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Abstract

The main objective of this work is to introduce and define the concept of s—type m—preinvex function and derive the new sort of
Hermite—Hadamard inequality via the newly discussed idea. Furthermore, to enhance the quality of paper, we prove two new
lemmas and we attain some extensions of Hermite—Hadamard-type inequality in the manner of newly explored definition for
these lemmas. The concepts and tools of this paper may invigorate and revitalize for additional research in this mesmerizing and
absorbing field of mathematics.
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1 Introduction

The theory of convexity has assumed a key part and has gotten exceptional consideration by numerous scientists in the improvement
of different fields of pure and applied sciences. It all started with the book by Hardy, Littlewood and Pélya [1], where the term convexity
was used. This theory presents us with a characteristic and general system to examine a wide class of irrelevant issues. Because of its
importance, the ideas of convex sets and convex functions have been generalized in various ways utilizing novel and creative ideas. The
convex function is a class of significant functions popularly accepted in mathematical analysis. This class represents prominent parts of the
theory of inequality. Moreover, convex functions have been widely utilized in many research fields such as optimization, engineering,
physics, financial activities, etc. In optimization, the concept of generalized convexity along with inequality theory is often used. The
Hermite-Hadamard integral inequalities containing convex functions are an intense research topic for many mathematicians because
of their relevance and efficiency in use. Convex functions have a very strong association with integral inequalities. As of late, several
mathematicians have explored the close relationship and correlated work on symmetry and convexity. It is also explained that while
working on any one of the concepts, it tends to be applied to the other one too. Many familiar and relevant inequalities are modifications of
convex functions. In literature, there are some well-known inequalities such as Hermite-Hadamard inequality and Jensen inequality that
interpret the geometrical meaning of convex functions (see [2, 3, 4, 5, 6, 7, 8, 9, 10]) and the references cited therein.
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In [11], G. Toader introduced the class of m—convex functions. Soon after this many mathematicians like Latif [12] and Kalsoom [13] worked
on the investigation of m—preinvexity.

Hanson [14] presented another new class of convex functions called invex functions, with the plan to generalize the legitimacy of the
sufficiency of the Kuhn-Tucker conditions in nonlinear programming. Weir and Mond [15] introduced the preinvex function, which is an
important extension of the convex function and it helped in handling numerous critical problems. It is realized that every convex function
is a preinvex function but the converse is not true.

2 Preliminaries
Here, we remember several known definitions.
Definition 1 (see [16]) LetW¥ : A x A ¥ 9 — R then Aisaninvexw.r.t ¢(.,.)if v + 8¢(u, v) € A forevery u,v € Aand s € [0,1].

Note that, A is also called ¢—connected set.
The above definition collapses to classical convexity if ¢(u, v) = 1 — v. Therefore, every convex set is an invex but the converse is not true
in general, (see [16]and [17]).

Definition 2 (see [15]) The function¥ : A 7 9 — Ronaninvex set is called preinvex w.r.t ¢ if

W(v+8C(1y,v)) < dW(p)+ (1-8)W(v), Vu,veA, se[0,1].

Definition 3 (see [18]) Aset A C R"issaidtobe m—invexw.rt ¢ : A x A x (0,1] — R" for some fixedm ¢ (0, 1], if
mv +8¢(u, v,m) € A,
holds for every u,v ¢ A;m € (0,1]and & < [0,1].
Definition 4 [13]AW : A — Ris called generalized m—preinvexw.r.t £ : A x A x (0,1] — R" for fixedm ¢ (0, 1), if
W(my +8¢(p, v,m)) < 8W () +m(1-8)¥(v), (1)

holds for every u,v € A, 6 € [0,1].
Definition 5 (see [19]) A nonnegative function¥ : A — Ris called s—type convex function if u,v € A,s € [0,1]and § € [0,1], if

Y(ou+(1=8)v) < [1=(s(1—=8)] W (n)+[1—s5]W(v). (2)

We also want the following hypothesis regarding the function ¢ which is due to Mohan and Neogy [20].
Condition-C: Let A ¢ R" be an open invex subset w.rt ¢ : A x A — R.Forany pu,v € Aand é € [0,1]

C(v, v+ (1 v))= =8 C(1,yV)
Q(H>V+5C(H7V)): 1-19) C(LL,'V)- (3)

Forany u,v € Aand 84, &, € [0,1] from condition C, we have
C(v+32 C(1y V), vEd C(1, V)= (02 —081)C (1, V).

