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Abstract

The study considers the case of the unequal diffusion coefficients of reactant A (bulk fluid) and reactant
B (catalyst at the wall) with the dispersion of both nanoparticles and gyrotactic microorganisms
of Erying-Powell fluid flow over a surface with non-uniform thickness in the presence of variable
fluid properties and stratification. The numerical solution of the transformed governing equations
is obtained by using the Runge-Kutta method and shooting techniques. The outcome of this study
is that the increasing values of temperature-dependent thermal conductivity parameter lead to the
augmentation of the kinetic energy which thereafter causes a significant enhancement of the fluid
temperature.

Keywords: Darcy-Forchheimer; bioconvection; Erying-Powell fluid; stratification; nanofluids; auto-
catalysis; paraboloid of revolution
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1 Introduction

Stratification is an important component of heat and mass transfer which is referred to as the
scientific or natural process that describes the production of layers of fluids as a result of the
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mixing of various fluids with varied densities, temperature variances, and concentration differ-
ences. The idea behind this stratification phenomenon is useful in both natural and industrial
processes such as the occurrence of flows in lakes, oceans, rivers, groundwater reservoirs, thermal
energy storage systems, and heat release into the atmosphere. Recently, the effect of stratifica-
tion on the hydromagnetic nanofluid flow along an exponentially stretching sensor plate was
presented by Shamshuddin et al. [1]. Tamilzharasan et al. [2] discussed the mixed convention
flow of Williamson fluid in a stratified porous medium. The impact of triple stratification on
hydromagnetic flow with Soret and Dufour over a stretching cylinder was analyzed by Jagan
et al. [3] Rehman et al. [4] studied thermally stratified Eyring-Powel fluid with melting heat
phenomenon.
Oreyeni et al. [5] demonstrated the importance of triple stratifications in the dynamics of a mi-
cropolar fluid with nanoparticles and exponential heat production. They observed that increased
stratification minimizes the temperature difference between the surface and the free stream, result-
ing in declination of fluid velocity and temperature. Olanrewaju et al. [6] analyzed the impact
of double stratification and variable fluid properties on a chemically reacting upper-convected
Maxwell fluid utilizing an analytic approach. The effect of stratification phenomena on a Sutterby
nanofluid was discussed by Khan et al. [7]. Chen et al. [8] investigated thermophoretic Casson
fluid flow with a magnetic dipole in a stratified environment. The bioconvective flow of Casson
over a stratified cylinder was addressed by Dawar et al. [9]. Verma et al. [10] presented the
existence of mixed convection and double stratification in Darcy-Forchheimer porous medium.
The magnetohydrodynamic mixed convective flow of nanofluid with thermal stratification was
considered by Mahmood et al. [11].
Nanofluid is defined as fluid with nanometer-sized particles suspended in conventional heat
transfer fluids characterized by low thermal conductivity in order to improve the fluid’s heat
transfer efficiency. Researchers are interested in the flow of fluid when nanometer-sized par-
ticles are annotated in the flow field because of its vast variety of applications in biomedical
and technical disciplines such as microelectronics, polymer extrusion, cancer treatment, safer
surgery procedures, and microfluidics. Owing to a wide range of applications, nanofluid flow over
various geometries has emerged as a fascinating and significant research area among academics.
Koriko et al. [12] investigated the bioconvection flow of shear-thinning fluid employing active
and passive controls of nanoparticles. It was observed that the presence of Brownian motion
encourages the warming of particle molecules and increases thermal conductivity, resulting in an
increase in fluid temperature. Shah et al. [13] analyzed the significance of Brownian motion and
thermophoretic diffusion effects as major mechanisms for heat transfer in their study. Nadeem
et al. [14] considered the numerical analysis for elastico-viscous fluid with the suspension of
nanoparticles. Boundary layer flow of a nanofluid in the presence of variable suction and viscous
dissipation over an exponentially stretched wall was discussed by Rao et al. [15]. Rasheed et al.
[16] presented the significance of Joule heating on the hydromagnetic flow of Jeffery nanofluid
flow over a stretching cylinder. Abbas et al. [17] studied the heat transfer of nanofluid along a
vertical sheet with a magnetic effect. Other studies relating to the dynamics of nanofluid can be
seen in [18–21].
The process by which one or more substances are changed into one or more new substances
is known as a chemical reaction. During the course of a chemical reaction catalysis is known
to be the process of accelerating the rate of the reaction by introducing a chemical component
known as a catalyst which is frequently used to accelerate a chemical reaction. It is therefore
believed that catalyzed reactions are classified into two types: homogeneously catalyzed reactions
and heterogeneously catalyzed reactions. Both the reactant and the catalyst are present in the
same phase in a homogeneously catalyzed reaction. This has a wide range of applications in
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industry as it allows an increase in reaction rate without an increase in temperature. An example
of homogeneous catalysis is the decomposition of ozone when Nitric oxide (NO) acts as a catalyst
that affects the rate of the decomposition reaction. That is, NO+O3→NO2+O2. When the reactant
and catalyst are in separate stages the reaction is called heterogeneous catalyzed. The catalyst
stays solid in this type of reaction whereas the reactants are gaseous or liquid. Example is the
preparation of Ammonia (NH3) when iron (Fe) is used as catalyst, i.e. N2+3H2→2NH3.
Researchers have looked into the analysis of boundary layer flow with homogeneous-heterogeneous
reaction because of its importance in the industry. Sravanthi et al. [22] recently examined the
flow of a magnetite-water nanofluid in the presence of homogeneous and heterogeneous ef-
fects. Alzahrani et al. [23] investigated the influence of thermosolutal Marangoni convection and
nanoparticle aggregation on Oldyroyd-B fluid with homogeneous and heterogeneous catalytic
reactions. Sarojamma et al. [24] investigated the Cattaneo-Christov model in the homogeneous-
heterogeneous autocatalytic chemical reaction of micropolar fluid. They observed that with
diffusion ratios, the concentration of homogenous bulk fluid with microstructures drops, and the
concentration of catalyst at the surface augments. Animasaun et al. [25] described a boundary
layer generated on the surface with a changeable thickness of Erying-Powel liquid subject to equal
diffusivity. Hayat et al. [26] considered the impacts of homogeneous and heterogeneous reactions
on nanofluid flow over a surface with non-uniform thickness. Zhao et al. [27] utilized Buon-
giorno’s model in the analysis of nanofluid flow characteristics in the presence of homogeneous
and heterogeneous reactions.
Bioconvection is a pattern generation process that happens in the suspension of motile microor-
ganisms when they swim in a given direction in response to certain stimuli Platt [28]. Because of
density stratification, motile gyrotactic bacteria swim in large numbers to the upper layer of the
fluid causing instability. Unlike motile gyrotactic microorganisms, the flow of nanoparticles im-
mersed in the base fluid is induced by both thermophoresis and the Brownian motion mechanisms
in the nanofluid Ramzan et al. [29]. The fact that the dispersion of nanoparticles in the base fluid
can maintain the stability of the suspension in light of the instability caused by the motile microbes
must also be emphasized. Bioconvection phenomena are essential in meteorological and medicinal
applications such as pharmaceutical formulation, biopolymer synthesis, and microbial-enhanced
oil recovery. Zhang et al. [30] examined the relevance of bioconvection flow with nanoparticles
in the presence of Lorentz force. Rao et al. [31] investigated the bioconvection flow of nanofluid
across an isothermal vertical cone with a chemical reaction. Sankad et al. [32] demonstrated
boundary layer bioconvective flow with variable wall temperatures and thermal radiation effects.
Parveen [33] investigated the effect of Brownian and thermophoresis motion on the peristaltic
mechanism of conductive nanofluid flow via an asymmetric channel. Naganthran et al. [34]
investigated scaling group analysis of bioconvective micropolar fluid in a porous regime.
To the best of the authors’ knowledge, the hydromagnetic flow of nanofluid bioconvection with
stratifications has been examined. However, researchers have not studied the impact of bioconvec-
tion flow of an electrically conducting Erying-Powel fluid containing nanoparticles in the presence
of variable fluid characteristics and a quartic autocatalytic type of chemical reaction subjected to
stratification over a surface with non-uniform thickness. Furthermore, the work addresses the
role of thermophoresis and Brownian motion effects in nanofluid bioconvection flow. Two unique
forms of stratification, thermal and motile microorganisms are integrated into the model which
has a wide variety of applications in thermal energy storage systems, lakes, reservoirs, and the
removal of residual pollutants. During the course of the inquiry, the current communication gives
answers to the following questions:

