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Abstract

This study proposes a novel mathematical model of COVID-19 and its qualitative properties. Asymptotic behavior of the proposed
model with local and global stability analysis is investigated by considering the Lyapunov function. The mentioned model is
globally stable around the disease-endemic equilibrium point conditionally. For a better understanding of the disease propagation
with vaccination in the population, we split the population into five compartments: susceptible, exposed, infected, vaccinated,
and recovered based on the fundamental Kermack-McKendrick model. He’s homotopy perturbation technique is used for the
semi-analytical solution of the suggested model. For the sake of justification, we present the numerical simulation with graphical
results.
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1 Introduction

Most nations throughout the world have been afflicted by the COVID-19 outbreak, and their economy has suffered as a result. There have
been several cases of infection, as well as the occurrence of subsequent infection waves that have resulted in a greater number of cases than
the prior wave. Although various preventative techniques and other control measures have been used to restrict the disease’s spread, it is
still unknown when this lethal sickness will be eradicated from the community. COVID-19 is currently infecting and killing people in the
majority of the world’s countries. The total number of infected cases recorded till September 4, 2021, was 220917130, including 4571624
deaths, and 197441726 [1] people recovered from COVID-19 infection. Researchers, biologists, and medical professionals are constantly
attempting to develop efficient vaccines, preventions, and treatment measures for coronavirus infection management. Because there are so
many different strains of this sickness, researchers are working to develop a more effective vaccine for infection prevention. According to
the literature, several study publications on the virus’s infection reduction have been written and published from various perspectives. We
have a lot of models if we speak out that connected study on coronavirus using mathematical models. Mathematical models are the only
means to determine the infection’s peak and the best strategy to manage it.

In[2], researchers studied COVID-19 using a mathematical model that included Susceptible S(t), Exposed E(t), Infected I(t), Quarantine
Q(t), and Recovered R(t). The goals were to examine the stability and optimal management of the concerned mathematical model for both
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local and global stability using a third additive compound matrix technique, as well as to produce threshold values using a next-generation
approach. The author created a graphic representation of the anticipated outcomes which also used the homotopy perturbation approach for
the solution and for each population of the underlying model with control variables utilizing optimal control methods based on Pontryagin’s
maximal Principle to control the spread of COVID-19 infection in a population. In [3], researchers implemented fractional calculus on
a COVID-19 mathematical model and investigated local and global stability for the stabilization of the disease in a population with an
approximate solution using the Laplace-Adomian decomposition method. In [4], the authors examined the global view of the coronavirus
model to real data from Ghana, as well as its cost-effective analysis with environmental changes. In [5], the authors proposed a nonlinear
predictive control model and its management for coronavirus infection. In [6], the authors modeled and explored the use of medication
resistance in coronavirus infection. In [7], the authors investigated the spread of coronavirus infection in China, as well as its modeling
and prediction. In order to investigate the impact of lockdown in reducing coronavirus spread [8], the author examined a system of five
nonlinear fractional-order equations in the Caputo sense. The hypothesised coronavirus model under lockdown’s solutions were shown to
exist and to be distinct using the fixed-point theorems of Schauder and Banach, respectively. Ulam-Hyers and generalised Ulam-Hyers
frames for stability analysis were established.

To simulate the transmission of disease, the authors [9] looked at the SIR model with a generic incidence rate function and a nonlinear
recovery rate. The influence of the health system affects the nonlinear recovery rate. The authors also established the model solution’s
existence, uniqueness and boundedness. They looked into the model’s many steady-state solutions, stability details, and reproductive
number. The research demonstrates that the free steady state is unstable otherwise and locally stable when the reproduction number is
smaller than unity. The backward bifurcation phenomenon is illustrated by the model. For the transmission dynamics of HIV epidemics,
the authors [10] have developed a nonlinear SEI1I2R fractional order epidemic model. The generalised mean value theorem is used to
determine the model’s non-negative solution. In order to determine the disease status, we obtained the fundamental reproductive number
Ro, which serves as a threshold parameter. Using the fractional Routh-Hurwitz stability criterion, the asymptotically stable outcomes
of equilibria are explored. While this is going on, a suitable Lyapunov function is built to evaluate the global asymptotic stability of the
disease-free and endemic equilibrium point. In order to increase the concept of propagation delay, this research [11, 12] focuses on a delayed
epidemic model with information-dependent vaccination.

Researchers have delved deeply into the transmission of infectious diseases or concentrated on the differential model, which solely
takes into account the traits of infectious diseases themselves. The dynamic study of infectious illnesses based on vaccination rates has
not received much attention. The authors [13] looked at a population model of the novel COVID-19 under ABC fractional order derivatives,
and they also demonstrated enough evidence for the solution’s existence and uniqueness for the model under consideration. They also
demonstrated that the model has at least one solution with a stable result. The author [14] showed in this work the potential of modelling the
dynamics of SARS-CoV-2 infection as a helpful support tool for measuring the population’s level of compliance with the GIM and projecting
the impact of corrective measures. This book [15] helps with the preliminary results and is valuable to study in the field of mathematical
modelling in public health biology or public health epidemiology. In [16], the author investigated COVID-19 epidemic has had a substantial
influence on children and adolescents’ mental health, which should be of great concern to policymakers and practitioners around the world.
This [17, 18, 19, 20, 21, 22] work examines a new mathematical model for the dynamics of Hepatitis-B virus transmission in a fractional
environment in light of asymptomatic carriers and vaccination classes. Because the authors took into account both the vaccination and
asymptomatic caries, this new model is more advanced than the previous models proposed for the dynamics of the Hepatitis-B virus. In
this study [23, 24], the dynamics of the COVID-19 epidemic in Pakistan were examined, and a mathematical model was developed. Its
fundamental and essential mathematical aspects, such as the existence and positivity of the system and its solution, were then supplied.
Using fractional stability techniques, the detailed stability results for disease-free and disease-endemic equilibrium points are examined
on alocal and global scale.

