@ SAKARYA UNIVERSITESI

FEN BILIMLERI ENSTITUSU

DERGISI

Sakarya University Journal of Science
SAUIJS

ISSN 1301-4048 | e-ISSN 2147-835X | Period Bimonthly | Founded: 1997 | Publisher Sakarya University |
http://www.saujs.sakarya.edu.tr/

Title: On the Properties of r-Circulant Matrices Involving Generalized Fermat Numbers

Authors: Bahar KULOGLU, Engin ESER, Engin OZKAN

Recieved: 2023-04-10 00:00:00
Accepted: 2023-06-13 00:00:00
Article Type: Research Article

Volume: 27
Issue: 5

Month: October
Year: 2023
Pages: 956-964

How to cite

Bahar KULOGLU, Engin ESER, Engin OZKAN; (2023), On the Properties of
r-Circulant Matrices Involving Generalized Fermat Numbers. Sakarya University
Journal of Science, 27(5), 956-964, DOI: 10.16984/saufenbilder.1280572

Access link

https://dergipark.org.tr/tr/journal/1115/issue/80257/1280572

New submission to SAUJS
http://dergipark.gov.tr/journal/1115/submission/start



FEN BILIMLERI ENSTITOSO

DERGISI

Karya University Journal of Scence (SAUJS)
~

SAKARYA
i

UNIVERSITY

& Sakarya University Journal of Science 27(5), 956-964, 2023

S

On the Properties of r-Circulant Matrices Involving Generalized Fermat
Numbers

Bahar KULOGLU "%, Engin ESER?'"/, Engin OZKAN?®

Abstract

r-circulant matrices have applied in numerical computation, signal processing, coding theory,
etc. In this study, our main goal is to investigate the r-circulant matrices of generalized Fermat
numbers which are shown by GR, ., = a®" + b2" We obtain the eigenvalues, determinants,
sum identity of matrices. Also we find upper and lower bounds for the spectral norms of

*

generalized Fermat r-circulant matrices. Beside these, we present GR ;, ,- matrix in the form of
the Hadamard product of two matrices as GR,, , » = A. B. In addition, we get the right and skew-
right circulant matrices for » = 1and r = —1. Finally, we examine their different norms

(Spectral and Euclidean) and limits for matrix norms.

Keywords: Fermat number, generalized Fermat numbers, norm (spectral and Euclidean),
eigenvalues, circulant matrices

1. INTRODUCTION

Special numbers were created by grouping
prime numbers within themselves. The best
known of these are Pierre de Fermat and
Marin Mersenne. Fermat numbers included
pseudoprimes. First, Fermat conjectured that
all numbers produced by 2+ 1 (kisa
nonnegative integer) are prime numbers (k
must be the power of 2).

It can be easily seen that the first 5 numbers
are prime, but when it comes to the 6th
number there is a problem. Later, Euler

proved that this number has factors. So, it was
a composite number. Fermat had made a
calculation error. Now an open question: Are
there any other numbers like this? Mersenne
numbers in the form 2% — 1 were studied in
antiquity because of their connection with
perfect numbers. Euclid-Euler theorem gives
this connection.

Later, Francois Proth studied Fermat
numbers. Proth gave a generalized version of
Fermat numbers in the form k2™ + 1 where
2" >k for n,k€Z' and k is an odd
number. The Proth numbers are also known

*Corresponding author: bahar_kuloglu@hotmail.com (B. KULOGLU)

!Hatuniye Hatuniye Vocational and Technical Anatolian High School, Ministry of Education, Mardin, Tiirkiye
2Graduate School of Natural and Applied Sciences, Erzincan Binali Yildirim University, Erzincan, Tiirkiye
3Department of Mathematics, Faculty of Arts and Sciences, Erzincan Binali Y1ildirim University, Erzincan,

Tiirkiye

E-mail: engineser1978@gmail.com, eozkan@erzincan.edu.tr
ORCID: https://orcid.org/0000-0001-7624-8270, https://orcid.org/0000-0001-5965-4162, https://orcid.org/0000-

0002-4188-7248

T Content of this journal is licensed under a Creative Commons Attribution-Non Commercial No Derivatives 4.0 International License.


mailto:engineser1978@gmail.com
mailto:eozkan@erzincan.edu.tr
https://orcid.org/0000-0001-5965-4162
https://orcid.org/0000-0001-7624-8270
https://orcid.org/0000-0001-5965-4162
https://orcid.org/0000-0002-4188-7248

KULOGLU et al.

