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Polyanalytic Nonlinear Boundary Value Problems for Upper Half Plane
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Abstract. Our aim is to improve the techniques of partial differential equations in complex variable.
In this article we consider the explicit representations for polyanalytic Dirichlet boundary value problems in the
upper half plane. We also point out the solutions of some simple nonlinear equations.
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1. Introduction

The boundary value problems are known as Dirichlet, Neumann, Robin, Schwarz are inherited from Riemann and
Riemann-Hilbert problems. In this article, our discussions are limited to Dirichlet problems. Dirichlet problems may
be decomposed into two subgroups; either having a polyanalytic leading term as in Begehr and Kumar [7–9] or a
polyharmonic leading term as in Kumar and Prakash [18, 19]. For both of the cases we know the explicit integral
representations.

In this article, we restrict ourselves to the equations with polyanalytic leading terms. Let us also note that the
boundary value problems have been investigated by many researchers in bounded domains, relevant examples are
given for example by Çelebi and Gökgöz [15, 16], Aksoy and Çelebi [4, 5], Begehr, Du and Wang [10]. The results in
unbounded domains are also obtained. We want to state just several of them. A short list of such investigations may
give us Akel and Begehr [1, 2] and Aksoy-Begehr-Çelebi [3], Begehr and Gaertner [12], Chaudhary and Kumar [14],
Gaertner [17].

We feel ourselves to improve these results as in general theory of partial differential equations in C.

2. Preliminaries

Firstly, we recall the Gauss theorem:
Let D ⊂ C be a regular domain, that is a bounded domain with piecewise smooth boundary ∂D. Take w ∈ C1(D;C) ∩
C(D̄,C), then

1
2i

∫
∂D

w(z)dz =
∫

D
wz̄(z)dxdy

and
−

1
2i

∫
∂D

w(z)dz̄ =
∫

D
wz(z)dxdy,
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https://orcid.org/0000-0003-4381-1535
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where z = x + iy. For the proof of these formulas see [13, 20].
Now let us take H = {z : 0 < Im z} which is the upper half plane. Let w ∈ W1,1(H;C)∩ C(H;C).

To apply the Gauss theorem we take the restricted domain

HR = {z : 0 < Im z, |z| < R}.

Hence, we can apply Gauss theorem:
1
2i

∫
∂HR

w(z)dz =
∫
HR

wz̄(z)dxdy.

Firstly, assuming
lim

R→+∞
RM(R,w) = 0,

where M(R,w) is the maximum value of w in HR

M(R,w) = max
|z|=R

0≤φ≤π

|w(z)|

gives us the Gauss theorem in H:
1
2i

∫ ∞

−∞

w(t)dt =
∫
H

wz̄(z)dxdy.

Thus, we can state the Cauchy-Pompeiu representation for the upper half plane by the following:

Theorem 2.1 ( [17]). If w : H→ C satisfies |w(x)| ≤ C|x|−ε for |x| > k and wz̄ ∈ L1(H; C), then

w(z) =
1

2πi

∫ ∞

−∞

w(t)
dt

t − z
−

1
π

∫
0<Imζ

wζ̄(ζ)
dξdη
ζ − z

,

w(z) = −
1

2πi

∫ ∞

−∞

w(t)
dt

t − z̄
−

1
π

∫
0<Imζ

wζ(ζ)
dξdη

ζ − z
,

where z ∈ H.

Once we have obtained this Cauchy-Pompeiu representation given in Theorem 2.1 we may extend it to higher-order
integral representations.

Theorem 2.2 ( [17]). Let for w ∈ Wk,1(H,C), limR→+∞ RνM
(
∂νz̄w,R

)
= 0, where 0 ≤ ν ≤ k − 1. And also z̄k−2∂k

z̄w ∈
L1(H,C) when k ≥ 2. Then,

w(z) =
k−1∑
ν=0

1
2πi

∫ ∞

−∞

1
ν!

(z − ζ)ν

ζ − z
∂ν
ζ̄
w(ζ)dζ

−
1
π

∫
H

1
(k − 1)!

(z − ζ)
k−1

ζ − z
∂k
ζ̄
w(ζ)dξdη,

where z ∈ H.

This result will enable us to find the representation of the solution for higher-order Dirichlet problem in the upper
half plane, see [17].

Now, we want to define the integral representation of a complex function in the upper half plane H, as in [14].
Let Fk be the space of functions w in Wk,1(H,C) for which limR→∞ RvM

(
∂v

z̄w,R
)
= 0, 0 ≤ v ≤ k−1 where M

(
∂v

z̄w,R
)
=

max |z|=R
0≤Imz

∣∣∣∂v
z̄w(z)

∣∣∣ and z̄k−2∂k
z̄w ∈ L1(H,C). Then, using ( [17], Theorem 4), it follows that w ∈ Fk is representable as

w(z) =
k−1∑
ν=0

1
2πi

∫ ∞

−∞

1
ν!