• What effect does Darcy-Forchheirmer have on velocity and temperature distributions?
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• What impact does the Brownian motion parameter have on the homogeneous bulk fluid and
heterogeneous catalyst surface concentration distributions?

• What impact does space-based internal heat generation parameter pose on the temperature
distribution and concentration distribution of heterogeneous catalysts at the surface?

• What effect do the temperature-dependent viscous and thermal conductivity parameters have
on velocity and temperature distributions, respectively?

2 Mathematical formulation of governing equation

The paper delves into the two-dimensional steady flow of bioconvective Erying-Powell fluid
containing nanoparticles along the upper horizontal surface of a paraboloid of revolution. The
Cauchy stress tensor in an Eyring-Powell fluid model studied by Ramzan et al. [35] is regulated
by the relation

τij = µ
∂ui
∂xj

+
1
β

sinh−1

(
1
g

∂ui
∂xj

)
, (1)

The first term depicts the viscosity effect while the second term depicts the elastic part. Here µ is
viscosity and β and g are the Eyring-Powell and rheological fluid parameters. Following Hayat et
al. [36], Using Maclaurin series expansion of the hyperbolic sine is sufficient to describe the fluid,

sinh−1

(
1
g

∂ui
∂xj

)
∼=

1
g

∂ui
∂xj

−
1
6

(
1
g

∂ui
∂xj

)3

,

∣∣∣∣∣1g ∂ui
∂xj

∣∣∣∣∣≪ 1, (2)
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Figure 1. Geometry of Erying-Powell fluid flow over upper horizontal surface of a paraboloid of revolution
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As the fluid flows along the upper horizontal surface of a paraboloid of revolution in a stratified
domain, it is assumed that a quartic autocatalysis chemical reaction occurs between the reactant
(bulk fluid) and concentrated catalyst on the wall. The chemical process is explained by Koriko
and Animasaun [37] as a kind in which the homogeneous reaction is assumed to be by isothermal
quartic autocatalytic kinetics and the heterogeneous reaction is considered to be by first-order
kinetics. The concentrations of chemical species homogeneous bulk fluid (Eyring-Powell) A and
heterogeneous catalyst B at the wall are denoted by λ and r, respectively. It is important to
note that the Erying-Powell fluid flow over the surface with non-uniform thickness is assumed