On the Properties of r-Circulant Matrices Involving Generalized Fermat Numbers

as k-Fermat numbers [1]. From this, it can be
easily seen that the general forms of Proth
numbers without any restrictions are k-
Fermat numbers. The first terms of these
numbers are as follows:

3, 5,13, 17, 41, 97, 113, 193, 241, 257, 353,
449, 577, 641, 673, 769, 929, 1153, 1217,
1409, 1601, 2113, 2689, 2753, 3137, 3329,
3457, 4481, 4993, 6529, 7297, 7681, 7937,
9473, 9601, 9857

(Proth numbers are referenced in the On-Line
Encyclopedia of Integer Sequences in OEIS
as: A080076 [2])

Generalized Fermat numbers [3], denoted by
{GR, pn} is defined by

GRupn = a*" + b*", )

where a and b are any relatively
prime integers,a >b >0,a>2, n > 0.
The first terms of these numbers as follow:

n 0 1 2 K]
GR,pn «a a? 4

a a®
+b +b?

+b* +D°

These matrices are shown by C, . Their
inverse, conjugate, transposes, sums, and
multiplications have been calculated in [4].

The algebraic properties of these matrices
have been investigated in [5, 6]. For any r
complex number except zero, we can define
those matrices. We can analyze its
eigenvalues, Euclidean norm, spectral norm,
determinants and inverse. C, is determined by
its first-row element and r. Given r = +1
and r = —1 in recurrence relation, we obtain
its eigenvalues and determinant for right and
skew right circulant matrices.

Circulant matrices and r-circulant matrices
including such as Fibonacci, Pell, Pell-Lucas
numbers have been great interest. In several
studies, eigenvalues, determinants, norms,
bounds and inverses for these matrices are
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found. For instance, Bueno [7] presented
eigenvalues and the determinant of the right
circulant matrices with Pell numbers and
Pell-Lucas numbers.

Solak [8] presented norms for circulant
matrices including Fermant and Mersenne
numbers. S.-Q., Shen et al. [9, 10] presented
the bounds for r-circulant matrices with
Fibonacci and Lucas numbers and also
presented the spectral norms with k-
Fibonacci and k-Lucas numbers. Zheng et al.
[11] showed the exact inverse of circulant
matrices with Fermat and Mersenne numbers.
Bozkurt [12] solved the determinants of these
matrices using matrix decomposition.
Kumari et al. studied on the properties of the
r-circulant matrices involving Mersenne and
Fermat numbers [13].

Marin has also discussed examples of
concrete usage areas of studies similar to
those in [14, 15]. Pucanovic et al. by taking
the r —circulant matrix and Chebyshev
polynomials as the subject, handled the
inputs of the r-circulant matrices by
constructing them  from  Chebyshev
polynomials [16]. In this paper, we study
r —circulant matrices with generalized
Fermat numbers.

Lemma 1.1 [17, 18] Let X = (x;;) be a
matrix.

The Frobenius or Euclidean norm of X is
defined as

”X”E=F =

The column norm of X is defined as

n
max
=12 <n ) %l
=1

The row norm of X is defined as


https://oeis.org/A080076
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max N
Wl =1 <% m 2 5yl
j=1
The spectral norm of a matrix X defined as

X1l = V y(X*X) = .umax(X)-

where y(X*X) denote the eigenvalues of
(X*X) and X* is the conjugate transpose of X
and w4, (X) is the largest singular value of
X.