Extended condition-C ([21]): Forany u,v € A, & € [0,1]and A c R" be an open m—invex subset with respectto ¢ : A x X x (0,1] — R.
Then we have

¢(v,mv+8C(n,v,m)y,my= —=5¢(pn,v,m)
C(uymv+3¢(n,v,my,my= (1-25) ¢(u,v,m)
Gy vym) = —C (v, 1, m).

3 Generalized preinvex function

In this part, we are to define and explore a new class of preinvex functions namely s—type m—preinvex function.

Definition 6 Let A C R beanonempty m—invexsetw.r.t¢ : A x A x (0,1] — R. Thenthe function ¥ : A — Ris called s—type m—preinvex, if
W(mvy +5C(pm, v,m)) < [1— (s(1= 8))] W () + m[1— s8] W (v), (&)

holds vy, v € A,s € [0,1],m € (0,1]and § € [0,1].

Remark 1 (i) Ifs = m = 1, then the above definition collapses to preinvex function [15].

(if) If m = 1and ¢(p, v, m) = n — mv, then the above definition collapses to s—type convex function [19].
(iii) Ifs = m = 1and ¢(pn, v, m) = p — mv, then the above definition collapses to convex function [3].
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4 Hermite—Hadamard type inequality via generalized preinvex function

Here, we are to explore the new sort of H-H inequality via s—type m-preinvex function.

Theorem1 Let A° C R be an open invex subset w.r.t ¢ : A° x A° — Rand u,v € A° withmv + ¢(p,v,m) < v. SupposeV¥ : [mv +
¢(w, v,m), vl — (0, 00) is s—type m-preinvex function, ¥ € L{mv + ¢(u, v, m),v]forallm e (0, 1] and satisfies Condition—C then

mv+¢(u,v,m)
S WMy + 2 C(, v, m) < H e ’

2-s = Wov,m woodcrm |

v v+, Wl)dx| < (2 = )[W(R) + m¥(v)].

Proof Since p, v € A° and A° is an invex set with respect to ¢, for everym € (0,1] and § ¢ [0, 1], we have mv + (., v, m) € A°. For the
left side, using the Definition 6, put & = 1,

Y(my +5¢(x,y,m)) < [1—(s(1—8))I¥(x) + m[1— (s5)1¥(y)

wmy + Setoym) < [1- ()] [w60 + mu)],
putx = mv + 8(n, v,m)and my = mv + (1 — 6)¢(u, v, m) in the above inequality So we obtain
W(my + 2006y, m)) = W(my + (1= )&, v, m) + 2.0(my + 51, v, m), my + (1= 8)&(y, v, m), m)). (5)
Now by using Condition C, we have

C(m\/ + 5C(p,'\/,m),m'\/ + (1_ B)C(H,V,m)) = (5 -1+ 6)C(P‘-1V;m)

c(mv +8¢(w, v,m),mv +(1-8)(n, v,m)) = (26 — 1), v,m).

Now we put the value of ¢ in (5), then as a result, we get

w(my + 220y, m)) = W(my + (1= 5k, v,m) + 3 (25 = Dk, v, m))
w(my + 2 206y, m)) = W(my + (1= 5+ 5 = 2)e(u, v, m))

‘y(my + %C(le; m)) = ¥(mv + %C(H, v, m)).
Thus,

‘l’(mv + %C(u, V>m))

< {1— (%)} H:W(mv +80(1, v, m))ds + mE W+ (1;16)

< {1 - (%)} _1 [ I Iy s m JV w(x)dx].