to occupy the domain A(x + b)
1−m

2 ≤ y < ∞, where A ≥ 0. A and b are arbitrary constants
associated with the thickness of the surface, m is velocity power index (see Fig. 1). In this study,
m is less than 1. However, it is necessary to note that the flow of fluid along an upper horizontal
surface of a paraboloid of revolution corresponds to m < 1(i.e= 0.75), Koriko et al. [25]. The
upper horizontal surface of the paraboloid of revolution can be likened to the pointed upper
surface of an aircraft, or the bonnet of a car. The fluid layers on an upper horizontal surface
of the paraboloid of revolution are stretched with the velocity of Uw = Uo(x + b)m, where Uo
is the reference velocity. However, the velocities along x, y − directions are u(x, y) and v(x, y),
temperature is T(x, y), concentrations of reactant A and reactant B are λ(x, y) and r(x, y) density
of motile microorganisms is N(x, y). To allow the microbes to live, water is assumed to be the base
fluid. It is assumed that the suspension of nanoparticles inside the base fluid containing motile
microorganisms will reduce bioconvection instability. Following Kuznetsov and Nield [38] and
Rees et al. [39], microorganisms flux can be expressed as

∇.j = 0, (3)

Following the idea of the homogeneous-heterogeneous reaction model proposed by Chaudhary
and Merkin [40], Koriko et al. [41], Animasaun et al. [25], an isothermal quartic autocatalytic
reaction in the homogeneous case is expressed as

A + 3B → 4B, (4)

where the chemical reaction rate = khλr3 while the chemical reaction on the surface of the catalyst
is expressed as

A → B, (5)

where the chemical reaction rate = ksλ. The concentrations of chemical reactants A and B are λ and
r. Coefficient of chemical reaction rate are kh and ks. Following Kuznetsov [42], microorganisms
flux j relating to the concentration of the homogeneous chemical reactant A is expressed as

j = Nv + Nṽ − Dm∇N, ṽ =

(
bWc

∆λ

)
∇λ , (6)

in which v is the velocity vector of the flow, ṽ is the average swimming velocity vector of
oxytactic microorganism, b is the chemotaxis contant, Wc is the maximum cell swimming speed
and Dm is the diffusivity of microorganisms. With all the aforementioned assumptions, the
governing equation that is suitable to analyze the bioconvective flow of Erying-Powell fluid
with nanoparticles following the formulations of Refs. [25, 31, 36, 41] is presented as continuity
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equation:

∂u
∂x

+
∂v
∂y

= 0. (7)

The momentum equation with the non-Newtonian fluid term and the magnetic field term takes
the form

u
∂u
∂x

+ v
∂u
∂y

=
1
ρ f

∂

∂y

[(
µ f (T) +

1
β jC

)
∂u
∂y

]

−
1

2β jC3ρ

∂u
∂y

∂u
∂y

∂2u
∂y2 −

σf Bo
2 u

ρ f
−

µ (T)
ρ

1
k

u −
b∗

k
u2. (8)

The energy equation in which the exponential space-based heat generation, stratification, ther-
mophoresis, and Brownian motion are incorporated and take the form

u
∂T
∂x

+ v
∂T
∂y

=
1(

ρCp
)

f

∂

∂y

(
κ f (T)

∂T
∂y

)
+ τ

[
DB

∂T
∂y

∂λ

∂y
+

DT
T∞
(

∂T
∂y

)2
]

+
Qo (Tw−T0)(

ρCp
)

f
Exp−ny

√
c(m+1)

2ϑ (x+b)
m−1

2 . (9)

The effect of thermophoresis and the homogeneous-heterogeneous reaction model on reactant A
and B concentrations is given as

u
∂λ

∂x
+ v

∂λ

∂y
= DA

∂2λ

∂y2 −
DT
T∞

∂2T
∂y2 − khλr3, (10)

u
∂r
∂x

+ v
∂r
∂y

= DB
∂2r
∂y2 +

DT
T∞

∂2T
∂y2 + khλr3. (11)

Density of gyrotactic microorganisms equation in the homogeneous bulk fluid is presented as

u
∂N
∂x

+ v
∂N
∂y

+
bWc

∆λ

[
∂

∂y

(
N

∂λ

∂y

)]
= Dn

∂2N
∂y2 . (12)

The associated boundary conditions that connect chemical changes of the reactants A and B at the
surface, the thermal and motile microorganisms stratifications are expressed as

u = Uo(x + b)m, v = 0, T = Tw,
1
λ

∂λ

∂y
=

ks

DA
,

1
−λ

∂r
∂y

=
ks

DB
, N = Nw at y = A(x + b)

1−m
2 , (13)

u → 0, T → T∞, λ → δ, r → 0 N → N∞ as y → ∞, (14)

where β j is the Erying-Powell fluid parameter κ is thermal conductivity, σ is the fluid electrical
conductivity, ρ is the fluid density, Bo is the magnetic field strength, T is the fluid temperature, Qo
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is the heat generation/absorption, ρCp is the heat capacity of the fluid.
The temperature-dependent viscosity mathematical model was developed using Batchelor’s
experimental data [43], as well as the mathematical model of temperature-dependent thermal
conductivity of Charraudeau [44] and Yook et al. [45] as;

µ f (T) = µ∗
f [1 + b (Tw − T)] and κ f (T) = κ∗f [1 + δ (T − T∞)] . (15)

Following [46–48], it is essential to indicate how stratification is incorporated into the energy
and concentration equations as we express the thermal stratification at the wall (Tw) and solutal
stratification at the wall (Cw) and the free stream temperature and concentration (T∞, C∞) as

Tw − T0 = m1(x + b)
1−m

2 and T∞ − T0 = m2(x + b)
1−m

2 ,

Nw − N0 = m3(x + b)
1−m

2 and N∞ − N0 = m4(x + b)
1−m

2 , (16)

where T0 is the reference temperature, it is worth noting that stratification occurs for all points of

x on the wall at y = A(x + b)
1−m

2 and also for all points of x at the ambient as y → ∞.

