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The universal property of commutative algebras’ internal crossed
modules
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Keywords Abstract — In this work, we identify subobjects and ideals in the category of internal

Universal property, crossed modules, which provide a deeper understanding of the structure of these objects.

Internal crossed mod- Moreover, we provide several propositions through examples, which illustrate the properties

and relationships between ideals and subobjects in the category of internal crossed modules.

ule

’ The examples and propositions provided in this work can serve as a foundation for further
Ideal, research in this area and may lead to new insights and discoveries in the study of these
Category complex algebraic structures. Overall, in conclusion, we give a brief overview of the contri-

butions and future research directions of the work presented, highlighting the significance
of internal crossed modules in algebraic topology and category theory as well as making
suggestions for possible areas of additional research and application.

Subject Classification (2020): 18D40,18A05

1. Introduction

Crossed modules were defined by Whitehead [1] as a tool for homotopy theory. Instead of using
crossed modules in name, equivalently, commutative algebra has been used in [2]. Although specific
terms are used in crossed modules, their terminology is not entirely standardized. For a crossed
module 0 : M — N, the algebras M and N are called the top and the base of the crossed module,
respectively, while the homomorphism 0 is referred to as the boundary. Crossed module axioms are
also known by their names; CM1 is occasionally referred to as equivariance, and CM2 is known as the
Peiffer identity, as explained in [3]. And a pre-crossed module is a structure that contains the same
data as a crossed module, satisfies the equivariance condition, but does not satisfy the Peiffer identity.

By providing relevant objects and morphisms, groups, and other algebraic structures, an internal
category can be constructed in a category with pullbacks. Thus, pullbacks enable the formulation of
the notion of a category internal to any other category. Brown and Spencer noted in [4] that crossed
modules are equivalent to internal categories within the category of groups. Porter [5] for the case
of commutative algebra and Ellis [6] for the case of Lie algebra are two well-known examples of the

analogous equivalence of this result.
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The category of internal crossed modules is equivalent to the category of crossed squares and 2-crossed
modules. More information about the category of crossed squares and 2-crossed modules can be found
in [7-11].

In the present paper, we begin the study of some of the more complex properties of internal crossed
modules of algebras and compile basic terminology and information for future use. For more
information on internal crossed modules, see [12-17]. We begin with the definition of internal crossed
modules. Later, we provide some fundamental properties for a given internal crossed-module
morphism, including the kernel and the image. Moreover, we define the ideals and subobjects of a
given internal crossed module. Additionally, we provide the universal property of internal crossed
modules.

The main ideas of this work can be given as:

1. To fully describe the subobjects and ideals within this category.
71. To construct the quotient object by using ideals in this category.
71i. To give the universal property of internal crossed modules.

All crossed modules throughout the text will be crossed modules of commutative algebras.
2. Internal Crossed Modules

Let R and C be algebras. A crossed module is an R-algebra homomorphism 0 : C' — R with the
action R on C such that
CM1 9O(c-r)=0(c)r

CM2 ¢ -9(c)="c
for all » € R and ¢, € C. We shortly show this crossed module, such as (C, R, ).

A pair ¢ : C — C" and ¢ : R — R’ of k-algebra (or an algebra over k) homomorphism such that
¢(c-r) = ¢(c)p(r) defines a morphism of crossed modules from (C, R,9) to (C',R',d). Thus, we
obtain the category of crossed modules of commutative algebras, denoted by XMod.

Definition 2.1. Let C be a category within the XMod category of crossed modules over algebras.
Then, C consists of two crossed modules »; = (M7, N1, 1) and 3¢9 = (Mo, No, o) with crossed module
morphisms s = (s1,80), t = (t1,%0) : 31 — 25 called source and target, respectively, the identity map
e = (e1,€2) : 29 — 21 and the composition m = (mq, mg) : 321 sX¢ 221 — »1. These data satisfy:

se =te = 1,,
sm = sma, tm = tm
m(1,,, xm)=m(m x 1,,)

m(es,1,,) =m(l,,,et) =1,,

€1
P T

m1 S1
M131Xt1M1 >]\4-1i]\40

t1
a1 Xall all iao
S

0
Nisog X4, N1 T0>N1 —= Ny
~-to

€0
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My My

,a, 8, t,e,m |.
N1 Ny

We denote such an internal crossed module of algebras by (

Definition 2.2. A morphism f = (fi, f2, f3, f1) of internal crossed modules from < %1 ]\A{O ,a,s,t,e,m>
1 0

to < 21 go ,6,s,t,e,m> consists of algebra homomorphisms f; : My — Ay, fo: Mg — Ap, f3: N1 —
1 0

B, and f; : N9 — By, compatible with source, target, identity, and the actions.

o g T
Ay ; Ao
f1 f2
Ce
My j My do
o e |@0
041 Bl PR ::::::t::::: L ::::::; BO
f3
€ fa
" g T
N1 Ny

Thus, we get the category of internal crossed modules which is denoted by IntXMod.