For the dynamics of the Zika virus [25, 26] with a mutation that results in defects in newborns, a mathematical model has been devised.
The threshold quantity at risk-free equilibrium and the equilibrium for Zika infection were also computed by the authors. Both locally and
internationally, the stability analysis at disease-free and disease-endemic equilibrium are computed. The authors [27, 28] examined a
mathematical model with slow and quick exposed cases and its impact on the model dynamics to comprehend the TB infections in the KP
area of Pakistan. They also researched the fundamental math needed to model the fractional-order model. The model’s stability was then
examined, and it was demonstrated that the TB model is both locally and globally asymptotically stable. The examination and analysis
of the suggested drinking model must also be included by the authors, who also used stochastic system perturbation to determine the
solution’s existence and uniqueness as well as some drinking dynamics [29]. The authors have also come to some important conclusions on
how to control drinking habits at all stages, from risky to moderate and moderate to non-consumer. A discrete-time Bazykin-Berezovskaya
prey-predator model’s complex dynamics were described in detail by the authors [30]. Additionally, they showed that the model has a
single positive interior fixed point (FPP). They also concentrated on the analytical and numerical bifurcation analysis of the interior fixed
point FPP due to its biological significance.

The scientists [31] looked at an SIR model for COVID-19 in Indonesia, taking into account parameters like immunisation, treatment,
application of health protocols, and coronavirus burden. Additionally, they discovered that immunisation and the application of health
practices significantly limit or stop the spread of COVID-19 in Indonesia. Similar to vaccination [32] and the application of health protocols,
treatment can decrease or stop the pace of COVID-19 infection. However, its impact is not as great. This study [33] presents a novel
strategy for combating the COVID-19 epidemic. Using actual data from the United Kingdom, a fractional order pandemic model is created to
investigate the spread of COVID-19 with and without the Omicron form and its connection to heart attacks. In [34], an optimal control
model has been developed in light of the potential controls that are thought to be successful. The World Health Organization’s (WHO)
basic principles, such as immunisation of people, rapid testing, and early treatment of infected individuals by COVID-19, have been used
to consider the four control variables in the form of preventions. In [35], this study examines the mathematical modelling of COVID-19
transmission at the fractional-order level. Using nonlinear analysis, they demonstrate the model’s existence and originality. The goal of this
work [36] is to thoroughly study a mathematical model for computing the nonsingular fractional order derivative-based transmissibility of
a novel coronavirus (COVID-19) disease. By using the Krasnoselskii and Banach fixed point theorems, the existence and uniqueness of the
proposed model have been ensured. Additionally, some stability outcomes of the Ulam-type have been developed.

In [37], the researchers studied that there was a substantial but statistically minor rise in mental health symptoms before to and
during the COVID-19 pandemic in 2020, according to a study that sampled mostly European and North American people. Depressive
symptoms showed bigger and longer-lasting increases, compared to anxiety disorder symptoms and measures of general mental health
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functioning, which showed lower changes. It will be critical to keep track of changes in mental health (especially depression) and ensure
that proper therapeutic therapy is accessible. The total rise in mental health symptoms was most evident in the first two months after the
WHO proclaimed a pandemic (March 2020), before declining and returning to pre-pandemic levels by mid-2020 for most symptom kinds.
In [38], the authors study COVID—19 with quarantine, isolation, and environmental viral load. They fitted the COVID—19 model to real data
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and calculated the parameters.

Share of people vaccinated against COVID-19, Jun 18, 2022
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Figure 1. [39], The bar chart represents the vaccinated population with complete initial protocol and partly vaccinated for different countries

Daily new confirmed COVID-19 cases per million people, Jun 19, 2022

7-day rolling average. Due to limited testing, the number of confirmed cases is lower than the true number ofinfections.
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Figure 2. [39], The map of the world represents the confirmed cases of COVID—19
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Daily new confirmed COVID-19 cases & deaths per million people i I\Jl\/a?;‘\d

7-day rolling average. Limited testing and challenges in the attribution of cause of death means the cases anddeaths counts may not be accurate.
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Figure 3. [39], The plots of confirmed and death cases per million people
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Figure 4. [39], The behaviour of basic reproduction number or reproductive rate Ry of COVID—19 for different countries. The reproduction rate represents the average number
of new infections caused by a single infected individual. If the rate is greater than 1, the infection is able to spread in the population. If it is below 1, the number of cases
occurring in the population will gradually decrease to zero
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Figure 5. [39], Gallery of charts for new cases, new tests, positive test rate, and reproductive rate. 7-day rolling average. Due to limited testing, the number of confirmed cases
is lower than the true number of infections. Comparisons across countries are affected by differences in testing policies and reporting methods
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Figure 6. [39], The case fatality rate (CFR) is the ratio between confirmed deaths and confirmed cases. Our rolling-average CFR is calculated as the ratio between the 7-day
average number of deaths and the 7-day average number of cases 10 days earlier.
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Limited testing and challenges in the attribution of cause of death means the cases and deaths counts may not beaccurate
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Figure 7. [39], Gallery of charts for vaccine doses, new cases, patients in ICU and New deaths

