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ABSTRACT. Without qualms, studies show that quantum calculus has received
great attention in recent times. This can be attributed to its wide range of
applications in many science areas. In this exploration, we study a new g-
differential operator that generalized many known differential operators. The
new g-operator and the concept of subordination were afterwards, used to de-
fine a new subclass of analytic-univalent functions that invariably consists of
several known and new generalizations of starlike functions. Consequently,
some geometric properties of the new class were investigated. The properties
include coefficient inequality, growth, distortion and covering properties. In
fact, we solved some radii problems for the class and also established its sub-
ordinating factor sequence property. Indeed, varying some of the involving
parameters in our results led to some existing results.

1. INTRODUCTION

Define the set
Ny ={s0+1,7+2,...},7=01,2,....
Let = ={z:2z € C and |2| < 1} be the unit disk and let

A=<f:f(z)= z—&—iakzk, f(0)=0, f(0)=1, and z € £ (1)
k=2
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be the class of normalized analytic functions. Also, let S which is a subclass of
represent the class of functions that are analytic and univalent in =. For s € [0, 1),
let $*(32), C(3¢) and K(5¢) represent the classes of starlike functions of order s,
convex functions of order s, and close-to-convex functions of order sz, respectively.
A function f in belongs to the classes $*(3¢), C(>) and K(x) if for z € =,
Re(zf'/f) > 3, Re(z(f"/f) +1) > » and Re(f'/h') > » (h € C), respectively.
We shall let $*(0) = S*, C(0) = C and K(0) = K simply denote the classes of
starlike functions, convex functions and close-to-convex functions, respectively.
Historically, class S* of starlike functions was introduced by Alexander [1] and it
has been numerously studied in various forms, such as starlike functions of order s,
strongly starlike functions, uniformly starlike functions, close-to-starlike functions,
bi-starlike functions, Janowski-type starlike functions, Mocanu-type starlike func-
tions, starlike functions of complex order, A-pseudo-starlike functions, and many
more. In deed, an impressive application of starlike functions was demonstrated
by Rensaa [32] where the author used starlike functions to solve frequency analysis
problem. A frequency analysis problem is the problem of determining unknown
frequency fx (k € Ny), with its corresponding amplitude a; (k € N1), and of a
trigonometric signal z(m) where the signal values from k observations are known.
We refer readers to [1525/39] for more information on starlike functions and to [9l41]
for some details on its applications.

Suppose f1, fo € A, f1 is said to be subordinate to fs, notationally expressed as
fi1(2) =< f2(2) (z € Z), if there exists a Schwarz function: w(z) = wiz + wyz? +
<o (lw(z)| < 1, z € &) such that

f1(2) = fa(2) ow(z) = fa(w(2)). (2)

In case fo(z) is univalent in =, then f1(z) < f2(2) <= f1(0) = f2(0) and

fl(E) C fg(E)

Let P(s¢) represent the class of Carathéodory functions of order » and of the form

Di(z) =14 Z(l —)prz®  (Rep.(z) > 2 €[0,1), p.(0)=1, z€ Z). (3)
k=1
Clearly, P(») C P(0) = P, where P is simply called the class of Carathéodory
functions. In 2006, Polatoglu et al. [30] generalized function is the class P by
introducing the class

PA A B) = {p(z) EP:p(z) < (1=X) 18-
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where all parameters are as declared in (8). It is easily seen that P(0,1,—1) =
P(1,-1) in and P(0,A4,B) = P(A, B), the class of Janowski functions intro-
duced in [16], see also [8,/39] for more details.

Quantum calculus (simply known as g-calculus) has received a surge in research
in recent years, owing to its wide range of applications in mathematics, physics and
other sciences. Specifically, its application areas include, for example, quantum
physics, operator theory, ordinary fractional calculus, and optimal control prob-
lems; see [51/6,[17},/31,/40]. The application of g-calculus (that is, g-differentiation,
g-integration and g-analysis,) in the development of Geometric Function Theory
(GFT) is particularly noteworthy. Current development in GFT shows that the
concept of g-calculus has enticed many geometric function theorists. Since the
introduction of the g-derivative and the g-integral by Jackson [13,/14], many re-
searchers (see |4}/18121-24,[27,28,[35,/42]) have in diverse ways considered them in
the establishment of many properties of the subclasses of 2. In particular, au-
thors in [51/61/17,/36] extensively discussed some areas of applications of g-operators,
g-functions, g-series and g-analysis in various fields of Pure and Applied Mathemat-
ics.