Matrix X has the relationship between the
norm values given below:

1
=Xl < 11Xz < [1X1lF )
Lemma 12 [13] For A=[a;]€
M, n(C), B = [b;j] € My, ,(C) , If C is the
Hadamard product of A and B, then we get

ICll. < m(A)n(B) 3)

where m(4) = max;<i<m fZ’]?=1|aij|2 and
2
n(B) = max15j5n1/2ﬁ1|bij| :

Definition 1.3 [19] For r € C — {0}, a matrix
C, is said to be r-circulant matrix if it is of
the form and it is denoted by C, = Circ(r; ©),
where ¢ = (¢g, €1, +r) Cn—1) IS the first row
vector. For r =1and r = —1, we get the
right and skew-right circulant matrices,
respectively

[ Co C1 % Cn—2 Cn—l'l

| Cn 1 Cq Cn—-3 Cn—2|

l reé, rc TCy CO Cq J
rey C, TCj3 rCh1  Co

Lemma 1.4 [19] Let C, be r-circulant
matrices then its eigenvalues

n-—1

Ui = z Cj (pw_i)j, i=012...,n—1

j=0
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where w is the nth root of unity and p is the
nth root of .

Lemma 1.5 [13] The Euclidean norm of r-
circulant matrix C,. is given by

Il = |3

1 - - 1r2] (@)

Lemma 1.6 [7] For any a and b ,we get

5 (a — bp;w_;) = a™ —rb" ()
where w is the n-th root of unity and p is
the n-th root of .

Lemma 1.7 [20] Determinant of the circulant
matrix C,, is

n-1 /n-1

=] [{ 2,90

i=0 \ j=0

where the entry {i,;} is equal to the entry

2ml

{i+Lj+1}forl=1,2,.. t, =en arethe
n-th roots of unity and p; are n™" root of of r.
Using above lemmas, we can calculate the
eigenvalues, the determinant, Euclidean
norms, bounds for spectral norms of r-
circulant matrices involving generalized
Fermat numbers with arithmetic indices. We
present many new identities for generalized
Fermat numbers. In addition, r-circulant
studies for Fermat and k-Fermat are handled
in the most general format depending on the
numbers a,b and non these number
sequences.

2. GENERALIZED FERMAT r-
CIRCULANT MATRIX

Let u and v be non-negative integers and r €
C — {0} and show the Generalized Fermat r-
circulant matrices with GR,,  ,-.

Definition 2.1 Generalized Fermat r-
circulant matrix is defined as
GRypr = Circ(a,b,r;¢) where first row
vector is

958



KULOGLU et al.

On the Properties of r-Circulant Matrices Involving Generalized Fermat Numbers

c =
(GRa,b,w GRa,b,u+vr GRa,b,u+2v' L GRa,b,u+(n—1)v)

ie., matrix of the form:

GRa,b,r
[ GRa,b,u GRa,b,u+v GRa,b,u+(n—1)v
rGRa,b,u+(n—1)17 GRa,b,u GRa,b,u+(n—2)v
| rGRa,b,u+2v rGRa,b,u+3v GRa,b,u+v
l rGRa,b,u+1i rGRa,b,u+2v GRa,b,u
Let’s show eigenvalues of GR,,, with

2i(GRyp ).

Theorem 2.2 The eigenvalues of the
generalized Fermat r-circulant matrix GR p,
are as follows.

n-—1

Ai(GRa,b,r) = z (a2u+jv
j=0 ]
+ b2u+iV) (pw—i)]

Proof. If we substitute a2 + 2" for ¢;
in Lemma 1.4, the proof ends.

Corollary 2.3

n-1

z (a2u+jv n b2u+jv) (pW_i)j

j=0
-1

W<(a2u)(2")j n (bzu)(z")j)

0

S

J

Proof. Since w is the n-th root of unity and
p is the n-th root of r,we get (pw™)" =
ptw " =1

n—1

(a2u+jv + b2u+jv) (pw_l)]
=0
= (@) )
e

7))

+(pw)’ ((azu)(zv)2 + (bzu)(Z")Z) s

~.
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|

|

How)"? ((azu)(z")n-z N (bzu)<z")n-2>
How)" ((azu)(z”)"-l N (bzu)(z%"-l
_ W((azu)@")“ + (bzu)(2”)0>

(@™
+ (bzu)(Z"))
+W((a2u)(z")2 N (bzu)(zW) N
+m (@

L0)

+n ,rn_l(l)—(n—l)i ((azu)(zv)n—1

+ bzu)(zv)n_1>
u 77]
HETORE ((a2 )&
j=0

+ bzu)(zvy)

N

~.

||M3

If we simplify the operations for
convenience, we obtain the following
equation.

