated individuals of model (2) when = (1.0, 0.95, 0.90, 0.85).
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6 Conclusions

In the end we concluded that the proposed fractional system describing the vaccinated Hepatitis-B behaviors has been studied qualitatively
using the contraction theorems of closed norm space. This investigation is taken under non-singular kernel related to the ABC fractional
order derivative. By disease free equilibrium points, the proposed system also has been studied for existence, uniqueness, and stability.
With the use of a newly defined numerical technique, a numerical simulation has been made for the approximation of ABC fractional
derivative at different fractional orders. Such type of techniques can also can also be achieved by other different fractional operators like He’s
derivative. Taking the initial populations bigger than zero for t > 0 we have simulated the compartment of the proposed model. Moreover,
we can declare that the result properly satisfying the initial data when the proposed system’s right hand side approaches to zero under
certain conditions. We can also control the epidemic by taking the optimal control strategy and with suitable variable or a parameter to
minimised the infected class like unscreened blood, the reuse of dental and surgical instruments, etc. As seen in the graphs, the fractional
derivative gives a more accurate and flexible data for investigating the complexity of the dynamics of the HBV model, see Figures 1—3.
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