For function f € 2 of the form and for ¢ € (0, 1), the g-differential operator
D, : A — A is define by

Dy,f(0)=f'(0)=1 (2=0) ifit exists,

G0 1 4 5 Koz (2 £0),
k=2

D) =]
f'(z) as ¢ — 1, ()
o0
Dgf(z) =Dy(Dyf(2)) = k;[k - 1]q[k]qak2k72v
and [k]g = 11%‘1; so that by L’Hopital’s rule, lig[k}q =k.
q

Using , then the Opoola ¢-differential operator DZ,’tb’“ is defined as follows.

Definition 1. Let f € A, then the Opoola g-differential operator Df;)’tb’" A — A
(g € (0,1), n €Xyg) is defined by

Dy f(2) = f(2)
D;f“f(z) =1+ 0—u—-1t)f(z) — 2t(b—u) + 2tDy f(2) = dg..(f)
D3 f(2) = dg (D" f(2)) (6)

DIt f(2) = dg e (Do V0" f(2))
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which implies that
D;’tb’“f(z) =z+ Z(l + (kg +b—u—1Dt)"ap2" (2 € 2) (7)
k=2

where
neNy, t=20,b20, ue|0,b], A€[0,1), - 1=B< AL,
1-g* (8)

q¢c (07 1)7 [k}q = 1—q° and lgg[k]q = k.

The g-operator in @ is the g-analogue of the well-known Opoola differential
operator introduced in [26]. The following properties hold for the functions in .

. 0,b,u BT n,b,u R 0,b,u _ .

(1) lql%lllD(Lt f(z)= 1(111{111 Dy flz)= 1(11%111 D, f(z)=f(z) eAin .

(2) 1i1¥111 Dg’f’bf(z) = 11%1 Dy f(2) = D" f(2), the Salagean differential opera-
q ’ q ’
tor introduced in [33].

(3) lim DIVl f(z) = lim Dy  f(z) = Dp f(z), the Al-Oboudi differential op-
q q
erator introduced in [3].

(4) li%rll DZ”tb’uf(z) = D" f(z), the Opoola differential operator introduced
q
in [26).

(5) D;L”lb’b (2) = D" f(2) = D} f(2), the Salagean g-differential operator
introduced by Govindaraj and Sivasubramanian [11].

(6) D;’tb’bf(z) = D" f(z) = D}, f(2) is herein referred to as the Al-Oboudi
g-differential operator.

Instances of some recently studied g-operators in GFT can be found in [2,(18}[20]
29).
2. A NEwW CLASS OF ¢-STARLIKE FUNCTIONS

In view of the geometric expression of starlike functions, the Polatoglu’s function
in and the Opoola g-differential operator in Definition [1|, we therefore, present
the class S;(n,b,t,u; A, A, B) as follows.

Definition 2. A function f € 4 is said to be a member of the class S;(n,b,t,u; \, A, B)
if it satisfies the q-differential subordination condition

DY) s
Dgtbu f(2) 1+ Bz

where all parameters are as declared in .

tA (z€5) (9)

It can easily be seen that class Sy(n,b,t,u; A, A, B) consists of numerous sub-
classes of starlike functions when its involving parameters are varied. Some stud-
ies on Janowski’s ¢-starlike functions with various definitions can be found in
[7,/12,/191/38].
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3. APPLICABLE LEMMA

Definition 3 ( [43]). (SUBORDINATING FACTOR SEQUENCE). The sequence {hx},
of complex numbers is called a subordinating factor sequence if whenever

c(z) = chzk (c1=1, z€ 5)
k=1

o0
is analytic-univalently convex in =, Y cphi < c(2).

k=1
Lemma 1 ( [43]). (SUBORDINATING FACTOR SEQUENCE). From Definition[3, the
sequence {hk}k:1 1s called a subordinating factor sequence if and only if

o0
Re(l +Zchzk> >0 (z€5).
k=1
4. THE MAIN RESULTS

For brevity and in what follows from , let

Ag =1+ (kg +b—u—1)t) 21, (10)

so that -
D;L”tb’uf(z) =z+ Z Ag’kakzk (z € 5), (11)

k=2

Ay A A B) = Ap{ (Mg = 1) +[AuB— A= XA-B)},  (12)
and henceforth, all parameters shall be as declared in .
4.1. Basic Properties.