(z − ζ)v

(ζ − z)
∂v
ζ̄
w(ζ)dζ

−
1
π

∫
H

1
(k − 1)!

(z − ζ)k−1

(ζ − z)
∂k
ζ̄
w(ζ)dξdη, for z ∈ H.
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Let us also note that for z = x + iy ∈ H, γ ∈ Lp(R,C), p ≥ 1

lim
z→t0

1
π

∫ ∞

−∞

γ(t)y
|t − z|2

dt = γ (t0) .

Now, we can define the higher-order Pompeiu operators T0,n for H, as studied in [11]. For w ∈ Fk we can state

T0,nw(z) =
"
H

∂n
ξ̄
w(ξ)

(z − ζ)n−1

(z − ζ)
dξdη.

We assume that, one of the regularity conditions

lim
R→∞

RnM(w,R) = 0

or
|w(z)| = O

(
|z|−n−δ

)
as z→ ∞

hold. Then, we can give the following lemma.

Lemma 2.3 ( [17]). Let w be a continuous function satisfying above regularity conditions. Then,
(i) T0,nw(z) exists as a Lebesgue integral and is continuous in H.
(ii) In the sense of Sobolev derivatives

T kw(z) := ∂z̄T0,nw(z) = T0,n−1w(z).

Also, it is easy to show that
∥∥∥T0,n

∥∥∥ is bounded and ∂l
z̄T0,n are compact operators for 0 ≤ l ≤ n using similar

computations given in [6, 11]. In a similar way we may prove that the operator Πn which is given by

Tn,0 f (z) := Πn f (z) = ∂n
z T0,0 f (z)

is a bounded integral operator [6], [11].
We may start to discuss the polyanalytic Dirichlet problem in the upper half plane. Now, we state the existence and

uniqueness theorem for Dirichlet problem in the upper half plane [14].

Theorem 2.4. For w ∈ Fn, the Dirichlet problem for the inhomogeneous polyanalytic equation in the upper half plane
H,

∂n
z̄ w = f in H, ∂v

z̄w = γv on R, 0 ≤ v ≤ n − 1

is uniquely solvable for f ∈ Lp,2(H,C), p > 2 satisfying regularity conditions above and

tλγλ(t) ∈ Lp(R,C) ∩C(R,C), 0 ≤ λ ≤ n − 1

if and only if for z ∈ H
n−1∑
λ=v

1
2πi

(−1)λ−v

(λ − v)!

∫ ∞

−∞

γλ(t)(t − z)λ−v dt
t − z̄

+
(−1)n−v

(n − v − 1)!
1
π

∫
H

f (ζ)(ζ̄ − z)n−1−v dξdη
(ζ − z̄)

= 0.

Then, the solution is given by

w(z) =
n−1∑
λ=0

1
2πi

(−1)λ

λ!

∫ ∞

−∞

γλ(t)(t − z̄)λ
dt

(t − z)

+
(−1)n

(n − 1)!
1
π

∫
H

f (ζ)(ζ − z)n−1 dξdη
ζ − z

.

From this representation we may define the relevant Pompeiu operator, choosing homogeneous boundary conditions:

T0,n(∂z̄w) =
(−1)

(n − 1)!
1
π

∫
H

f (z)
(ξ̄ − z̄)n−1

ξ − z
dξdη.

The general form of polyanalytic linear equation is

∂k
z̄w +

k∑
j=1

[
q1 j(z)∂ j

z∂
k− j
z̄ w + q2 j∂

j
z̄∂

k− j
z w̄

]
+

k∑
l=0

l∑
m=0

[
aml(z)∂m

z ∂
l−m
z̄ w + bml(z)∂m

z ∂
l−m
z̄ w̄

]
= f (z), z ∈ H. (2.1)
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Substituting the function w by T kw = g we get (
I + Π̂ + K̂

)
g = f ,

where

Π̂g =
k∑

j=1

(
q1 jΠ

jg + q2 jΠ jg
)

is bounded and

K̂g =
k∑

l=0

l∑
m=0

[
aml∂

m
z T k−l+mg + bml∂

m
z T k−l+mg

]
is compact. Then, we use Fredholm alternative to arrive the solution of the Equation (2.1). This technique may be
employed for Dirichlet, Neumann, Robin and Schwarz boundary value problems over any regular domain in C.

3. Nonlinear Equations

In this section, we give some solution techniques of homogeneous Dirichlet problems for nonlinear equations.

3.1. First Kind of Nonlinear Boundary Value Problems. Let us start with the inhomogeneous Dirichlet problem
having homogeneous conditions:

wz̄ = f (z)wα, α ∈ R, z ∈ H, α , 1, 0
w(x) = 0.

This equation may be converted into
w−αwz̄ = f (z)

or

∂z̄

(
1

1 − α
w1−α

)
= f (z).

Now, let us call
1

1 − α
w1−α = w1(z),

then

∂z̄w1 = f (z),
w1(z) = T f (z),

or
1

1 − α
w1−α = T f (z).