According to [40], immunization is a global success story in terms of health and development, saving millions of lives each year. Vaccines
interact with your body’s natural defenses to build protection, lowering your risk of contracting a disease. Your immune system reacts when
you receive a vaccine. Vaccines for more than 20 life-threatening diseases are now available, allowing individuals of all ages to enjoy longer,
healthier lives. Every year, vaccinations prevent 3.5-5 million fatalities from diseases such as diphtheria, tetanus, pertussis, influenza,
and measles. Immunization is an indisputable human right and an important component of primary health care. It’s also one of the most
cost-effective health investments available. Vaccines are also essential for preventing and controlling outbreaks of infectious diseases. They
are essential in the fight against antimicrobial resistance and support global health security. Despite significant advances, vaccine coverage
has plateaued in recent years, and in 2020, it may potentially decline for the first time in a decade. Over the last two years, the COVID-19
pandemic and its aftermath have put pressure on health services, with 23 million children skipping vaccinations in 2020, 3.7 million more
than in 2019, and the largest amount since 2009. Preliminary data from 2021 reveal continuous disruption, but on the plus side, nearly all
nations had implemented COVID-19 immunization by the end of 2021, and one billion doses of COVID-19 vaccine had been supplied via
COVAX by early 2022. In this paper, we investigate the asymptotic behaviour of the model locally and globally at disease—free and endemic
equilibrium points. For the global stability, Lyapunov function is considered. We also use the homotopy perturbation method (HPM) to
solve the non-linear dynamical system of COVID-19 semi-analytically. HPM approach was initially suggested by [41] and has since been
used to solve differential and integral equations in both linear and nonlinear scenarios by [42]. In [43], the authors used the HPM to solve
the nonlinear Kawahara partial differential equation semi—analytically. The HPM was used by the authors [44] to solve a set of partial
differential equations. Without the use of linearization, transformation, discretization, or constrictive assumptions, the approach is used
directly. We can get the conclusion that the HPM is very effective and powerful in locating analytical solutions for a variety of boundary
value problems. In [45] to solve the system of rabies transmission dynamics, for resolving the generalised Zakharov equations, the HPM
is suggested by the authors [46]. With potential unknown constants that can be found by imposing the boundary and initial conditions,
the initial approximations can be freely chosen. For the mathematical study of obtaining the solution of a first-order in-homogeneous
partial differential equation ux(x, y) + a(x, y)uy(x,y) + b(x,y)g(u) = f(x,y), a new homotopy technique is proposed [47]. This new method is
developed by combining the decomposition of a source function and the HPM.

COVID-19 mathematical model formulation

In this section, we modifying Susceptible, Infected, and Recovered (SIR) model [9, 31] for COVID-19 infection with the implementation of
the vaccination class/compartment such that:

as(t) _

0 - s,

IO - w5 - vio, ()
di(e) _

Tk vI(t).

For mathematical modelling of the model, we provide the compartmental diagram below:
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Figure 8. Compartmental diagram of COVID—19 model

Based on the compartmental diagram (8), the following model is proposed:

dfj(tt) = 1= gS(OI(E) — (w + a)S(t) + VR(),

% = gS(DI(t) - (c + w + QE(D),

dfT(tf) = CE(t) — (a + w +x + 2)I(t), ”
d‘;(tt) = al(t) — (w + Y)V(t) + ak(t) + aS(t),

% = XI(t) + yV(t) = (w + VIR(D),

with S(0) > 0, E(0) > 0, I(0) > 0, V(0) > 0,and R(0) > 0. Also, here SEIVR represents Susceptible, Exposed, Infected, Vaccinated and
Recovered compartments, respectively. Also, u is the rate of recruitment, q is the rate of transmission, w is the rate of natural death, a is
the rate of vaccination, v is the rate of loss of immunity, c is the rate of infection of Exposed population, x is the recovery rate of Infected
population, z is the death rate of Infected population due to the disease, y is the immunity of vaccinated population.

More assumptions

In order to build a new model, we must make assumptions in order to simplify reality. The Kermack—McKendrick model’s primary premise
is that diseased people are likewise contagious. The overall population size remains constant. There are only two types of death in the
population: natural death and death due to the disease. The population is open to accept new individuals from outside the existing population.
The infected individuals can be recovered with hospitalization. The parameters of are non-negative and N(t) = S(t) + E(t) + I(t) + V(t) + R(t)
where N(t) stands for the total population at the time t such thatt ¢ Q := [0, T] for T > 0.