The essential physical quantities of engineering in the Erying-Powell are expressed as in Ani-
masaun et al. [25]

C f =

[(
µ f (T)

ρ f
+

1
β jC

)
∂u
∂y

−
2

m + 1
1

β jC3

(
∂u
∂y

)3
]

y=A(x+b)
1−m

2

,

Nux =
(x + b) qw

κ (Tw (x)− T0)
(

m+1
2

) 1
2 ,

where qw = −κ
∂T
∂y

∣∣∣∣
y=A(x+b)

1−m
2

. (17)

For the sake of transformation, the following similar transformations can be expressed as

u =
∂ψ

∂y
, v = −

∂ψ

∂x
, η = y

(
Uo (m + 1)

2ϑ

)1/2

(x + b)
m−1

2 , ψ =

(
2ϑUo

m + 1

)1/2

(x + b)
m+1

2 f (η) ,

θ (η) =
T − T∞
Tw − T0

,
λ

δ
= q (η) ,

r
δ
= s(η), ω (η) =

N − N∞
Nw − N0

. (18)

Using the similar transformation, stream function ψ(x, y) satisfies the continuity equation, the
governing partial differential equations (8)-(12) together with the boundary conditions (13)-(14)
are converted to the system of nonlinear differential equations expressed as(

[1 + (1 − θ(η)) ξ] + ς − ςH (m + 1)
2

d2 f
dη2

d2 f
dη2

)
d3 f
dη3 − ξ

d2 f
dη2

dθ

dη
−

2m
m + 1

d f
dη

d f
dη

+ f (η)
d2 f
dη2 −

2
m + 1

M
d f
dη

−
2

m + 1
[1 + ( 1 − θ) ξ] Ps

d f
dη

−
2

m + 1
FsD−1

a
d f
dη

d f
dη

= 0, (19)
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[1 + θ(η)ε]
d2θ

dη2 −
2

m + 1
Prθ(η)

d f
dη

−
2

m + 1
StPr

d f
dη

+ Pr f (η)
dθ

dη
+ ε

dθ

dη

dθ

dη
+ PrNb

dθ

dη

dq
dη

+PrNt
dθ

dη

dθ

dη
+

2
m + 1

ζPre−nη = 0, (20)

d2q
dη2 + ScA f (η)

dq
dη

−
Nt

Nb

d2θ

dη2 −
2

m + 1
ScARq (η) s3 (η) = 0, (21)

γ
d2s
dη2 + ScB f (η)

ds
dη

+
Nt

Nb

d2θ

dη2 +
2

m + 1
ScBRq (η) s3 (η) = 0, (22)

d2ω

dη2 −
2

m + 1
Scmω (η)

d f
dη

−
2

m + 1
ScmSg

d f
dη

+ Scm f (η)
dω

dη
− Peω

d2q
dη2 − Pe

dq
dη

dω

dη

−Peג
d2q
dη2 − PeSg

d2q
dη2 = 0. (23)

It is important to note that at the surface y = A(x + b)
1−m

2 , the minimum value of y which
corresponds to minimum value of the similarity variable

η =

√
Uo (m + 1)

2ϑ
= I. (24)

Then the boundary conditions become

f (I) = I
1 − m
1 + m

,
d f
dI

= 1, θ (I) = 1 − St,
1
J

dq
dI

= q (I) ,

γ

J
ds
dI

= −q (I ) , ω (I) = 1 − Sg at I = η, (25)

d f
dI

→ 0, θ (I) → 0, q (I) → 1, s (I) → 0, ω (I) → 0 as η → I. (26)

The transformed governing equations (19)-(23) are dependent on η while the boundary conditions
are dependent on I. It is therefore, necessary to change the domain from [I,∞] to [0,∞] which is
done by defining F (ℵ) = F (η −I) = f (η) , Θ (ℵ) = Θ (η −I) = θ (η), Q (ℵ) = Q (η −I) =

q (η), S (ℵ) = S (η −I) = s (η) and W (ℵ) = W (η −I) = w (η). The dimensionless governing
equations (19)-(23) take a new form(

[1 + (1 − Θ(ℵ)) ξ] + ς − ςH (m + 1)
2

d2F
dℵ2

d2F
dℵ2

)
d3F
dℵ3 − ξ

d2F
dℵ2

dΘ
dℵ

−
2m

m + 1
dF
dℵ

dF
dℵ

+ F (ℵ)
d2F
dℵ2 −

2
m + 1

M
dF
dℵ

−
2

m + 1
[1 + ( 1 − Θ) ξ] Ps

dF
dℵ

(27)

−
2

m + 1
FsD−1

a
dF
dℵ

dF
dℵ

= 0,
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[1 + Θ(ℵ)ε]
d2Θ
dℵ2 −

2
m + 1

PrΘ(ℵ)
d f
dℵ

−
2

m + 1
StPr

dF
dℵ

+ PrF (ℵ)
dΘ
dℵ

+ε
dΘ
dℵ

dΘ
dℵ

+ PrNb
dΘ
dℵ

dQ
dℵ

+ PrNt
dΘ
dℵ

dΘ
dℵ

+
2

m + 1
ζPre−nη = 0, (28)

d2Q
dℵ2 + ScAF(ℵ)

dQ
dℵ

−
Nt

Nb

d2Θ
dℵ2 −

2
m + 1

ScARQ (ℵ) S3 (ℵ) = 0, (29)