Thus,
w(z) =

[
(1 − α)T f (z)

] 1
1−α .

3.2. Second Kind of Nonlinear Boundary Value Problems. The inhomogeneous Dirichlet problem having homo-
geneous boundary conditions in this case is

wz̄ + f1(z)w = f2(z)wα, α , 0, 1

w(x) = 0.
Let us start with

∂z̄

(
1

1 − α
w1−α

)
+ f1(z)w1−α = f2(z).

Defining 1
1−αw1−α = w1, we get

∂z̄w1 + f1(z)(1 − α)w1 = f2(z)

∂z̄

[
w1e

∫
(1−α) f1(z)dz̄

]
= f2(z)e

∫
(1−α) f1(z)dz̄.

Hence,
1

1 − α
w1−αe

∫
(1−α) f (z)dz̄ = T

(
f2(z)e

∫
(1−α) f1(z)dz̄

)
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or

w =


T

(
f2(z)e

∫
(1−α) f1(z)dz̄

)
(1 − α)

e
∫

(1−α) f1(z)dz̄


1

1−α

,

w(z) =
e− ∫

(1−α) f1(z)dz̄(1 − α)T
(

f2(z)e
∫

(1−α) f1(z)dz̄
)] 1

1−α

.

3.3. Third Kind of Nonlinear Boundary Value Problems. The inhomogeneous Dirichlet problem with homoge-
neous boundary conditions in this case is

wz̄ + f1(z)w + f2(z)w2 = f3(z) (3.1)

w(x) = 0.
To find a solution we should eliminate f3(z). Thus, we assume that a function w = u(z) satisfies (3.1). Then, start with
w = w1(z) + u(z) to eliminate f3(z). Substitute this function in (3.1):

w1z̄ + uz̄ + f1(z) (w1 + u) + f2(z) (w1 + u)2 = f3(z)

and
w1z̄ + f1w1 + f2

(
w2

1 + 2uw1

)
+

(
uz̄ + f1u + f2u2 − f3

)
= 0

or
w1z̄ + ( f1 + 2u f2) w1 + f2w2

1 = 0.
Hence, (3.1) is reduced into second kind nonlinear boundary value problem.

3.4. Nonlinear Boundary Value Problems. Now, we take the Dirichlet boundary value problem in the upper half
plane H for

∂n
z w = F(z,w,Dα1 w, ...,Dαn w) (3.2)

with homogeneous boundary conditions, in which D = (∂z, ∂z), α j = (k, l), |α j| = k + l = j; j = 0, 1, 2, ..., n and

D(k,l)w =
∂k+lw
∂zk∂z̄l = ∂

k
z∂

l
z̄w

for k, l ∈ N0 and 0 ≤ k + l ≤ n with the restriction (k, l) , (0, n). To simplify the notation we use

{Dα1 w,Dα2 w, ...,Dαn w} =
{
∂k

z∂
l
zw

}
=

{
wk,l

}
.

Thus, the equation (3.2) may be written as
∂n

z w = F(z,
{
wk,l

}
).

We assume that, the function F holds the following conditions [3];
(1) The function F

(
z,

{
wk,l

} )
is continuous with respect to all of its variables,

(2) For any multiple
(
z,

{
w∗k,l

} )
where

{
w∗k,l

}
∈ Lp(H), p > 2,

F
(
z,

{
w∗k,l

} )
∈ Lp(H) holds

(3) The function F(z,
{
wk,l

}
) satisfies the Lipschitz condition with respect to the variables

{
wk,l

}
.

Besides we know that we can convert
∂n

z w = F(z,
{
wk,l

}
)

into the integral operator

w = T0,nF =
(−1)

(n − 1)!
1
π

∫
H

F(ξ, η)
(ξ̄ − z̄)n−1

ξ − z
dξdη.

Thus, we find the solution.

4. Conclusion

In this article, we have given some techniques for the solutions of nonlinear complex partial differential equations.
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[16] Çelebi, A.O., Gökgöz, P.A., A note on the Schwarz problem in a ring domain. In: Current Trends in Analysis and its Applications and

Computation: Trends Math., Switzerland, (2022), 31–39.
[17] Gaertner, E., Basic complex boundary value problems in the upper half plane, Ph.D. Thesis, FU Berlin. Available at http://www.diss.fu-

berlin.de/2006/320/.
[18] Kumar, A., Prakash, R., Mixed boundary value problems for the inhomogeneous polyanalytic equation, Complex Var. Elliptic Equ.,

51(3)(2006), 209–223.
[19] Kumar, A., Prakash, R., Iterated boundary value problems for the inhomogeneous polyanalytic equation, Complex Var. Elliptic Equ., 52(10-

11)(2007), 921–932.
[20] Vekua, I.N., Generalized Analytic Functions, Pergamon Press, Oxford, 1962.


	Polyanalytic Nonlinear Boundary Value Problems for Upper Half Plane. By ,