Definition 2.3. [18] A subcrossed module of a crossed module 0 : C — R is a crossed module
' : C" — R’ such that C’ is a subalgebra of C' and @’ is the restriction of 9 to C".

In a categorical sense, a subcrossed module should be a subobject. Inclusion of @ : C — R to

' : C" — R’ in this way results in a monomorphism of crossed modules.

M, M,

Definition 2.4. Let I} =
N1 Ny

,a, 8, t, e, m) be an object in IntXMod. Then, we say that

M, M|
Iy = LYo s el,m! | is a subobject of I if
N N}

i. M{ and N7 are subalgebras of M; and Ny, respectively and M), and N} are subrings of My and Ny,
respectively.

it. the homomorphisms s’, ', ¢/, and m’ of I, are the restrictions of the homomorphisms s, ¢, e, and

m of Iy.
141. I is an object in IntXMod.

. f: Iy — I is a morphism in IntXMod where for ¢ € {1,2,3,4} the morphisms f; are injections.

— T T
My e M,
f1 f2
L e
< s Ty
M, - M,
€
Y P s’ ..
Nl PO ISR ::Z; NO
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The ideals of a crossed module § : C' — R are subcrossed modules 9 : C' — R’ contained in the kernel
of 0 [18]. We define the ideal of an object in IntXMod.

My My

Definition 2.5. Let I; =
N1 Ny

,a, 8, t, €, m) be an object in IntXMod. Then, we say that the
M M}

subobject Iy = ,1 9 o st e/.m' | of I is an ideal if
N1 Ny

i. MU DM,; C M/, for i € {0,1}, N{ is an ideal of Ny and N7 is an ideal of Nj.

ii. n},-m; € M;, for n}, € N/ and m; € M; (i € {0,1}).

iii. n;-m), € M/, for n; € N; and m, € M/ (i € {0,1}.

My, My A1 Ao
E le 2.6. Let f = (f1, for f3, f4) - s, tem| — 8,s,t,e,m| b
xample et f = (f1,f2, f3,[1) ( N N a,s,t,e m) < B, By s,t,e,m | be a

morphism in IntXMod.

£

—
A - Ap
S e
My - My do
V < s e
[e%1 Bl o . Lo BO
f3
€ fa
f
N, t No
Then,
I I A A
mfi T fo » 01 S|tm; t|1m, €|1ms M |1m | is & subobject of ! 0 ,0,8,t,e,m
Im f3 Im f4 By By
and

My My

( Ker f1 Ker f2

) a? 87 t? 67 m
Ker f3 Ker f4

a’Kerv 3’Ker7 t’Kera e’Kerv m‘Ker) is an ideal of (
1 No

. My My A Ay
Proposition 2.7. Let f = (f1, f2, f3, f4) : ,0,s8,t,e,m | — ,0,8,t,e,m | be a
Vs for f5: fu) N1 No By By

Im f1 Im fo

morphism in IntXMod. The image of the morphism f,
Im f3 Im f4

a5|lma $|Im7 t|Im7 e’lma mlm) is

A A
a subobject of ( Bl 0

| B ,5,s,t,e,m>.

Proof.

01|tm : Im fi — Im f3 and &gl : Im fo — Im fy are crossed modules [18]. Im f;, Im fo, Im f3,
and Im f; are subalgebras of A;, Ay, Bi1, and By, respectively. The morphisms |, t|im, €|m
and the composition m|n, are the restrictions and satisfy (2.1)-(2.4) in Definition 2.1. Thus,

(Imfl Tm. /2 Ar Ao (53t6m> O

, 0 tm, S|tm, ttm, €|tm, M is a subobject of
Imf3 Imf4 ’Im ‘Im ’Im ’Im ’Im) ] ( . Bo
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‘s My My Al Ay
Proposition 2.8. Let f = (f1, fo, f3, : ,0,8,t,e,m | — ,0,8,t,e,m | bea
P = (f1, fa, f3, fa) ( N, Ny ) ( B, B

Ker fi Ker fo

Ker f3 Ker f4 a|Kers S|Kers t|Ker, €|Ker, M| Ker

morphism in Int XMod. The kernel of the morphism f, <

My My

is an ideal of
Ny Ny

,a,s,t,e,m).

Proof.

Ker fi Ker fo

Similarly, it is clear that
Ker f3 Ker f4

» 01, S|Im,thm,ehm,m1m> is a subobject of
Ay Ag . . o o
B B ,0,8,t,e,m |. We will show the ideal conditions for a subobject in IntXMod.
1 bo
i. Ker f3 is an ideal of V7. Since
fa(ni—ny) = fa(m) — fa(ny)
= Oy, —Opn
= ONl

for ny,n} € Ker f3 we obtain ny; — n € Ker f3. Moreover, since

fs(na) = f3(n)fs3(a)
= f3(n)0n,
= 0N1
for n € N1,a € Ker f3, we get na € Ker f3. Therefore, Ker f3 is an ideal of IV;.
ii. We get fa(n(, - mo) = Oy, for nj € Ker fa,mg € My. Thus, nj, - mo € Ker fo.
iii. We get fi(n1-m)) = Oker f,, for n1 € Ny, m) € Ker f;. Therefore, ng - m} € Ker f.