2 Equilibrium points and their stability analysis
The disease—free equilibrium point is computed as:

E° = (s°,0,0,V°,R%), 3)
where,

u(vw +tvy+wy+ w2>

0 _

5= Vw2 + w2q+ w2y + w3 —avy + vwqg+ vwy + vqy + wqy’

VO = ap(v + w) (4)
Vw2 + w2q + w2y + w3 —avy+ vwq+ vwy + vqy + wqy’

RO = apy

vw?2 + w2q+ w2y + w3 —avy+ vwq+ vy + vaqy + wqy’
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The basic reproduction number at the disease-free equilibrium point for the model (2) is computed below:

. qs®
RO_(a+c+w)(a+w+x+z)’ ()
where,

},L(vw +vy+wy+ w2>

So = . (6)
vw? + w2q+ w2y + w3 —avy + vwq + vwy + vqy + wqy
Theorem 1 The COVID-19 model at the disease-free equilibrium point E° is locally asymptotically stable if Ry < 1, otherwise unstable.
Proof 1 The Jacobian matrix of the model (2) is computed as:
-a—-w () —qs° 0 v
0 —-a-c-w qs® ) 0
J(E®) = 0 c —a-w-x-z2 0 0 7)
a a a -w =y 0
0 (o] X y -vV—-w
After a little simplification using the row reduction process, then the matrix (7) takes the form:
—-a-w (o] —qs° (o] v
o 0 -a-c-w qs° 0 0
J(E”) = 0 o cqS°—(a+w+x+z)(a+c+w) 0 o (8)
0 o [a(a+w)—aqS®)(a+c+w)+qSPa(a+w) —(w+y)(a+w)(a+c+w) 0O
0 (0] X y -v-w
Clearly, we get all the eigenvalues such that Ay = —a — w, Ay = =a—¢c— w,A3 = =v —w, A, = —(w +y)a+ w)a+c+ w) and

Ag = cqS® — (a+ w +x +z)(a+c+ w). Aswe see that the eigenvalues other than A5 are negative while A5 < 0 ifcgS® —(a+ w +x+z)(a+c+w) <0
implies that cqS® < (a+ w +x+z)(a+c+ w) furthermore cqS®/(a+ w +x+z)(a+c+w) < 1 = Ry < 1. Hence the model (2) is locally asymptotically
stable around disease—free equilibrium point Eq if Ry < 1. This completes the proof.

Theorem 2 The COVID-19 model at the disease-endemic equilibrium point E* is locally asymptotically stable if Ry > 1, otherwise unstable.

Proof 2 The Jacobian matrix of the model (2) is computed as:

-a—-w —ql* [ —qS* 0 v
ql* -a—-Cc—w qs* (o] (o]
JE®) = 0 c —a-w-x-z 0 0 (9)
a a a —w -y 0
(o] (0] X y -vV—-w

Computing the characteristic equation of Jacobian matrix (9), such that:

A+ g At +ap A3+ a3)\2 + QA +as, (10)
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where, the coefficients are the following:

a=(3a+c+v+5w+x+y+z+I°q),
a5 = (2aC +3av + 120w + CV + 4CW + 2aX +3AY + 20Z + CX + CY + CZ + 4w + VX + 4LwX + VY + Lwy
+vZ+ 4wz + XY + Yz +3a% + 10w + 21" aq + I*cq — Scq + I* vq + 41" wq + Iqx + Iqy + Iqz),
az = (a%c +3a*v +18aw? + 9a* w + 6cw? + a®x + 3a%y + a*z + 6vw? + 6wx
+ 6wy + 6wz + a3 +10w3 + 2acv + 6acw + Acx + 24cy + ACZ + 9avw + 3CVw + 2avX
+6awX + 2aVY + 9AWY + 2avZ + CVX + 6awZ + 3CwWX + CVY + 3CWY + CVZ + 3cwz
+2aXY + 2aYZ + CXY + 3VWX + CYZ + 3vwy + 3vwz + VXY + 3wXY + vz + 3wyz + [*a2q
+6I* w2q + I*vax + 3I* wax + I*vaqy + 3" wqy + I* vqz
+3[*wqz + I*qxy + I"qyz + *acq — Sacq + 2I*avq + 6I*awq + I*cvq
+3["cwq + I"aqx + 2I*aqy + I*aqz + I* cqx — Scvq + I*cqy — 3Scwq + I*cqz + 3I* vwq — Scqy),
a, = (Bv +12aw3 + 283w + 4ew3 + BY + 4vw3 + 4w3x + 4wy + fadz + 5w
+9a2w? + a®vx + 6aw?x + 2a% wx + A2vy + 9aw?y + 6% wy + a*vz + 6aw?z + 3cw?x
+20% Wz + 3cw?y + 3cw?z + aZxy + a2yz + 3vaw2x + 3vw?y + 3vw?z + 3w3xy + 3w3yz
+ 41" w3q + a®cv + 6acw? +2a%cw + a>cy + 9avw? + 6a>vw +3cvw? + hacvw
+AaCvX + 2acwX + acvy + 4acwy + acvz + 2aCwz + acxy + 4avwx + acyz + 4avwy + 4avwz + 2CvwXx
+2CVWY + 2CVWzZ + avxy + 4AwXy + avyz + CvXY + LAwYZ + 2CwXY + CVYZ + 2CWYZ + 2V WXY
+2vwyz + I*a®>vq + 6I*aw?q + 2I*a® wq + 3" cw?q + I*a*qy
—3Scw?q + 31" vaw?2q + 3" w?qx + 31 w2qy + 31* w?qz + I*acvq (12)
+2[*acwq — Sacvq + I"acqy — 2Sacwq + 4I* avwq + 2I* cvwq — Sacqy + I*avqx
+2I"awqx + I"avqy + 4LI"awqy + I*avqz + 2" awqz + 2I* cwqx + [*cvqy
—2Scvawq + 2" cwqy + I*cvqz + 2" cwqz + I aqxy + I*aqyz + I* cqxy — Scvqy
—2Scwqy + 2I* vwax + I*cqyz + 2" vwqy + 2I" vwqz + I vaxy + 2I" waqxy + I* vqyz + 2I* wqyz),
a5 = 3aw* + cw® + vk + whx + why + whz + W +3a2W3 + Bw? + 2aw3x + 3aw3y
+aAwy+2aw3z + cawdx+ cwdy+cawdz+ vadx + vady + vadz + wixy + w3yz
+a?cw? +3a2vw? + A2 w?x +3a2 w2y + a? w2z + I whq + 2acw3 + 3avw3 + Bvw + cvw3
+2I*aw3q + I"cw3q — Scw3q + IFvaw3q + I* w3qx + 2acvw? + a’cvw + I* w3qy
+I*w3qz + acw?x + 2acw?y + A®cwy + acw?z + 2avw?x + A2 vwx + 2avw?y + a>vwy
+2avw2z + cvaw?x + Pvwz + cvw?y + cvw?z + 2aw2xy + a2 wxy + 2aw?yz + cw?xy + a®wyz
+ w2z + va2xy + vwyz + [*a? wq + acv wX + acvwy + ACvWwz + acwXy + acwyz + av wxy
+avwyz + Cvwxy + cvwyz + I*acw?q — Sacw?q + 2I*avw?q + I*a®>vwq
+I*evw?q + Ifaw?qx + 2I*aw?qy + I a® wqy + I aw?qz + I cw?qx — Scvaw?2q
+I*cw?qy + I*cw?qz — Scw?qy + I vw2qx + I'vaw2qy + I*vw?2qz
+I*w2qxy + I* w2qyz + I*acvwq — Sacvwq + I*acwqy — Sacwqy + I*avwax
+IMavwqy + I"avwqz + I"cvwqy + IFcvwqz + IMawgxy + [Fawqyz