γ
d2S
dℵ2 + ScBF (ℵ)

dS
dℵ

+
Nt

Nb

d2Θ
dℵ2 +

2
m + 1

ScBRq (ℵ) S3 (ℵ) = 0, (30)

d2W
dη2 −

2
m + 1

ScmW (ℵ)
dF
dℵ

−
2

m + 1
ScmSg

dF
dℵ

+ ScmF (ℵ)
dW
dℵ

− PeW
d2Q
dℵ2

−Pe
dQ
dℵ

dW
dℵ

− Peג
d2Q
dℵ2 − PeSg

d2Q
dℵ2 = 0, (31)

The boundary conditions become

F (ℵ) = I
1 − m
1 + m

,
dF
dℵ

= 1, Θ (ℵ) = 1 − St,
1
J

dQ
dℵ

= Q (ℵ)

γ

J
dS
dℵ

= − Q (ℵ ) , W (ℵ) = 1 − Sg at ℵ = 0, (32)

dF
dℵ

→ 0, Θ (ℵ) → 0, Q (ℵ) → 1, S (ℵ) → 0, W (ℵ) → 0 as ℵ → ∞. (33)

Through the usage of the similarity variables in Eqs. (17), Eqs. (18) can be non-dimensionalized to
obtain

Re
1
2
x C f=

[
[(1 + (ξ − ξΘ)) + ς]

d2F
dℵ2 − ξ

dF
dℵ

dΘ
dℵ

− ςH d2F
dℵ2

d2F
dℵ2

d2F
dℵ2

]
ℵ=0

,

Re−
1
2

x Nux = −
dΘ
dℵ

∣∣∣∣
ℵ=0

, (34)

where Rex is the local Reynolds number.

Erying-Powell fluid parameters are ς = 1
β jCµ , H =

U3
0 (x+b)3m−1

2C2ϑ
, temperature-dependent vis-

cous parameter ξ = ϖ(Tw − T0), magnetic parameter σBo
2

ρU0
(x + b)−m+1, temperature-dependent

thermal conductivity parameter ε = δ(Tw − T0), thermophoresis parameter Nt =
τ(Tw−T0)

α
DT
T∞ ,

Brownian motion parameter Nb =
τDAδ

α , thermal stratification St =
m2
m1

, space-dependent internal

heat source parameter ζ = Qo
ρCpc(x+b)m−1 , n is the intensity of internal heat generation parameter,

Schmidt number for reactant A ScA=
ϑ

DA
, Schmidt number for reactant B ScB = ϑ

DB
, homogeneous

reaction parameter R = khδ3

U0(x+b)m−1 , Porosity parameter Ps =
ϑ

kUo
(x + b)1−m, local Forchheimer pa-
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rameter Fs =
b∗

(x+b) , local Darcy parameter Da =
k

(x+b)2 , Gyrotactic microorganisms concentration

difference parameter ג = No
Nw−N0

, Schmidt number for diffusing motile microorganisms Scm = ϑ
Dn

,

Peclet number Pe = bWc
Dn´λ , gyrotactic microorganisms density stratification parameter Sg = m4

m3
,

heterogeneous reaction parameter J = ks

DA

√
U0(m+1)

2ϑ (x+b)
m−1

2
, ratio of diffusion coefficient γ = DA

DB
.
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Figure 2. Flow chart of the problem

3 Numerical solution: procedure of the shooting technique

The procedure for obtaining the numerical solutions with the aid of RK− 4 alongside with shooting
technique is expressed in Fig. 2. To be able to carry out the operation of the shooting technique, the
system of dimensionless Eqs. (27)-(31) is reduced to the following system of first-order ordinary
differential equations;

F = y1,

dF
dℵ

= y2,
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d2F
dℵ2 = y3,

d3 f
dℵ3 = y ′

3 =
ξy3y5 +

2m
m+1 y2y2 − y1y3 +

2
m+1 My2 +

2
m+1 Ps [1 + ( 1 − y4) ξ] y2 +

2
m+1 FsD−1

a y2y2(
[1 + (1 − y4) ξ] + ς − ςH (m+1)

2 y3y3

) ,

Θ = y4,

dΘ
dℵ

= y5,

d2Θ
dℵ2 = y ′

5 =

(
2

m+1 Pry4y2 +
2

m+1 StPry2 − Pry1y5 − εy5y5 − PrNby5y7 − PrNty5y5 −
2

m+1 ζPre−nℵ
)

[1 + y4ε]

Q = y6,

dQ
dℵ

= y7,

d2Q
dℵ

= y ′
7

=
Nt

Nb


(

2
m+1 Pry4y2 +

2
m+1 StPry2 − Pry1y5 − εy5y5 − PrNby5y7 − PrNty5y5 −

2
m+1 ζPre−nℵ

)
[1 + y4ε]


−ScAy1y7 +

2
m + 1

ScARy6y8y8y8,

S = y8,

dS
dℵ

= y9,

d2S
dℵ

= y ′
9 =

(
Nt
Nb

dy5
dη − ScBy1y9 −

2
m+1 ScBRy6y8y8y8

)
γ

W = y10,
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dW
dℵ

= y11,

d2W
dℵ2 = y ′

11 =
2

m + 1
Scmy10y2 +

2
m + 1

ScmSgy2 − Scmy1y11

+
dy7

dη

(
Pey10 + PeSg + Peג

)
+ Pey7y11, (35)

Subject to boundary conditions:

y1 (0) = I
1 − m
1 + m

, y2 (0) = 1, y4 (0) = 1 − St,

1
J y7 (0) = y6 (0) ,

γ

J y9 (0) = − y6 (0) , y10 (0) = 1 − Sg at ℵ = 0, (36)

y2 (0) → 0, y4(0) → 0, y6(0) → 1, y8(0) → 0, y10(0) → 0 as ℵ → ∞.