Ker f1 Ker fo

Remaning conditions can be shown similarly. As a result,
Ker f3 Ker fy

a‘Kera S‘Kera t’Kera e‘Kera m|Ker>

M, M,

is an ideal of
Ny Ny

,a,s,t,e,m). O]

3. Universal Property of Internal Crossed Modules

In this section, using the ideal I3 of an object I; in IntXMod, we prove that the quotient I;/I5 is an
My Mg My My
/ y & S, t: e,m
N{ NO N1 NO
in IntXMod. The action of Ny/N} on My/M|; can be given as

object in IntXMod. Let I = ( o, st e’,m’) be an ideal of I} = (

(x+Ny) - (y+ M) =z -y + M

and for ng € Ny,

ng - (y + Mp) ng -y + My
= 0+ M, (g -y € M)

Noy/N{ acts on My/My trivially and Nj /N7 acts on M; /M similarly.
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M{ M| My M
Theorem 3.1. Let I, = /1 9 ,of st e/,m'| be the ideal of I; = ! O a,stem
given with the following diagram
(C.J
- T
M M
; t
i e
M, - My do
5 ,
aq N{ D H ; Né
t/
f3
€ fa
f—
Ny ; Ny
in IntXMod. Then,
EllM(’)
mi|

My /Mg, x4, My /M|, ——% My /M|, =% M,/ M},

t1|IVI(’)

Ollxoéll all lao
so|N6

NI/N{SOXtONI/N{ —_— Nl/N{ — < N()/N(/]

mO|N{

0
e
0|N6

My/M{  My/M

Hence, /My Mo/My a1, S|y, tl1,, €], m|r, | is an object in IntXMod.
Ni/Ni No/Ng

Proof.

Define @y : My/M{ — N1/Ni , my + M{ — ai(mq) + Ni and ag : Mo/My — No /N, mo + M} —
ap(mg) + N{. To show that a7 and ag are crossed modules of algebras. We only need to show that
a1 and g are well-defined. For my, m} € My, we get

mi+ M =m)+M = m;—mjeM
= ai(m; —m)) € N|
= ai(mi) —ar(m)) € Nj

= o1(m1) + Ni = a1(my) + N

It is obvious that a7 is a Ny /Nj-algebra homomorphism. Therefore, ag : My /M| — N1 /Nj is a crossed
module of algebras. Similar way, ag : Mo/My — No/N{ is a crossed module.

Since I; and I are objects in IntXMod, the restrictions €|, = (e1]ar, €2|ny), sl = (s1la: solng),
tlr, = (t1lagg, tolny) and the composition m|r, = (ma|ag, molny) satisfy (2.1)-(2.4) in Definition 2.1.

/ /!
Thus, ( MMy Mo/My

,aln, sl tln, eln,, m is an object in IntXMod. [
Nl/N{ NQ/N(,) ‘12 |I2 |I2 ’12 |I2> ]
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A Az
Az Ay

By By

Corollary 3.2. Let A =
Bs By

70473A7tA76A7mA> and B = ( 7/BaSBatB7€B7mB> be

A Ay

two objects in IntXMod and A’ = ( R
Az A

,a’,sA/,tA/,eA/,mA/> be an ideal of A. Since

Ay/A] Ag/A)

AJA = ,
/ <A3/Aé. Ay /A

alar,salarstalar,ealar, mA|A’>

is an object in IntXMod, then ¢ : A — A/A’ is a morphism in IntXMod. Let g : A — B be another
morphism in IntXMod such that g;(A}) = 0p,, for i € {1,2,3,4}. For g : A — B in IntXMod, there
exists a unique morphism h : A/A" — B in IntXMod making the following diagram commutative.

Aq

S1A
\ )
ay e1la As z T -
3§

@o g3
d0A
\ h1
g4
A4 - = -

to
60|A\

q2

qs

ha o

2

S0A| 4,

toa|,,

EO‘A\A/ A4/Aﬁl

4. Conclusion

In this work, we defined the subobjects and ideals in the category of internal crossed modules. We
provide the kernel and image of an internal crossed module in order to adapt the isomorphism theorems
for ideals and ring homomorphisms found in the ring theory for internal crossed modules.

Crossed modules of groups have been defined in higher dimensions: by Conduché [19] and for
commutative algebras Grandjean and Vale [20], namely 2-crossed modules. As additional work,
categorical equivalences of internal crossed modules and 2-crossed modules can be investigated. In
recent years, category theory has found use in programming languages [21-24]. Programming language
adaptations are also possible for internal crossed-module applications. The research presented in this
study has addressed the category IntXMod’s basic concepts, and these offer direction for upcoming

work in the following areas:
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1. Utilizing group theory’s isomorphism theorems for internally crossed modules.

ii. Obtaining universal constructions in IntXMod (i.e., pullback, pushout, product, etc.).

71i. Programming language adaptations of internal crossed modules.

1v. Determining whether internal crossed modules and 2-crossed modules have the same categorical

equivalences.
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