C(H-yvim) mv mV"'cﬁ#vva)

(1, v, m))ds}

For the right side of the inequality and from the property of s—type m—preinvexity, we have

v

+C(w,v,m)
! Hmv va‘y(x)dx+m_[

o(p,v,m) \y(x)dx}

mv+Z(p,v,m)
mv "

(1-38)
m

< U: w(my + 5, v, m))ds + mj;ww R i vy m)ds|

1 1
< j [1— (s(1 - 8))]W(w)ds + mj [1— (s5)]¥(v)ds
0 o]

1 1
+ J [1—s5]w(w)ds + mJ [1-(s(1-8))]¥(v)ds
0 0

< (2 ; s) [W() + W(p) + m(W(v) + ¥(v)))]

< @ =)[W(w) + m(¥())].

This is the required proof. |

Corollary1 If s =m =1and ¢{(u, v,m) = u — mv, then we get Hermite-Hadamard inequality in [22].
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Remark 2 If m = 1, then we attain the inequality

v+(1,v) v
o e < s [ woodcs LC(W)W(x)dx] < @-9)[W() + v,

Remark 3 If s = 1, then we get the inequality

1 v
2¥(mv + 5C(p,v,m)) <

1 Umwc(u,v,m)

m W(x)dx + mJ

W(x)dx} < [W(u) + my(v)].

mv+¢(p,v,m)
mv o

Remark 4 If s = m = 1, then we get the inequality

wive 2 v) < [ wogdns [ woodd] < G0 + wv)
2 (V*'EC(H»V) ,m“"/ (x X+Jv+&(p.,v) X X} < [W(w) + W(v)].

5 Refinements of Hermite—Hadamard type inequality
The main aim of this section is to examine the refinements of Hermite—Hadamard inequality via s—type preinvex functions.

Lemma1 LetV : [u, mu + (¥, u, m)] — Rbeadifferentiable mappingon (., mu + (¥, u, m)) witho < ¢ < 1andmp+ ¢(v, u,m) > u > 0.
IfV e £ (w,mu+ (¥, u,m)) andforallm € (0,1], then

W) + Wmp + (¥, 1,m)) c meé(%,u,m)w(x)dx _ v, cpym) Jl

_ ' (mY v
" e ). = (1-28)w (mc +50(1, C,m)) ds. (6)

0

Proof

1
+2
0

(v, cu,m) (1 , [ mv v _C(v,epym) | (1= 20)W(MY + 5¢(p, X))
TL(l—Zé)‘i’ <T+5C(”’?’m)> ds = > { c(u,c%,m) <

[} B 0Ll g
o a(“;%)m)

‘JJ(m +

_ v, e, m) {C(‘l’(u)ﬂi’(muﬂ?(%,u,m)) 2 Jl
o c

y
2¢ o) RO ey, ¥, m))ds |

_ W) Wmu+(F,m,m) meé(%:urm) W)y,

2 C(Vycliym) n

which gives the proof. |

Lemma2 LetV : [u, mu + (¥, u,m)] — Rbeadifferentiable mappingon (u, mu + ¢(¥, u, m)) witho < ¢ < 1and mp+ ¢(v, u,m) > u > 0.
IfV € £ (w,mu+ (¥, u,m)) andforallm € (0,1], then

mut C( 3, 1,m)
7C(VCC m)J e w(x)dx—w<—2m”+cz(cv’”'m)>
) CHY n
1 1
- M{J % <@+5c(u,l,m)> dé—J y/ (mmc(u,l,m)) dé}. 0
c o c c 12 c c

Proof

M {f % <? + 50w, %,m)) ds - rzw’ (mcv +5¢(n, %,m)) dé}

o 1/ c

_vyemm) [W(@ +5¢(1, X, m)) |t —Jl WIR + 8L, ¥, m) Lo WO + 58(w, ¥, m))

1
ds
c C(Hy%;m) 0 0 C(u)%ym) C(Hy%vm) ;:|
_dvyepym) [ocW(p) c 1y mv v _ c _w [ @mp+ (v, u,m))
- c {&(Cu,v,m) ¢lew, v,m) Lw( ¢ Toclm gm)ds ¢lew, v,m) <W(u) W( 2c )ﬂ
mu+ (1, 1,m)
- c J. " c ok ‘{/(x)dx —y (2mp.+ C(Vy H, m)) ,
(v, e, m) Jy 2c
which gives the proof. |

