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ANALYTICAL SOLUTION OF THE TRUNCATED 
INTERARRIVAL ERLANGIAN QUEUE: ERIM/C/K WlTH 

BALKING AND RENEGING 

A.1. SHAWKY· and A. A. BADAWY 

ABSTRACT 

This paper aimed ıo Irelll ılıe aııalyıicııl sOIUliolı of the IrImcated 
iııternrrival Er/mıgimı qııcııe; E/M/dk wlı/ı ba/kiııg ant! reııegiııgfor 
general valuel' of r, C ııl/d k, The discipliııe coıısit!ered Iıere i,f FIFO. 
Same previol/sly pııblis/ıed resul/s are showıı to be special cm'es of the 
preseılt res/llts. 

Key Words:Balkilıg , Reııegiııg. Sleady-sfatC Probability. Trııııcafet! 

"'femrrival Er/mıgimı Qııeııe. 

1. INTRODUCTION 

Gupta [4] has emphasized that the solution of the steady - state probabilities of 

the truncated Erlangian queues without balking and reneging concepts should be 
numericaUy and compuıer oıiented. White et aL. [18] have solved same special cases 

numerically for k;; 1,2 and r;; 2 only but wiıhouı any concept. Morse [81treated the 

non truncaıed C3se wilhouı balking and reneging. Shawky [llJ lreaıed the system of 

machine interference model: MlM/1/k/k wi lh balking, reneging and an addilional server 

for longer queues, in [12] he studied the system: MlMlc/kIN witlı balking, reneging and 

spares, and also in (13] he discussed the system: H/M/c/klN wilh balking and reneging. 

AJ-Seedy and AJ-lbraheem [I] studied the system: Hı/MlIIk+Y/k+Y with the concepts 

of balking, reneging, state - dependent , spares and an additional server for Ianger 

queues. Shawky and Eı-Paoumy [15] treated the queue: HılMlc/N with bl.l lking and 

reneging, in [16] they trealed the queuc: HkIMJ2IN with balking, reneging and two 

heıeregencous servers, and also in [17) they discussed the queue: MlH1,/IIN with 

balking and reneging. Jain and Rakhee [5] discussed the system of NMpolicy for a 

machine repai r system with spares and reneging, Peam and Chang [91 deal t with 

optimal management problem of the N-policy MlEkil queueing system with a 

removable serv ice station under steady-state conditıon, Sadlam and Torum [101 studied 

the queucing system: MlM/2 with Poisson arrivals, two heterogeneous parallel scrvers 

and no waiting line and Shawky [14] discussed the service Edangian machine 

interfereııee model: MlE/I/k/N with balking and renegingo 

In thi s paper, the tnıncated multi - channel queue : E/MIc/k is treated with both 

balking and reneging concepts. The steady - state probabi li ties of the model herei n are 
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ln this paper, the tnıncated multi - channel queue : Er/M/c/k is ırcated with both 

ba lking and reneging concepts. The steady - sıate probabiliıies of the model herein are 
derived together with same measures of cffectivencss where thcsc measures are 
analytically deduced. Fina ll y, same previously published works are show n to be special 
eases of the model herein. 

2. DESCRIPTION OF THE SYSTEM 

Consider ıhe multi - servers truneated inıeramval Erlangian queue having r -

stages eaeh wilh interarrival raıe rA. and the service time is exponential with rate~. The 
capaeity of Ihe system is k and the concepts of balking and reneging are assumed. The 
queue discipline is assumed to be fırsı come, rirst served. 

Assume the balk coneept with probability: 

~ = prob. {a un i! joins the queue t , 

whereO ;5; ~ < ı if c 5 n 5 k and P=ı if l :S ıı < e. 

lt is a1so assumed that the units may renege according to an exponential 
distribution , f(ı) ;:;; o. e-<lC ,t > O, with parameter 0.. The probabi l iıy of reneging in a short 
period ofıime L\t is given byrn ;:;; (n-c) o.L\t, for c < n 5: k and rn ;:;; O, for 0 5 n :S c. 