Theorem 1 (COEFFICIENT INEQUALITY). Let f € %, then
f € S:; (’I’L, bu t7 U; )\7 A, B) 'Lf and OTlly ’Lf

y Ak A AB)

(A-B)(T-N)

k=2

lag| = 1. (13)

All parameters are as declared in .
Proof. Suppose inequality holds, then in view of the principle of subordination,

We can express as
Dyt f(z) _ 1+ [A— MA- B)lw(2)
Dy f(2) 1+ Buw(z)

(14)
which simplifies to
Dyt f(2) = Dy £ (2)
A= MA=B)Dy" f(2) = BDy """ f(2)

= w(z). (15)
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Using in leads to

(24 Yoo Al anz®) — (24 352, AP pag2b)
[A = XA = B)](2 + X325 A7 para®) — Bz + 3000, Ay} awz®)

Zk 5 A ( qk—l)akzk 1

_ - 1
A= BTN~ 5y Ay {AeiB — A NA= Bzt~ <) (19
For |w(z)| < 1 and z € =, we have
‘ > s Ag,k(Aq,k — DapzF1
(A=B)I =N =2y A (DB —[A— (A= B)lJarsF !
) SR A3 (A = Dl )

(A=B)(1 = N) = 5% A7 | AgB — [A = A = B)]|as
This latter expression on the LHS is bounded above by 1 if

ZA Agr — Dlag] £ (A-B)(1— A ZA

SO that further simplification leads to

AykB—[A= A= B)]|a]

S 27 { (ke — 1)+ |28 - A=A A= B Ml S A-BY1 -3 (17)
k=2

and using gives
YAk A A B)ar] < (A= B)(L - N). (18)

k=2
Conwversely, suppose f € S;(n,b,t,u; A, A, B), then from we have
D ohen Ay p(Ag — Dagzh™!
A= B =) = Sy A {8, B — A= AA— Byt
and since Re z < |z] < 1, then it implies that
00 n k—
Re Zkozoz AP (Ag g — Dag2 ! oy
(A=B)(1 =) = >0 A {Ag B = [A = A(A = B)]}apz*~

Choosing values of z on the real axis of the complex plane and allowing z — 1,
implies that

= |w(z)] <1

2202 n,k(Aq,k 1)|ax| <1
(A=B)(1 = X) = 3525 Ag 1 {Ag kB — [A = AMA = B)]}Hax| ~
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so that further simplification and using (12)) leads to

> Al (kA A B)lag] £ (A= B)(1—)) (19)
k=2
as asserted. O

Corollary 1. Observe that from , equality occurs for function

_ ., AB =N -
fe(z) =2+ A5 (kA A, B) 28 (keNg, z€ 5). (20)
Corollary 2. Let f € SF(n,b,t,u; A\, A, B), then
(A-B)(1 =X

ol S T am EN) (21)

with extremal function in .
Remark 1. Let f € lqi%lllS;(O,b,l,b;O;l,—l) = lqi%rllS;(O,u,l,u;O;l,—l) = S*,
then -

D klar] S1 0 (keRy).

This is the result of Goodman [10] and Silverman [34)].

Theorem 2 (GROWTH PROPERTY). Let f € Sy(n,b,t,u; A\, A, B), then for
r=|z| <1,
B r2AN (A - B)(1 - )
Ag(27 A? '/4” B)

Equality occurs for function

f2(2) =2+

r2AT, (A= B)(1 - ))

nbu <
A L OO W )

(22)

(A=B)1=1) ,
A2\ A B)

Proof. From and for the fact that A, j is an increasing function of k (V k € Ng),
then

(23)

AN AB)Y ar] £ ATk A, B)lax| £ (A= B)(1-))
k=2 k=2
which implies that

Recall also that for f € 2 and since r* < r = |z\ < 1, then from (L),

o0
n
z+ E Aqﬁkakz
k=2

1Dl f(2)] = <r+ Z Al lag|r® S v 402 A7) " fag| (25)
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so that putting into leads to
2A7 (A~ B)(1— A)
Dn b, u < 2 9
D) < e RS (20)

In the same manner, we can show that

nbu TQA(TZLQ(‘A_B)(l_A)
D) 2 7 = EEE SR (27)

Putting and together gives as asserted.
Corollary 3. Let f € §;(0,b,t,u; \; A, B), then forr = |z| <1