Theorem 2 LetX° C Rbeanopeninvexsubsetw.r.t( : X° xX° — Rand u, v € X°withmv+¢(u,v,m) < v.Suppose ¥ : [mv +(u, v, m),v]
be a differentiable function on X° . If |W’| is s—type m—preinvex function on (w1, my + ¢(v, n,m)) form € (0,1]ands € [0, 1], then

W) +Wmu+ (¥, mm) e dx
2 (v, e, m)J

. < St 225 [yl smiv (V) 1]} ®
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Proof According to Lemma 1, one has

W(p) + Wmp + (¥, p,m)) c ’"”*C(%*“'m) _ v, cp,m)

Since |W’'| is s—type m—preinvex on (u, u + (v, w)), we have

W(H) +W(mu+ C(%yuy m)) _ C mu+l(%’u’m) C(Vycu: m) 1 _ _ _ ! _ el
‘ ) o m L Ydx| < =02 L l1=251 [(1=s(1 =)W' (W) + m(1—s8)Iw' () 1] ds
1 1
< amm) {Iw’(u)lj I1— 26511 —s(1—8)ds + mly’ (1) IJ I1—26I(1—55)d6}~ (9)
2C o c/ o
Since,
1 1 §—2
J 1-s@-29))I1—25lds :J (1—-s8)l1—258lds = ———.
0 0 4
Putting the value of the above computation in (9), then we obtain the required proof. |

Theorem 3 LetX° C Rbeanopeninvexsubsetw.r.t ¢ : X° xX° — Rand p, v € X° withmv +¢(u, v,m) < v.SupposeV¥ : [mv+(u,v,m),v]
be a differentiable mapping on X° . If | W' |4 is s—type m—preinvex on (y, mu + ¢(v, w, m)) forp,q > 1, + + % =1m < (0,1]ands < [0,1], then

Sw[ﬁ}”’{ =S (1919 + ml’ (g)w]}”‘? (10)

W)+ WOmp S M) e e
2 C(V,Cu,m)Ju

Proof According to Lemma 1 and applying Holder’s inequality, one has

"{J(p)+\}’(mp.2+ (¥ nym) C(V,Ccuym) mec(%,u,m) w0odx| = ML — 25| ( - +5C(u,* m)) |ds
< nanm (J;h—zélpdé)l/p (J e (st ¥,m)) |qu>1/q. ()

Since [W’|4 is s-type m—preinvex on (i, mp + (v, w, m)), we have
J \% ( iy m)) 9ds = |w' (u)lqj (1= s(1- 8))ds + mlw' (¥ )qu (1-s5)ds.
0

Now, equation (11) becomes

W)+ W(mp + o(¥,1,m) c J’"“"C(%'“'m) w(odx
2 (v, enym) Jy
t(v,cpym) [ 1 WP aft g aftq— 1
<t [pﬂ} (Iw(u)l J (15— 5)ds +mlw’ (Y) | L(l 56)d6> . (12)
Since,
1 1 s—2 1 1
1-s(1-56 déz-[ 1-55 dz’>=——[|1—26|pd5=[ }
| a-sa-spds=| a-so) = i
Putting the value of the above computation in (12), then we obtain the required proof. |

Theorem 4 LetX° C Rbeanopeninvexsubsetw.r.t : X° xX° — Rand p, v € X°withmv+¢(u, v,m) < < v.Suppose ¥ : [mv+¢(w,v,m),v]
be a differentiable mapping on X° . If [’ |4 is s—type m—preinvex on (w, mp + ¢(v, u,m)) forp,q > 1, 5 + 5 =1, m € (0,1] ands € [0,1], then

< o(v, CCH,m) L(:ﬂ)} {¥ [lq’/(uﬂq +mlv’ (%) |q]}

1/q

‘y(u)+‘i’(mu+ C(%v”:m)) C m"”c(c M) w(x)dx
2 (v, cu,m) J

(13)