Initial approximations were selected and Eqs. (35) and (36) are integrated numerically as an
initial value problem with the tolerance level of 10−6 and the boundary condition at a finite point
considered as ℵ = 6.

4 Analysis of results and discussion

The values of pertinent parameters have been carefully selected during the process of computations
as ς = H = 0.1, m = 0.75, I = 0.25, St = Sg = 0.1, Ps = Fs = Da = 0.3, Pr = 1.0, Pe = 1.0 so as
to be able to properly observe the impacts on fluid flow within the boundary layer. Table 1 depicts
the numerical values of physical quantities of engineering interest expressed in Eq. (34). Likewise,
Table 2 shows the validation of results with two different techniques. It is noticed that there is
reasonable agreement with both shooting technique and Bvp4c. The effect of Darcy-Forchheimer

Table 1. Variation in local skin friction coefficients, local heat transfer rate with various parameters when
m = 0.25, ς = H = 0.1, I = 0.25, St = Sg = 0.1, Pe = 1.0, ζ = 0.4, Le = 0.1, γ = 1.0, R = 0.2,J = 0.1

Fs Da ξ ε M Pr Nt Nb C f Re1/2
x Nux Re−

1
2

x

0.1 0.1 0.3 0.4 0.5 1.0 0.1 0.1 −3.68398 −0.335823
0.3 −4.89971 −0.060089

0.4 −3.501747 −0.382399
0.6 −3.30933 −0.433187

0.4 −3.30171 −0.438490
0.7 −3.280692 −0.454088

0.5 −3.279882 −0.430422
0.8 −3.278111 −0.374863

0.6 −3.385541 −0.321764
1.0 −3.785906 −0.143243

1.2 −3.778422 −0.146725
2.0 −3.754425 −0.187570

0.3 −3.733414 −0.067809
0.6 −3.686839 0.214499

0.2 −3.714673 0.051744
0.5 −3.778341 −0.298297
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Table 2. Validation of results and variations in Nux Re−
1
2

x when
m = 0.25, ς = H = 0.1,I = 0.25, St = Sg = 0.1, Pr = 2.0, Pe = 1.0, Nt = 0.1,
ξ = ε = 0.3, ζ = 0.4, Le = 0.1, γ = 1.0, R = 0.2,J = 0.1, Ps = Fs = Da = 0.3

M Nux Re−
1
2

x
(Shooting Technique)

Nux Re−
1
2

x
(Bvp4c)

0.1 −1.097833 −1.097831
0.4 −0.732341 −0.732340
0.5 −0.399743 −0.399742
0.7 −0.102830 −0.102829

parameter (Fs, Da) is revealed in Figs. 3(a) and 3(b), it is revealed in Fig. 3(a) that incremental
values of Fs, Da cause a slight decline in the velocity distribution while an enhancement is noticed
in the temperature distribution in Fig. 3(b).
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Figure 3. The changes in the (a) contribution of Fs, Da on velocity distribution and (b) contribution of Fs, Da on
temperature distribution
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Figure 4. The changes in the (a) contribution of I on concentration distribution of homogeneous bulk fluid and
(b) contribution of I on concentration distribution of heterogeneous catalysts at the surface
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It is observed in Fig. 4(a) that there is a diminution in the concentration distribution of homoge-
neous bulk fluid with increased thickness parameter I, while in Fig. 4(b) augmentation in the
concentration distribution of heterogeneous catalyst at the surface is noticed as thickness param-
eter increases. In Figs. 5(a) and 5(b) incremental values of space-based internal heat generation
parameter ζ correspond to augmentation of both the temperature distribution and concentration
distribution of heterogeneous catalyst at the surface, respectively. Physically, this observation is
due to the fact that there is a provision of sufficient heat energy required to break down the strong
intermolecular bond binding the molecules of the particles of the fluid together which permits the
free flow of the fluid over the upper horizontal surface of a paraboloid of revolution.
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Figure 5. The changes in the (a) contribution of ζ on temperature distribution and (b) contribution of ζ on
concentration distribution of heterogeneous catalysts at the surface

The impact of the thermal stratification parameter St is observed in Figs. 6(a),6(b),7(a). In Fig. 6(a),
it is observed that incremental values of St lead to a diminution of the temperature distribution,
while an enhancement in the concentration of reactant is noticed in Fig. 6(b).
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Figure 6. The changes in the (a) contribution of St on temperature distribution and (b) contribution of St on
concentration distribution of homogeneous bulk fluid



88 | Mathematical Modelling and Numerical Simulation with Applications, 2023, Vol. 3, No. 1, 74–100

It is visualized in Fig. 7(a) that increasing St corresponds to a decline in the bioconvection dis-
tribution, while a different behaviour is noticed in Fig. 7(b) in the sense that, as Sg is raised,
the bioconvection distribution diminishes within the domain 0 ≤ ℵ ≤ 2.4 and thereafter, an
augmentation is noticed within the domain 2.4≤ ℵ ≤ 6.0.
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Figure 7. The changes in the (a) contribution of St bioconvection distribution and (b) contribution of Sg
bioconvection distribution