3. THE STEADY-STATE EQUATIONS AND THEffi SOLUTION 

Let us define PnJ ' the equilibrium probabiliLy that there are n uniıs in the system 

and jlb arrival stage occupied the next amying unit, where n= O, ı , ... , k and j= I , 2, ... r. 

Then, the s ıcady-statc probabi lity dirference equat ions, in the presence of 

balking and reneging are : 

rAPo.} = rAPo.1+1+ J.1Pı'} ' 

rAPo., = J1Pı ., . 
l ~j < r}, 
J = r 

n=O 

(rA + IIP)P".1 = rAPn.}+1 + (Il + l))ıP". I ., • 

(rA + ııp)P~.r = rA.P~_ı.ı + (II + l )pP,,+I.r ' 
ı ~ j<r}, l :S fI <c 
J = r 

([Jr)" + ciı)?" ,) = [JrJ..?",i" + (cl" + a)?,,,,) , 

(/JrA. + ep)Pc" = rAp"_u + (cj.l + a)~+ ı ,r' 

15 j < r} 
j =r . n=c 

[[Jr}" + ci" + (II - c)a]?",) = [JrA.?""" +[cl" + (II - C + ı)a]?"",) , 
[[Jr}" + c,ll + (11 - c)a]?"" = [JrA.?"_", + [cl" + (11 - c + I)a]?""" ' 

1 ~ j < r} 
J = r 

(I) 

(2) 

(3) 

c+ I '; ,, < k (4) 

[[Jr}" + ci" + (k - c)a]?,,j = [Jr},,?,, ),.. ı ,; j < r} 
fn ] n :;:k. 
lf'r}" + ci" + (k - cıa ?", = [Jr}"?,_,,, + [Jr}"?,, .. j = r ' 

(5) 
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Now, ıo solve the probability - difference equations use the iterati ve (recursive) 
method as rollows. 

From fı rst equation or (5), 

J'5:j< r 

where 

1 
_"#_, O ::;; " < c 

O" = .c #<:...:+--,r t"'"_---'c:!.)a::. - , c::;; 11 .'5: k. rp;, 

Putj = 1.2 •. . .. r- l in (6). wc get 

Pt.! = ;;-lııkPk ... Uk :::1, J .'5: j.'5: r . 

Using second equation or (5) and (8) we have 

From firsl equation or (4) at n ::: k-J, 

pt- ı ./ ti = ; k-r Pk- ı ,ı - Ot Pt.} , 1.'5: j < r, 

For j = 1. 2 • .. .• r- I in (I O) and using equations (8) and (9). 

i S j S r. 

Us ing second equation of (4). (8) and (ll) for n = k- l .j = r wc obtain 
, 

ut _2 = ;;_I Ut_ ı - Ot ll t L;;,-r;;:;,. 

Also, rrom first equaıion or (4) at n::= k - 2, 

Pt - 2•1 .. 1 = ;~-ı pt-ı.J - Ot_I Pt-LI ' 

", . 1 

I Sj< r . 

Put j = 1. 2 •... • r-I in (13) and using the equations (9) and (12) wc gct 

(6) 

(7) 

(8) 

(9) 

(10) 

(il) 

(12) 

(13) 

~ _[n.J-1 O ~m"'-In. }-I -'" O O ~mlL' - 1 ~ n. "ı-", n. }-"1-2] D 
1: -2,} - Yt_2Uk_2 - k_ıuk_ I L.ıYt-1 Yk - 2 + tk_ıUt LYt-1 LYJ: Ylt_ı rk . ı ' 

",."ıi 11, " "'0 111·'" 

I SjSr.ao= 1. ( 14) 

Similarly. from cquations (4). (ll) and (12) at n = k-2. j = r. wc have 

( 15) 

where 

( 16) 
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Using fırst cquation of (4) at n = k-3, j = 1,2, ... , r- I, 

In general. for n = k, k- I, k-2, ... , c andj = 1,2, ... • r, we have 

c~ıı:::;k, 

where 

i , 

li" = f/J: - 1, 

f/J;+ı u n+1 + tf( _l) f+IU n+t+2[1i(8 n+ı+2 ff/J:~i~-;' )] tfJ~ ~~·3 .. , , 
("'0 " IU"'''1 

Similarl y, from equaıions (2), (3) , (I8) and (19) wc obtain 

i 1111111 

n = k 

ıı = k - l 

O:::; 1I :::; k - 2. 