= (@ 0w (@) +07)7)
w0 (@) 7)) -
rw2 @ un (27172
o (@) )

i - vyn—
™ )

Corollary2.4Forr = 1and r = —1, we get
eigenvalues for the generalized Fermat right
circulant and skew-right circulant matrices
respectively, so that

2i(GRgp1) = (a® + b?)
+pW_i ((azu)(z ) + (bzu)(z ))
+w? (@) 7)) -

2i N
- )

(@)

2V n-2
n 2"
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wt s (21 us (201 according to the expression given above,
+?(@2f) + (™))

2i(GRyp 1) = (a® + b?")

n-1

Z Ai(GRapr) = N.GRy b

i uy (27) uy (27)
+pw l((az )"+ (b7Y) ) i=0
i uy (29)2 = 2% + bzu .
+How ) (@) + (@2 + - (e )
WZi (Zv)n—z (217)71—2 Th .
u u e Sum ldentit
—5—2((612 ) +(b*) ) y
Wl @) @) On  setting i=0,r=1andp=1in
o ((a ) +(b*) ) eigenvalues for generalized Fermat numbers,
the following identity is verified for these
where ¢ is the n-th root of -1. numbers.
Theorem 2.5 For a positive integer n, we =
have GRa,b,u+jv
j=
n—1 Ju QU QU 2" QU @)
u u =(a* +b° )+ |((a + (b
Z(az 4+ b2 ) ) (( ) 5 ( ) )
" Zu (217)2 Zu (21;)2
= (@) + ™)) +

wpw (@) + (6™
#(ow ) (@) + 7))+ -

Wy @) N
to (@) )*7)

(217)1’1.—2 )(21])71—2

(a*)
(a*)

i -1 — 3. NORM OF GENERALIZED
T™W Juy 2Y) Juy(2Y)
+_p ((a ) +(b ) ) FERMAT r-CIRCULANT MATRICES

=n(a®" +b?").

+ (b?"

)

(217)1’1.—1

+ + o+
A/~~~ /- /—/ —~ ©

When we take u = 0 and v = 1, we get

Proof. To get the desired result, we need to GR*
know that the trace of any given square o

GR GR v GRgpn-
matrix is equal to the sum of the eigenvalues [r GR b0 G Ra’b’l c Ra'b'" 1]
of that matrix. In that case | abn=1 @b a'f"”‘zl
et l rGRyps TGRups - GRgps J
Ai(GRab T') — rGRa,b,l TGRa,b,z GRa,b,O
— _ _
n-1 with the help of the lemma given below, the
(@ +b?) sum of the squares of the generalized Fermat
pr numbers will be used to obtain the norms of
— ((azu)(zv) + (bzu)(Z")) different matrices.
+(pw ) ((azu)(z”) n (bzu)(zv)) 4o Lemma 3.1 The finite sum of squares of the
., i P generalized Fermat numbers is given by
u 2V n— u 217 n-—
o (@) )

n—1 n-—1
@) S = Sy
p =0 i=0

Sakarya University Journal of Science 27(5), 956-964, 2023 960
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Proof.

Z(aRab,)

Za +2(ab)?’ + b?

=a? +a* +--+a*
+ 2((ab)* + (ab)? +

+ (ab)™) + b2 +b*" +
+ p?"

n—1
= > @+ b7y
i=0

Theorem 3.2 The Euclidean norm for the
generalized Fermat r-circulant matrices is
given by

n-1

16Ra sl = > (6Rapsur +2@b)?) n
j=0
—j@ = 1r%)]

Proof. By equation (4) we get

n—1
2
”GRabr” = Z (GRa,b,j+1
j=o ,
+2(ab)?’) [n = j(1 = Ir|?)]
n-1
S @ 4 b7 = 6830,
i=0
n—1
< |la+b+ |r|2< (a?' + b?") ) (a?' + b2")2
2. Z
and for |r| < 1

Irl S5 + 0292 < ([ GRi |, <
(S + b2y

Proof. By Eq (4), the Euclidean norm is
given as

Sakarya University Journal of Science 27(5), 956-964, 2023

l6Re 1, Z(GRab,) n-ja
IrI )]

Statel.