+I"cwqxy — Scvwqy + IFcvqyz + I'cwqyz + I vwagxy + I vawqyz.

Apparently, for positive endemic equilibrium point E* (S*, E*, I*, V* , R*) is locally asymptotically stable [48] if the following inequalities are
satisfied

a; 1 (o]

a; 1 (o]
@1 a a a 1
det; = as >0, det, = >0, dety=laz ay a|>0, and det,=|3 "2 "1 > 0. (12)
as a4, daz a
a a
0 0 (15 (14
0 (14 (13

Considering the coefficients (11) of the characteristic equation (10), the Routh—Hurwitz criterion [49] is satisfied because all of the coefficients are
positive and inequalities (12) are satisfied. As a result, all the eigenvalues are negative or have negative real parts and Ry > 1. Hence, the model is
locally asymptotically stable around the disease-endemic equilibrium point, E*.

3 Global stability analysis

For the endemic Lyapunov function, {S, E, I, V, R}, L < 0 is the endemic equilibrium E*.

Theorem 3 [10,11,15] IfRg > 1, the endemic equilibrium point E* of the model (2) is globally asymptotically stable otherwise unstable.



Sinanetal. | 97

Proof 3 For proof, the Lyapunov function can be written as

L(S*,E*,I*,V*,R*):(S—S*—S*log%>+(E—E*—E*log%)+<V—V*—V*logV7>
e T . e R )
+<I—I -1 logT>+(R—R -R log?)

Therefore, applying the derivative respect to t on both sides yields

(55 (5o () (555 (5

which implies that

dL S—-§*
@ = (55 ) (= as010 - (@ + )50 + ¥RW)
E—-E*
N ( . ) (@S(OI() — (¢ + w + QE(L))
I-1
R ( ) (CE(H) = (a+ w +x + 2)I(8)) (15)
. (V e ) (al(t) - (w +Y)V(E) + aE(D) + aS(t))
. (R R ) (XI(1) + YV(B) = (w + VIR(D)) .
Furthermore,
dh _ _uS* Al ez, Qpepe_ory2_ (@D o oo, n oo VSR VS'R
E—p. < g(S S)+§I(S S*) S (§-S*)*+vR—-+vR T+ S
_ qEEI +qSI—qS"I - qEéS _ (c+cg+a)(E_E*)2+ CIIE _ CEII
(16)
+CE—CcE* —(a+ +x+z)7(1_1*)2 +al —al* — avr _ av'rt —(w+ )L_ v)?
@ I v v WYy
« GaV*E aE*V*
+aE — aE v v
Now, Eq. (16) can be written in the form of:
dL
S 1
) (17)
where,
F=p+ %I*(S—S*)2 + VR + VS'R +qSI + CIIE +CE +al + aE, (18)
and
__PLS*_qI _*2_(w+a) _Q¥\2 _ *_VS*R
*="5 §(5 s*) T(S S*)* -+vR —~
_ qEEI ¢S - qEéS _ (c+¢;+a)(E_E*)2_ cEII
(19)
—CE*—(a+w +x+z)(1_1*)2 W Al
\' 14
~ (V-V*? . aV’E _ aE'V*
(w +y)# akE - .