Proof According to Lemma 1 and applying Holder’s inequality, one has

’wm) rwimp s+ o(¥,m,m) Ju%(%vu) W(0dx

< Gv,eym) J
2 (v, cu, m) - 2c

0

— 25|y’ ( c +z‘>c(u, , )) |ds

1
- MJ 11— 25YP|1 = 25/Ya ]y’ ( +5é(u,* m)) lds
2C o c

< w (Eh_zéldé)l/p q l1-25]1v ( c +5c(u,f m)) qué)llq. (14)
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Since |W’|4 is s-type m—preinvex on (i1, my + {(v, w, m)), we have

E v (2 £ 520, %,m)) |9ds = IW’(u)IqE(l—s(l— s)ds +miw' (¥) Iqﬂ(l—sé)dé.

Now, equation (14) becomes

W)+ Wimp + o(¥,1,m) c med%,wm) w(dx
2 (v, cp,m) i
1 1/p 1 1 1/q
< dv,anm) (j |1—25|d5> (I‘P’(u)qu I1-251(1 - 51~ 8))ds +mlw’ (Y) |QJ |1—zzs|(1—sk)dzs) : (15)
2¢ 0 0 ¢ 0
Since,
1 1 s—2
J [1—25l(1—s@—-28))ds =J [1—25l(1—s8)ds = ——=
0 0 4
1 1
J [1-25lds = =.
o 2
Putting the values of the above computations in (15), then we obtain the required proof. |

Theorem 5 LetX° C Rbeanopeninvexsubsetw.r.t : X° xX° — Rand u, v € X° withmv +(u, v,m) < v.SupposeV¥ : [mv+(u,v,m),v]

be a differentiable mapping on X° . If | W’ |4 is s—type m—preinvex on (w, mu + ¢(v, u,m)) forp,q > 1, % + % =1m < (0,1]ands < [0,1], then

W(x)dx

2 (v, cu,m)

“P(u)+‘i’(mu+ (¥, wym)) c mec(%,u,m)
n

< ngum [ 11" {{3_625I‘1”(u)lq+ 2ty ()1} B o 3 m (Y) H}llq]. (16)

Proof According to Lemma 1 and applying Holder-Iscan inequality, one has

"P(H) +W(mu+ C(%y I, m)) _ c -[mli*'C(%yH:m) W(X)dX < C(chuv m)
2 o(v,cu,m) J = 2C
1 1/ 1/, 1/
x Kr(l— 5)|1—25|Pd5) P (Jlu— 5) v’ (g +50(p, %,m)) qu6> ! + (Jl 5|1—25|Pd5) P (Jl 5w (? +8¢(u, %,m)) qué) q} .
(0] 0 0 0
(17)
Since |W’|4 is s-type m—preinvex on (1, mp + (v, 1, m)), we have
1 /mv v ot 1 Ay 1
L lw (T +5¢(n, ?,m)) |9d5 = [w (u)qu(l—S(l— 5)ds + mlw' () |QL(1—ss)ds.
Now, equation (17) becomes
W)+ Wmp+ o, mm) ¢ meﬂ(%:wm) Wi
2 C(chu; m) n
1/ 1/
< C(V;ic“m) m;(l— 5)|1-26|Pd5> P (|‘~l’,(u)|qJ.(l)(1— 8)a-s1-s)ds +mlv’ (V) |‘1L1)(1— 6)(1—56)d5) !
N (Jl 5|1_26|Pd6)1/p (w’( )|‘1J1 5(1=s(1- 8))ds + mlv' (¥) |qr 6(1_58)d8)1/q (18)
0 H 0 ¢ 0 '
Since,
Jl(1— 8)(1—s(1—8))ds = ré(l—sé)dé --%-3
(o) 0 6
Jl 5(1—s(1-8))ds = Jl(1— 5)(1—s8)ds = —>_3
o 0 6

1 1
J 5l1—251Pds :J 1-258)I1-25lPds = {;} .
0 0 2(p +1)