O:::; n <c, l ~ j ~ r. 

(17) 

(i 8) 

(20) 

Equations (l8) and (20) give all the probabilities in tenns of PU , which itself 
may now be deteımi ned by using the noımalizing condition: . , 

~~~=I ~I) 
,,~ j=1 

Then, 

c-Ir tr 

P •. , = 1I(,!iLL'7".j + LL'7"j ) ' 
n~ j "'l n rC JDI 

hence all the probabilities are completely known in tenns of the queue parameters. 

Therefore, the expected number of units in the system and in the queue are, 
respectively, 
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and the expected waiting time in both the system and the queue are obtained by: 

EXAMPLE 

In the above system: Er/Mlc/k wilh balking and reneging, letting r = 3, c=5 and 
k = 8, i.e., the queue: E31M15/8 with balking and reneging, the results are: 

P4•1 = fJ1l4. 1 Pa'!' ~.J = fJ1h ı Pa.ı' Pı.} = fJth l Pa.ı ' ?ı. i = fJ1'Jı .} Pa.!, po.} = fJ1lo.} p8.!' j = I, 2, 3, 

where 

116.3 = ıp!u 6 - 97u7( ıp6 + ıp7) + 8788 , 11s.1 = Us = $!u6 - 87u7( $! + $6$7 + $~) + 8798($6 + $7 + $8) , 

11s.2 = 4ı 5uS - 96u6 , l1 s.3 = $;us - 86u6 (4ı S + 4ı6) + 8687u7 ' 

114,1 = u4 = $~us - 86u6 (4ı; + 4ıS$6 + $!) + 8687u7($S + $6 + $7) - 968788 

114.2 = 4ı4 u4 - 8Su5 • 110 = $!U4 - 8SUS (4ı4 + 4ıs) + 9586u6 • 

113.1 = u3 = 4>~U4 - 8su s (4ı; + $44ıS + $; ) + 9s86u6($4 + 4ı s + $6) - 8s8687u7 

11 3,2 = $3U3- 84U4' 113.3 = $~u3-84U4($J+$,ı)+e48sus' 

110.1 = Uo = $~Uı - 92u2 ($~ + $ı4ı2 + $~ ) + 9293u3( $! + $2 + $3) - 829384u4 

110 .. 2= Uo - 8Iul' 110.3 = UO-8I uı(l +$I)+8182U2 

9 = ~ 
, 3A' 

9 = 2f! 
, A' 9, = ~ 9 = 4f! 

, 3A' 
9 = Sf! 
, 3~A' 

9 = Sf!+a 
6 3~A' 

e = Sf! +2a 
, 3~A' 

Then, 

9 _ Sf!+3a 
• - 3~A ' ~" = 1 +9", n = 0(1)8, 90 = 0 . 
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[
" 3' ] P8 . ı = II f3~~ lln.j + ~~ lln.j +$~ + $8 + 1 . 

Moreover, if we put (3 = 0.6, a. = 0.3, ).. = 3 and)J. = 2, we get 

Pa., = 5.839039E -9, Pa., = 1.762525E -8, Pa., = 5.320213E - 8, 1',., = l.547526E - 7 

P,,= 4.4674E - 7, P,., = 1.288097E - 6, P'., =3.709194E - 6, P,., = 1.048036E - 5 

P," = 2.9S9376E -5, P,., = 8.3S1262E -5, P,., = 2.310907E -4, 1',.3 =6.390461E - 4 

P,., = 1.0S961lE - 3, P,., = 1.90869SE - 3, P,. , = 3.348S4SE - 3, P,., =S.614978E -3, 

1',., =8.4 1642 IE - 3, P,., = 1.23307SE - 2, 1',., = .01757477 , 

P,., =.0813395 1, 

11.1 = .1273266, 

Pı.ı = .18 L5717, 

P"., = .08697737 , 

~., =. 1984879, 

P"., = .4286894, 

P,., =.03726447, 

~.3 = .1929 103, 

L =.9S472SS , L" = 4.7S6249E -5 , W =.5000249 , and W, = 2.49 1023E - 5, 

4, SPECIAL CASES 