1%

Eventually, if F < octhen % < owhileusingS = S*)E=E*, [ =I*,V =V* andR = R*,0 = [ — «implies that % = 0. Also, for the suggested model

(2) we are looking the largest compact invariant set { (S*,E*,I[*,V* ,R*) € Q : % = 0} is the endemic equilibrium point E* = (S*,E*,I*,V*,R*)

of the considered model. Thus, the model (2) is stable in Q if R > 1and F < «.

4 Homotopy perturbation method

Consider a general type problem given by

A(H)_f(r):ov reQ, (20)
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with the boundary conditions as
op
B (H)ﬁ) =0,refl, (21)

where A is a general differential operator,  is a boundary operator, f(r) is a known analytic function, and T is the boundary of the domain
Q. The operator A is divided into linear part L and nonlinear part N. Therefore, (20) can be written as

L(w) + N(u) — f(r) = 0. (22)
By HPM, we can construct a homotopy as
v(r,s) : Q x [0,1] - R, (23)
satisfying
H(v,s) = (1= s)[L(v) = L(p)] + s[A(v = f()] = 0, (24)
which is also equivalent to
H(v,s) = L(v) = L (1) * sL (vo) + s[N(v) - f(n)] = o, (25)

where s ¢ [0;1] is an embedding parameter, and p is the initial approximation of the given equation that satisfies the boundary conditions;
we have

H(v,0) = L(v) -~ L(10) = 0,

(26)
H(v,1) = A(v) = f(r) = 0.
Keeping these points, we construct the required solution to equation (22) as
V=V sty + 8%V, + 3y h 27
Furthermore, by taking the limit as p — 1in the approximation equation (27), one has
équv:%quvo+slv1+s2v2 +83vg 4, (28)
which yields
VIVo VL Uyt Vg (29)

Equation (29) represents the semianalytic solution of the problem equation (20).

5 Approximate solution of the proposed COVID-19 model

Applying homotopy on the model (2)

DS(t) — DS(0) = s[p — gS(HI(t) — (w + a)S(t) + vR(t)],
DE(t) — DE(0) = s[qS(D)I(t) — (¢ + w + a)E(D)],
DI(t) — DI(0) = S[cE(t) — (a + w +x + 2)I()], (30)
DV(t) — DV(0) = slal(t) — (w + y)V(t) + akE(t) + aS(t)],
DR(t) — DR(0) = s[xI(t) + yV(t) — (w + v)R(t)].

Assume series solution to the model (2), such that
S(t) = S(0) + $8,(t) + §2S,(t) + $3S5(t) + - - -,
E(t) = E(0) + SEy(t) + S’Ex(t) + SE3(t) + - -,
I(t) = I(0) + sy(t) + 2L (1) + S33(0) + - - -, (31)
V(t) = V(0) + sVy(t) + s>V, (t) + $V3(t) + - -,
R(t) = R(0) + SRy (t) + SZR,(t) + s3R3(t) o,

Now by comparison we get s°, s?,s2, . .. by using system of equations (31) in (30), we have:



Zeroth-order problem

First-order problem

Second-order problem

Third-order problem

nth-order problem

s(n+1)
g(n+1)
s(n+1)
s(n+1)

S(n+1)

Next, system of equations (33) becomes:

s := DS(0) = DS,
s® := DE(0) = DE,,
s” := DI(0) = DIy,

s® := DV(0) = DV,
s® := DR(0) = DRy.

s! := DS; = 1 - qS(0)I(0) — (w + a)S(0) + vR(0),

s! := DE; = qS(0)I(0) — (¢ + w + a)E(0),
s := DIy = cE(0) — (a + w + x + 2)I(0),
s! := DV; = al(0) — (w +y)V(0) + aE(0) + aS(0),

.= DRy = xI(0) + yV(0) — (w + v)R(0).

177]

§% 1= DS, = —qS1(D (1) — (w +a)Sy(t) + VR (D),
2 ;= DEy = qS1(D)L1(t) — (¢ + w + a)E(t),

w

s% := DI, = cE{(t) — (a+ w + x + 2)[1(t),
% := DV = aly(t) — (w +Y)Vi(t) + aEq(t) + aSy(t),
§2 1= DR, = xI;(t) + yV1(t) — (w + v)Ry(t).

CERE DS3 = —qS, (D), (t) — (w + a)Sy(t) + vR,(1),
3 := DE3 = ¢S2(D)L(t) — (¢ + w + a)Ex (D),

§3 = DIz = cE5(t) — (a + w +x + 2)[5(t),

s3 1= DV3 = aly(t) = (w + Y)V,(1) + aEx(t) + aS,(8),
83 := DRy = xI,(t) + YVo(t) — (w + v)Ry(t).

1= DS(p4y) = —qs(n)(t)I(n)(t) —(w + a)S(n)(t) + vR(n)(t),
= DE(pyq) = qS(n)(t)I(n)(t) —(c+w+ a)E(n)(t),

= DI(n+1) = cE(n)(t) —(@a+w+x+ z)I(n)(t),

= DV(n+1) = aI(n)(t) —(w + y)V(n)(t) + aE(n)(t) + aS(n)(t),
= DR(n+1) = XI(n)(t) + yV(n)(t) —(w+ v)R(n)(t).