The influence of material parameter ς is reflected in Figs. 8-10 when St = Sg = 0.1 (that is, at
the hypolimnion layer of stratification). It is observed in Fig. 8(a) that the velocity of the fluid
is enhanced as it flows over the upper horizontal surface of the paraboloid of revolution. The
observed trend is due to the fact that ς = 1

β jCµ means if ς increases, automatically the viscosity
of the Erying-Powell fluid is subsided, thereby boosting the motion of the fluid across the upper
horizontal surface of the paraboloid of revolution. An opposite effect is noticed in temperature
distribution in Fig. 8(b) as ς increases.
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Figure 8. The changes in the (a) contribution of ς on velocity distribution and (b) contribution of ς on
temperature distribution
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Fig. 9(a) unravels the contribution of ς on the concentration of reactant A that is also known as the
homogeneous bulk fluid. It is deduced that the magnitude of ς leads to a significant enhancement
of the concentration of reactant A at the initial stage of the stratification, meanwhile, with the same
magnitude of ς large diminution is noticed in the concentration of reactant B and bioconvection
distribution.
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Figure 9. The changes in the (a) contribution of ς on concentration distribution of homogeneous bulk fluid and
(b) contribution of ς on concentration distribution of heterogeneous catalyst at the surface
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Figure 10. Contribution of ς on bioconvection distribution

The variations in profiles of concentration of reactant A and concentration of reactant B with
increasing values of homogeneous reaction material R are computed in Figs. 11(a) and 11(b) when
St = Sg = 0.1. It is discovered that an increase in the magnitude of R produces a significant
increase in the concentration of reactant A and a slight elevation is deduced in the concentration
of reactant B at the hypolimnion stratified layer of the upper horizontal surface of the paraboloid
of revolution.
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Figure 11. The changes in the (a) Contribution of R on concentration distribution of homogeneous bulk fluid
and (b) contribution of R on concentration distribution of heterogeneous catalysts at the surface

Figs. 12(a) and 12(b) delineates impact of heterogeneous reaction parameter J on profiles of
concentration of reactant A and concentration of reactant B when St = Sg = 0.1 and R = 1.0. It is
seen from the Fig. 12(a) that concentration of reactant A is an increasing function of J while in
Fig. 12(b) it is noticed that the concentration of reactant B is a decreasing function of J .
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Figure 12. The changes in the (a) contribution of J on concentration distribution of homogeneous bulk fluid and
(b) contribution of J on concentration distribution of heterogeneous catalysts at the surface

The impact of the bioconvection Schmidt number Scm is plotted in Fig. 13 when St = Sg = 0.1 and
ג = 2.0. It is seen that the bioconvection distribution exhibits decelerating characteristics within
the domain 0 ≤ ℵ ≤ 2.4 and further shows a diminution within the domain 2.8 ≤ ℵ ≤ 6.0 of the
upper horizontal surface of a paraboloid of revolution when Scm is raised. Physically, the observed
development is attributable to the fact that the bioconvection Schmidt number Scm corresponds to
the ratio of momentum diffusivity to the diffusivity of microorganisms. It is worth noting that,
raising Scm correlates to a decrease in microorganisms’ diffusion, which reduces both the density
and the thickness of the boundary layer for motile microorganisms.
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Figure 13. Contribution of Scm on bioconvection distribution
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Figure 14. The changes in the (a) contribution of m on velocity distribution and (b) contribution of m on
temperature distribution
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Figure 15. The changes in the (a) contribution of m on concentration distribution of homogeneous bulk fluid and
(b) contribution of m on concentration distribution of heterogeneous catalysts at the surface



92 | Mathematical Modelling and Numerical Simulation with Applications, 2023, Vol. 3, No. 1, 74–100

The effect of the velocity index parameter m is revealed in Figs. 14-15 when St = Sg = 0.5.
It is noticed in Fig. 14(a) that incremental values of m lead to augmentation of the velocity
distribution while a decline in the temperature distribution is noticed in Fig. 14(b). In Fig. 15(a)-
15(b) it is obvious that the concentration of homogeneous (bulk fluid) and concentration of
heterogeneous (catalyst at the surface) are increasing and decreasing functions of m respectively.
Figs. 16(a)-17(a) are plotted to view the variations in the concentration of homogeneous (bulk
fluid), concentration of heterogeneous (catalyst at the surface), and bioconvection distribution
with rising values of thermophoretic parameter Nt(Nt = 0.1, 0.2, 0.3, 0.4). In Fig. 16(a), it is
envisioned that within the domain 0 ≤ ℵ ≤ 2.7 a diminution is noticed in the concentration
of homogeneous (bulk fluid) for larger values of Nt and thereafter an enhancement is observed
for 2.8 ≤ ℵ ≤ 6.0. While in Fig. 16(b) a quite different behaviour is envisioned in the aspect of
concentration of homogenous catalyst at the surface in the sense that, as Nt is raised, there is a
substantial enhancement within the domain 0 ≤ ℵ ≤ 2.7 of the concentration of heterogeneous
catalyst at the surface and decline is later noticed when 2.8 ≤ ℵ ≤ 6.0. Physically, the apparent
trend results from the abrupt movement of heated particles from a location of high heat energy to
a region of low heat energy in thermophoresis. In reality, thermophoresis may be witnessed in a
heated fluorescent bulb, where heated particles tend to move to a location with a lower temperature
gradient. In Fig. 17(a) it is observed that incremental values of Nt lead to an enhancement of the
bioconvection distribution. Figs. 17(b)-18 present the influence of Brownian motion parameter
Nb on the concentration of homogeneous bulk fluid and concentration of heterogeneous catalyst
at the surface, respectively. In Fig. 17(b) it is observed that there is an obvious augmentation in
the concentration of homogeneous bulk fluid with an increment in Nb(Nb = 0.1, 0.2, 0.3, 0.4).
Physically, these characteristics result from the collision of particles caused by the random motion
of nanoparticles within the wall of the upper horizontal surface of the paraboloid of rotation. As a
result of this development, kinetic energy is converted into thermal energy, resulting in improved
behavior of homogenous concentrations (bulk fluid). In Fig. 18, a decline effect is noticed in the
concentration of heterogeneous catalyst at the surface when Nb is raised, thereafter within the
domain 3.4 ≤ ℵ ≤ 6.0 a slight augmentation is noticed towards the freestream.
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Figure 16. The changes in the (a) contribution of Nt on concentration distribution of homogeneous bulk fluid
and (b) contribution of Nt on concentration distribution of heterogeneous catalysts at the surface
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Figure 17. The changes in the (a) contribution of Nt on bioconvection distribution and (b) contribution of Nb on
concentration distribution of homogeneous bulk fluid
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Figure 18. The changes in the contribution of Nb on concentration distribution of heterogeneous catalysts at the
surface