If |r] = 1, then from Lemma 3.1 we get

Theorem 3.3 The bound for the spectral

norm of the generalized Fermat r-circulant
matrices is: for [r| > 1

”GRabr E> z( 21+b21)2

and from Eq. (1.2) we get

n-1
> (@ + b2y
i=0

Now to obtain the upper bound for the
spectral norm, we write GR ;, .- in the form of
the Hadamard product of two matrices.

1GRG b, =

A
GRapo 1 1 1
TGRupn1 GRapo - 1 1
rGR,p, TGRgp3 GRgpo 1
rGRa,b,l rGRa,b,Z TGRa,b,n—l GRa,b,O

and

B
1 GRabl GRa,b,n—Z GRa,b,n—l
1 1 GRa,b,n—B GRa,b,n—Z
l1 1 . 1 GRop1 J
1 1 1 1

thenclearly GR, ;, . = A o B, where o denotes
the Hadamard product. Now,
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n

max 2
U,(A) = 1<i<n Zlaljl
=1
n—-1
2 5 2
= [(GRypp) + 7] (GRy b))
=
n—-1
= |a+b+Irl2 ) (@ +b2)?
i=0
n-1
> e + b < o,
i=0
n-—1 n—-1

< la+b+|r? Z(azi +b2)2, Z(azi + b2y2,
i=0 i=0

State 2. If |r| < 1, then from Eq. (4) and
Lemma 3.1 we get

n—1
> Z(n ~ DIF[6Ras, I

j=

+ |T‘|ZZ] |GRab]|

= n|r|? (rlz:l(azl + b2 )

i=0

l6RowA N,

and

= 14 ) (@ +p¥y.

i=0
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Thus, by Lemma 1.2, we get

1GR: 5|, < u(Av(B) =

\/a + b+ |r|2X 4 (a? + b2)2,

\/z?;ol(az" rp?y

”G abr” i i
— =] Z( 4 22

i=0

and from Eq. (2) we get

n-1

|6Re ], = 171 | ) (a2 + 22

i=0

We calculate the upper bound for the spectral
norm of GR; ;-

Let

N
GRa,b,O

GRa,b,n—l

GRa,b,l
GRa,b,O

GRa,b,n—Z GRa,b,n—l

GRa,b,n—Z

GRa,b,l
GRa,b,O

GRa,b,3
GRa,b,z

GRa,b,z
GRa,b,l

hence, we have
[1 1 1 .. 1 1]
| 1 1 ... 1 1|
[ rr .. r 1J
r r r .. 1r 1
then clearly GR;,,=MoN, where o
denotes the Hadamard product. So,

<

M =

< e

max

siM) =1 <y <n
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n

Z'nij|2

j=1

n n-—1
D GRap = | ) (@ + b7
=1 i=0

hence, by Lemma 1.2, we have

max
bt =1<j<n

|GR b ||, < s:(MYE (V)

n-1
= [n) (@ +b?)?
i=0

thus

n—-1
I”| Z(azi +b292 < ||GR; .,
i=0

< |n (Z (a?' + bzi)2>
i=0

as desired.
4. CONCLUSION

Based on the generalized Fermat numbers
with similar recurrences, which have been
studied less, the r-circulant matrices of these
sequences were created. Euclidean, row and
spectral norms, which are eigenvalues,
determinants, and some special norm values,
are discussed depending on this matrix. In
addition, the lower and upper bounds of these
matrices for the spectral norm were examined
in closed form. In addition, right circulant
and skew-right circulant matrices are
examined for 1 and -1 values of r depending
on eigenvalues. Finally, some interesting
results and sum properties are given.
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