Putting the values of the above computations in (18), then we obtain the required result. |
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Theorem 6 LetX° C Rbeanopeninvexsubsetw.r.t¢ : X° xX° — Rand pu, v € X° withmv +(u, v, m) < v.SupposeV¥ : [mv+(u,v,m),v]
be a differentiable mapping on X° . If |W’ |4 is s—type m—preinvex on (w, my + ¢(v, u,m)) forq > 1, m € (0,1]ands € [0, 1], then

W) +Wmu+ o(¥, ,m) ¢ Jm““%“mhwnmfg““cmm)Frﬂm
2 (v, cu,m) Jy 2¢ A
L4738 11 s A= S iy <1> a v A= S 1y la+ =B mw (l) 19 1q (19)
16 16 c 16 16 C ’
Proof According to Lemma 1 and applying Improved power-mean inequality, one has
W)+ Wmp+ o, mm) Jm““%”mhwmm
2 (v, cu,m) Jy
1 1-1/q , 1 1/q
< dviamm) {(J (1-38)1- zsldé) <J (1-8)l1—25]W <m +50(, X,m)) qus)
2C o o c c
1 1-1/q , 1 1
. (J 5|1—26|d6) (J sl1— 281w/ (@ + 52, X,m)) |qd5> } (20)
o o c c
Since [W'|4 is s-type m—preinvex on (y, my + ¢(v, w, m)), we have
1 mv v 1 v 1
J|W’<47+6Cu%4nn0>Wd&:lw%quJ(1—(1—5Dd6+nﬂw’( )HJ(1—smd&
C C 0 C 0
Now, equation (20) becomes
W)+ Wmpr o, mm) me“%”mxwmm
2 (v, cny,m) Jy
1 1-1/q 1
< C(V%C“’m) {(f a-8)1- 25|d5) (I\lf’(u)lq[ (1-28)1-258l(1-s(1-6))ds
0 0
v 1 1
+mPW(7)WJ(1—6”1_2Mu—45M5)
¢ 0
1 v 1 1/q
ml-zsul-ql-s»d5+nnw’(z)HJ M1—26K1—s&d5> . (21)
o]

+ (Jl 51— z&ldé)H/q <|w’(u)lq Jo

(4

354
16
s—4

16

Since,
1 1

I a-8)1-25l(1-s@—23))ds :J 5l1—28l(1—s8)ds =
(0] (0]

J16|1_26|(1—S(1—6))d8 :f1(1—5)|1_25|(1—55)d5 = -
(0] 0

1 1 1
J 5l1—25]ds = J (1-6)l1—25lds = [7}
0 0 4
Putting the values of the above computations in (21), then we obtain the required proof.

Theorem 7 LetX° C Rbeanopeninvexsubsetw.r.t¢ : X° x A° — Rand p, v € X°withmv+¢(p,v,m) < v.Suppose ¥ : [mv +(u, v, m), vl
be a differentiable mapping on X° . If | W’ |4 is s—type m—preinvex on (w, my + ¢(v, u,m)) forq > 1, m € (0,1] ands € [0, 1], then

< Sntmm) (1174 (228 it cmive (2) 1) o

c mu+C(%,u,m)‘y d
J (x)dx 2C 2 4

(v, cpu,m)

T

‘WUO+W0nu+d%nmnﬂ)_
2

Proof According to Lemma 1 and applying Power-mean inequality, one has
1
MJ 1251w <$ +8¢(n, %,m)) |ds

W)+ W(mp + (¥, u,m)) c rwﬂ%%mwumXS
2 C(V> Ccu, m) T 2C 0
1 1-1/q , 1 1/q
< St ([ stas) ([ - 2ot (M v s, Ym) 19 (23)
2c 0 0 c c

Since |W’|4 is s-type m—preinvex on (u, mp + (v, i, m)), we have

EPV(T1+BQM%NM)H%:PV@N”?L%@—MMEHMW%Z)WEU—%M&
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Now, equation (23) becomes

W) + Wmp + (¥, 1,m)) c Ju%(m%,u,m)

| 2

< ¢(v, e, m)

o (J: I1—25|d5>1_1/q <|\w(u)|q£ [1-251(1—s(1—5))ds +m|v¥’ (%) |qE |1—26I(1—55)d5>

Since,

Jl [1-25l(1—-s@—-3))ds =r|1_25|(1—ss)d5 =-_=
0 0 4

Y(x)dx

(vycpu,m) Ju

s—2

1 1
J [1-25]ds = .
o 2

Putting the values of the above computations in (24), then we obtain the required proof.