Some queueing systems can be obtained as special cases of this modeL. 

1) if we put ~ = ı and a = O, then we get the queue : E,.IMIc/k without balking and 

reneging, and the resul ts are : 

O :$; Iı :$; k,I :$; ) :$; ,-, 

, , 
P,., = ıIL:2>".] 

""0 j= i 

where 

1]1ı.} = 

~]-, + ~(_ı);(j - I};~]-H 
'f"r u" ~ . r'f"r U ıı + I ' 

i " ı i 

c:$; ıı :$; k 

}-ı l+ l "1.' - "1 i-i-I-",., rp" Il" + L {(- I) Un+t+l II e'HIH LıP,,+;+! ·ıP" 
,-,,- , [ , ( ]-H )] 

}, O'; ,, <c 

II = 
" 

i , 

t"O 1,,0 ";., "'''1 
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{ 

lll' . O $ il < C 
B = r,l 

" Cj.l 
-, C S II S k. 
rA 

~. = 1+0 • • 

2) Leı j = r = 1, then we getthe queue : M/M/Cık wilh balking and reneging. <ınd the 

results are: 
, 

(Il B,)P,. cs'n<k 
p = 1..-,1+1 
" , 

P( il B,)P, • O:S:; /i < C, 
;an+1 

..... 1 t t-l t 

P, = 1/(1 + pI il 0, + III O,). 

where 

1
111' 
,I' 

B. = cl'+(Iı - c)a 
p,i . 

I S II <c 

c S il $. k. 

Mercover, let 13 = J and a = O, wc have the system : M/M/c/k wi lhou ı balking 
and reneging, and the resulls are: 

cS ll S k 
P = 
" 

O S /i < C, 

where 

A 
p =-. (k). = k(k - l)(k -2) ... (k - n + l) . " " I . (km= ı . 

i' 

which Sludied by Klein roek [6]. Whiıe eı aL. [1 8]. Medhi [7] , Gross and Hani, [3]. 
Bunday [2]. Morse [8] and others. 

5. CONCLUSIONS 

In thi s paper, the queue: E/Mfc/k is sıudied wilh balking and renegingo The 
steady-sıaıe probabilities and same me<ısures of effectiveness are derived in expl icit 
form. We di scussed the numcrical examplc and deduced Ihe expected number or units in 
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the system and in the queue, and the expected waiting time in both the system and the 
queue. 
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KUYRUGA DAHİL OLMAMA VE KUYRUGU 
TERK ETME İLE BUDANMIŞ GELİşLERARASI 

ERLANG KUYRUK MODELİ ERIMIC/K NIN 
ANALİTİK ÇÖZÜMÜ 

ÖZET 

Bıı makalede kıımğa dalıil olmnma ııe kuymğu terk etme ile 
bl/daıımış gelişlerarası Er/aııg kııymk modeli Er /M/c/k ııiıı r.c ve k /Iili 

geııel değerleri içiıı a/lalitik çöziimii ele allll/lIIştır. Çalışmada dik/uııe 

{lltıımış olaıı kııymk disipliııi ilk geleli ilk Iıivııet (III/III' (FIFO) 
şeklindedir. Da/w evvelce yay/lllalllJ//ş sOlıılçlal'l1l, ıııevcili çaltşmamil 

özel dımmılal'l olduğu daayrıca gösterilmiştİr. 

Analuar Kelimeler: Bııdanmış 8eli~'leramsl Erlmıg kııymk modeli, 
Durağaıı dumm olasılığı, Kııymğa dahil 
olmama, Kuyruğuterk e/me. 
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