S1(t) = (1 — gSolo — (w + a)So + VRo)L,
E;(t) = (qSolp — (¢ + w + a)Ep)t,

I(t) = (cEp — (a+ w +x + 2)[p)t,

Vi(t) = (alo — (w +Yy)Vo + aEp + aSo)t,
Ry(t) = (xIp + Yo — (w + v)Ro)t.
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(32)

(33)

(34)

(35)

(36)

(37
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Next, system of equations (34) becomes:

S5(t) = (—q(Eqc — Ip(a+ w + X + 2))(1 + Rov — Sp(a + w) — I5Soq))t3
+ (v(Iox + Voy = Ro(v + w)) = (a+ w)(k + Rov = So(a + w) = IoSoq))t?,
E5(t) = (4(Eoc — Io(a + w +x+2))(1 + Rov = So(a + w) = [oSoq))t3
+ ((Eo(a+c+ w) = IpSoq)(a+c + w))t?,
L(t) = (—(Eoc — Ip(a+ w +x +2))(@+ w +x +2) — c(Eg(a + ¢ + w) — [pSeq))t2,
V5 (t) = (a(Eoc — Ip(a + w +x +2)) — a(Eg(a + ¢ + w) —IoSoq) — (w +y)(Eoa
+Ioa + Soa — Vo(w +¥)) + a(u + Rov — So(a + w) — IpSoq))t?,
Ry(t) = (x(Eoc — Ip(a + w +x + 2)) = (v + w)(Ipx + Voy — Ro(v + w))
+Y(Eoa + Ip@ + Soa — Vo (w +y)))t>.

Next, system of equations (35) becomes:

S3(t) = (—qzcx5oc2cx3)t6 + (qoclocz)ts +(q(a+ w)rx50c3)t4 +(vxos — (v + w)ay,
+Y(Eoa +Ina + Sga — Vo(w +))) — (a + w)ay)E,

where,
o = Voy, — (a+ w)oc3,
& = ag(@+ w +x+2z)+c(Eg(a+c+ w)—1IpSpq),
o3 = n+Rov—So(a+w)—1IoSoq,
&y = Iox + Voy - Ro('\/ + w),
o5 = Egc —Ip(a+ w +X +2).
E5(t) = (q2»<3 ko k)t + (—=q(v(Iox + Voy — Ro(v + w)) — (@ + w)kq)kz)t
+(—qr3(@+c+ w)k)t* + (—k(a+ c+ w)*)B,
where,
K1 =+ Rov —Sola+ w) —1pSeq,
K2 = Kk3(@+ W + X +2) +Cry,
k3 = Egc —Ip(a+ w +x + 2),
Kk, = Eola+c+ w) —1pSoq.
I3(t) = (cqra(p + Rov — Spla + w) — IoSo@)t* + ((ta(a+ w +x+2) + cry)(@+ w + x +2) + cty(a + c + w))3,
where,
1 = Eg(a+ ¢+ w) —IpSoq,
Ty =Egc—Ip(a+ w +x + 2).
V3(t) = (a(v(Iox + Voy = Ro(v + w)) = (@ + w)dy) — a(ds(a+ w +x +2) + cdy)
+(w +Y)((w +Y)(Epa +Ipa + Sga — Vo(w +y)) + ady — adb3 — ad,) +adi(a+c+ w))B,
where,

$q = EO(a +C+ (,U) - IoSQq,
b2 = u+Rov —Sp(a+ w) —1Seq,
¢3 =Egc—Ip(a+ w +x +2).

R3(t) = (-y((w +y)oy + ao3 —aocy — a(n + Rgv — Sp(a + w) —1pS0q)) — (v + w)(xoq

= (v + w)Iox + Voy = Ro(v + w)) + yo3) — x(oy(a + w + X + ) + co3))3,

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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where,

o1 =Eogc—Ig(a+ w +x +2),
05 = Ega + Ipa + Sga — Vo(w +y), (48)
03 = Eg(a+c+ w)—1IpSoq.

The resultant solution to model (2) is obtained as:

S(t) = (~¢* a5 o03)t0 + (qo o)t +(q(a+ w)as )t + (v(xes = (v + w)ey,
+Y(Eoa + Ioa@ + Soa — Vo(w +¥))) — (a+ w)ay — qagaz) + oyt> + ozt + S,

E(t) = (¢®K3x2 k)0 + (—q(v(Iox + Voy — Ro(v + w)) — (@ + w)kq)ka)t? + (—qrsla+c+ W)kt
+(qr3kr — kg(a+c+ w)?)B + (ky(a+c+ w))® + (1oSoq — k5t + Eo,

I(t) = (cqmi(p + Rov — So(a+ w) = IpSo@)t* + ((t1(a+ w +x +2) + c1,)(@ + w + X +2)
+emp(a+c+ w))B + (—ty(a+ w+x+2) —ctp)t? + it + 1o, (49)

V(t) = (a(v(Iox + Voy = Ro(v + w)) — (a+ w)d3) — al(dyla+ w +x+2) + cdy)
+(w+Y)(w +Y)ha + ady — ady, — ad3) + adi(a+c+ w)) + (ad, — ady
= (w +Y)dy + ad3)t> + byt + Vo,

R(t) = (=y((w +y)o, +acy; —aoz —a(pn + Rov — So(a + w) —IpSoq)) — (v + w)oy

—x(o3(a+ w +x+2z)+c0o1)) + oxt> + o5t + Ro.