1/q

(24)

eorem 8 Le C Rbeanopen invex subset w.r. xX° = Rand u,v € X°withmv +(w, v,m) < v uppose mv+(w,v,m),v
Th 8 LetX° C Rbeanopeni bsetw.r.t ¢ : X° xX° — Rand X° with o ) < v.Suppose ¥ : [ o ), v
|9 is s—type m—preinvex on (1, my + ¢(v, u, m)) forp,q > 1, l +1=1mec(o,1)ands ¢ [0,1], then

be a differentiable mapping on X° . If | W’

c J"ﬂ”((%:
(v, cu, m) n

_ dv,enym) {( 1

= c p+1

P

,m)
umw(x)dx_%%(:,wm))‘

>1/p{—[l‘i’(u)lq+ml‘¥( )m} AU GO i (Y )|q}’q].

Proof According to Lemma 2 and applying Holder’s inequality, one has

c Myt ((F,1,m)
(v, cp,m) J

_ ilv,epn,m) {Jl sy (

C

IN

2C

Y(x)dx — ¥ (M)‘

1
£50m, Y m)) ds—[ W (m 5, X,m)) dé}
1/2 C C

<o [([as)” oo (5 s m) s} ([ (5 s ) s}

M {(pil)ﬂp {J:[l—s(l— )W () 1ds + mJ:[l—sé]I\P/ () qué} .

+ {L (1-s(1- &)1V (u) 195 +mJ [1-s8]1w (%) qus}l/q]

v ip - v
w[(ﬁ) {%uw'(unhmw«?)w]} +{‘* 535 1y (19 + mlw' (Y )m} }

which gives the proof.

(25)

Theorem 9 LetX° C Rbeanopeninvexsubsetw.r.t ¢ : X° xA° — Rand u, v € X° withmv+Z(n,v,m) < v.SupposeV¥ : [mv+(u, v, m),v]
be a differentiable mapping on X° . If |W’ |4 is s—type m—preinvex on (w, mu + (v, u,m)) forq > 1, m e (0,1] ands € [0, 1], then

+0(3¥F,1,m)
‘76 Jmu M xdx - w <—2m” + iy, ”’m)>'

¢(v, e, m)

2C

sM{(Z)l 3w s 3 mw o (A3 i o miw (Y )Iq]}/q]-

Proof From Lemma 2 and applying power-mean inequality, one has

mu+C( 3, 1,m)
'7c J e L1l(x)dx—ty(—2’"“)'&(\” “’m))‘

(v, cu, m)

2C

- Lt {1 (Mg, Y, m) dzs—Ll/Z\y’ (P + 5, % om)) as)

[ { e (2 st o) )™ (2 st o) )

(26)
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< awm [<1>H/q {Jl 81— s(1 — )W () s + qu sl-ssllw’ (¥) |qd5}1/q}

C 2 0 )

¢ 1 1

1-1/q _ _ 1/q _ 1/q
M{(;) {%W(u)m%mw%w} +{‘*T35[|w'(u>|hm|w/<%>|ﬂ} }

o Lo s s o 9ds e[| t=ssw (Y) 'q‘“’}lm

which gives the required proof.

6 Conclusion

In this work, we showed and investigated a novel idea of preinvex function namely s—type m—preinvex function and the new sort of
Hermite—Hadamard type inequality via newly introduced definition are examined. Further, our attaining results in the order of lemma can
be considered as refinements and remarkable extensions to the new family of preinvex functions. In the future, we hope the results of this
paper and the new idea can be extended in different directions like fractional calculus, quantum calculus, time scale calculus, etc. We hope
the consequences and techniques of this article will energize and inspire the researcher to explore a more interesting sequel in this area.
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