Figs. 19-20 are prepared to demonstrate the significance of Prandtl number Pr when St = Sg = 0.1.
In Fig. 19(a), increasing values of Pr(Pr = 0.1, 0.7, 1.5, 2.0) cause the diminution of temperature
distribution. It is physically justifiable since the Prandtl number represents the connection between
a fluid’s momentum transfer and thermal transport capacity.
In other words, Prandtl number Pr =

ϑ
α = µ

ρ
k

ρCp

reveals the relationship between kinematic viscosity

and thermal diffusivity of the fluid. Therefore as Pr increases the viscosity of the Erying-Powel
fluid magnifies leading to declining in the temperature of the fluid as it flows along the upper
horizontal surface of a paraboloid of revolution. The impact of Pr on Q(ℵ) is manifested in
Fig. 19(b). It is observed that an increment in Pr corresponds to the decline in the concentration
of homogeneous bulk fluid. In Fig. 20(a), an increase in Pr leads to the enhancement of the
concentration of heterogeneous catalyst at the surface. Likewise, from Fig. 20(b) it is observed that
the concentration of bioconvection lifts up as Pr is raised.
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Figure 19. The changes in the (a) contribution of Pr on temperature distribution and (b) contribution of Pr on
concentration distribution of homogeneous bulk fluid
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Figure 20. The changes in the (a) contribution of Pr on concentration distribution of heterogeneous catalysts at
the surface and (b) contribution of Pr on bioconvection distribution

Figs. 21(a)-21(b) demonstrate the behavior of temperature-dependent viscous parameter ξ and
temperature-dependent thermal conductivity parameter on velocity and temperature distributions,
respectively. In Fig. 21(a), it revealed that the velocity distribution is enhanced with higher ξ,
likewise with elevation in ε as seen in Fig. 21(b), there is a well-pronounced augmentation in
the temperature distribution. Physically, this observation is a result of the fact that increasing
thermal conductivity causes the kinetic energy of the fluid particles to increase, thus enhancing
the temperature of the fluid. Figs. 22(a) and 22(b) present the effect of Prandtl number Pr on skin

friction coefficient C fx(Rex)
1
2 and Nusselt number Nux(Rex)

− 1
2 , respectively. It is envisioned

that both C fx(Rex)
1
2 and Nux(Rex)

− 1
2 encumber with increasing Pr.
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Figure 21. (a) Contribution of ξ on velocity distribution and (b) contribution of ε on temperature distribution
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Figure 22. The changes in the (a) contribution of Pr on on coefficient of skin friction and (b) contribution of Pr on
Nusselt number

5 Conclusions

The use of catalytic reactions in industry and real-life applications offers numerous economic
advantages which include improved process efficiency, reduced energy consumption, and reduced
waste production making it a critical tool for achieving sustainable and cost-effective chemical
production. The motion of air across the pointed surface of an aircraft or over the bonnet of
a car is highly important to scientists. Geometrically, the motion of fluid over this particular
domain is termed the upper horizontal surface of a paraboloid of revolution. Simulation has
been carried out for the boundary layer flow of Erying-Powell fluid transporting nanoparticles
in the presence of stratifications and varying fluid characteristics across a surface with variable
thickness. Thermal stratification, microorganisms stratification, and variable fluid properties
have been appropriately modeled. When material parameters are increased, it is concluded that
the viscosity of fluid subsides at the lowest layer of stratification, and the motion of Erying-
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Powel increases across the upper horizontal surface of the paraboloid of revolution. Increasing
the magnitude of Darcy-Forchheimer parameters corresponds to the diminution of velocity
distribution and augmentation of temperature distribution. An improvement in bioconvection
distribution is shown as the thermophoretic parameter is elevated. With increasing Brownian
motion parameters, the homogeneous bulk fluid displays substantial augmentation. When the
temperature-dependent viscosity parameter and temperature-dependent thermal conductivity
parameter are raised, the fluid’s velocity and temperature are increased. Significant enhancement
is noticed in both temperature distribution and concentration distribution of heterogeneous
catalysts at the surface when heat generation is increased. It is therefore significant to state that
the major influence of these germane parameters would go a long way towards assisting scientists
in reaching efficiency in the course of production in industries.
The present work can be extended to hybrid nanofluids. The combined effect of nonlinear thermal
radiation and stratification can be properly incorporated which has many applications in the
industry.
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