Furthermore, we present the following plots based on solution (49) in the graphical justification such that:

140

120 |

100

80

Susceptible Human Population

0 10 20 30 40 50 60
t

Figure 9. The plot shows the numerical simulation of susceptible human population, S(t).
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40 1

Exposed Human Population

Figure 10. The plot shows the numerical simulation of exposed human population, E(t).

Infected Human Population

Figure 11. The plot shows the numerical simulation of infected human population, I(t).

120 T T T T T

80 1

40 1

Vaccinated Human Population

Figure 12. The plot shows the numerical simulation of vaccinated human population, V(t).
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80 T T T T

70 1

a0 1

Recovered Human Population

20 [ 1

Figure 13. The plot shows the numerical simulation of recovered human population, R(t).

Susceptible Human Population

Figure 14. The plot shows the numerical simulation of susceptible human population, R(t) with asymptotic stability graphically.

Exposed Human Population

Figure 15. The plot shows the numerical simulation of exposed human population, E(t) with asymptotic stability graphically.
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Figure 16. The plot shows the numerical simulation of infected human population, I(t) with asymptotic stability graphically.

Vaccinated Human Population

Figure 17. The plot shows the numerical simulation of vaccinated human population, V(t) with asymptotic stability graphically.
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Figure 18. The plot shows the numerical simulation of recovered human population, R(t) with asymptotic stability graphically.
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Table 1. Table of description and initial condition of compartment of population

Symbol of Compartment  Description of Compartment Initial Condition
S(t) Susceptible Human Population N—-(E+I+V+R)
E(t) Exposed Human Population 10

I(t) Infected Human Population 20

V(t) Vaccinated Human Population 30

R(t) Recovered Human Population 0

N Total Population 200

Table 2. Table of description and values of parameters

Symbol  Description of Parameter Unit Value
Natural Death Rate day™ s

n Recruitment Rate day?* wxN

q Transmission rate day™* 0.2784

a Vaccination Rate day™ 05

v Lose of Immunity in Recovered Population day™* 0.1

c Rate of Infection of Exposed Population day™* 0.23

X Recovery Rate of Infected Population day™* 0.05

y Recovery Rate of Vaccinated Population day™* 0.15

z Death Rate of Infected Population due to COVID—19 Infection day™? 0.32

6 Results and discussion

We discuss the outcomes of the stability analysis of COVID—19 at both disease-free and endemic equilibrium points, the spread of the
infection is asymptotically stable locally and globally under certain conditions such that F < «. For global stability analysis the Lyapunov
function is used at disease free and endemic equilibrium points. The Lyapunov function is negative is / < « so it means that the spread of
infection will be stable and will not be spread in the population so it cannot lead to a pandemic. After the recent invention of the vaccination,
we implemented the vaccinated individuals compartment V(t) also the Figure (12) which is the graphical behaviour. We discuss the
outcomes of the Homotopy Perturbation Method by applying it to the COVID—19 model, (2). In Figure (9), the dynamics of susceptible
human population ion has been shown in which the population decreases with time due to the large transmission b and vaccination a
rates. In Figure (10), the plot shows the dynamics of the Exposed Human population in which the population increased in the first week
while then decreased asymptotically. In Figure (11), in the first two weeks, the prevalence increased due to the higher rate of transmission
and infectivity, and then the disease disappeared from the population thus the prevalence decreasing to zero. In Figures (12) and (13),
the dynamics of the Vaccinated and Recovered populations have been shown. While the Figures (14), (15), (16), (17), and (18) give the
asymptotically stable behaviour of Susceptible, Exposed, Infected, Vaccinated, and Recovered Populations, respectively by varying the
initial conditions for each class of the model (2).

7 Conclusion

In this paper, we studied the stability of the COVID—19 model which is locally and globally asymptotically stable around the disease-free and
endemic equilibrium points by having negative eigenvalues at both disease-free and endemic equilibrium points satisfying Routh—Hurwitz
criterion. Global stability is investigated with the help of Lyapunov function. The disease is locally asymptotically stable at disease—free
equilibrium point if Ry < 1while unstable if Ry > 1likewise, at endemic—equilibrium point if Ry > 1 while unstable if Ry < 1. Looking for the
behaviour of the vaccination in population, it has a positive impact on population and ability to protect the population from re—infection and
future pandemics. Individual vaccination, rapid diagnosis, and possibly early treatment are the most effective ways to prevent coronavirus
infection in the community. As is generally known, the COVID-19 infection has caused significant damage to human society, with many
developing countries experiencing significant financial losses. As a result, adequate individual vaccines and infection control should be
a priority for less developed countries in order to sustain their populations and economies. On analyzing the semi-analytic solution of
the COVID—19 models using the homotopy perturbation method, we have obtained that the homotopy perturbation method is efficient,
powerful, and more accurate and is capable of obtaining a semi-analytic solution that is both linear and non—linear as well. This method
can be applied to ordinary differential equations in integer-order and fractional orders too, partial differential equations, and boundary
value problems. The said method can be applied to the system of many differential equations and higher-order problems. In all scenarios,
the solution can be obtained semi-analytically and more accurately.
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