- (A1 < I£(2)
(Ag2 = 1) + 4,28~ [A= \(A - B))
<yt r2(A—B)(1-\) .
T (A2 1)+ |AB - [A- A B)]
FEquality occurs for function
folz) =2+ (A=B=N) 22,
(Agz = 1) + 4428~ [A= XA - B)]

Let f € Sy(n,b,t,u; N\, A, B), then for

Theorem 3 (DISTORTION PROPERTY).
r=lz] <1,
2lgr(A=B)(1 - ) n,byu 2lgr(A=B)(1 - )
1-— < |D,(D]> <1 . 28
A;I]L(Q,A’A7 B) = | q( q,t f(Z))‘ = + AZL(2, A,A, B) ( )
FEquality occurs for the extremal function in .
Proof. Recall that for f € 2, r* < r = |z| < 1, and by using in ; we have

‘D nbu ’_‘I—FZA qakz
<1+ZA klglaglr*=t <14 7[2] qQZ\ak\ (29)
so that using in leadb to
AT (A=B)(1 - A
21, 455(A — B)(1- ) »

)Dq<D:;,7tb’uf<Z))‘ <1+ An(2, ), A, B)
[1 b bl )

In the same manner, we can show that

F[20,A7 (A — B)(1— A
DD} )] 21 3 Ag(;x,A,)zg . (81)
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Putting and together gives as asserted. O
Corollary 4. Let f € ligS;(O,b,tu;A;A, B), then forr = |z| <1,
q

2r(A—B)(1—\)

o (V=1)+]VB - [A-AA-B)]

= 1f'(2)]

2r(A— B)(1 - \)
(V=1)+|VB=[A-AA-B)]|

A
—

+

where V = 1i%r11 Ag 2. Equality occurs for function
q

(A-B)(1-))
(V-1)+ ‘VB— [A— A - B)]‘
Theorem 4 (COVERING PROPERTY). Let f € Sy(n,b,t,u; N\, A, B), then the func-
tion D;’)’tb’uf(z) m maps the unit disk = onto a domain that covers the disk
] < AG (2, N A B) — A 5 (A= B)(1 - ))
An(2, M, A, B)
The result is sharp for the extremal function in .
Proof. From ,

|| = Dy f(2)] < —

q,t

f2(2) = 2 +

AL (A~ B)(1 - \)
Ag(27 A’ ‘A7 B)

and observe that as |z| =r — 1,
A7 (A—B)(1— )
Ar(2,M, A, B)
where some simplifications give the assertion. O

Remark 2. Let f € liﬁlS*(O,b,t,u;O; 1,—1) = S*, then
q

|w| < 1—

] < &
(o) —.
2

This result agrees with that of Koebe’s one-quarter theorem, see [39].

4.2. Radii Problems.

Theorem 5 (RADIUS OF STARLIKENESS). Let f € Sy(n,b,t,u; A, A, B),
then f € §*(s) (32 €[0,1)) in the disk

z v = kléluz (‘AfB)(]-*)\)(k—%) .
The inequality is sharp for the function in ,
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Proof. From the definition of starlikeness, it is sufficient to show that

2f'(2)
o — ¥ 14z
1)).

Using in leads to
2f'(2) = #f(2) _ 1+w(z)
(1=2)f(z) 1-w(z)

so that P — 2)
zf'(z) — f(z
= 1
e+ -2 OIS
and using leads to
k—
> - lag||2|F~t < 1
k=2
Note that inequalities and can only be valid if
k— %|z|k*1 Ay (kA A, B)
1— 5 (A=B)(1-X)

where some simplifications affirm the result.

Theorem 6 (RADIUS OF CONVEXITY). Let f € S} (n,b,t,u; A, A, B),
then f € C(5) (3 €[0,1)) in the disk

2] < Re = inf AR (kA A BY(L — 5) 71
Z| (O klenNz (A_B)(I_A)k(k—%) .
This inequality is sharp for the function in _

Proof. From the definition of convexity, it is sufficient to show that

2f"(2)
o Tl—2 14
fz) “
1)).
11— ST (3 €10,1))

Using in leads to
22+ A =7)f(z) _ 1+w(z)
(1=3)f'(2) 1—w(z)

2f"(2)
2f"(2) +2(1 = %) f'(2)

so that

=|w(z)] <1

and using leads to

o0

k(k — s _

> HE= A e <1
— X

k=2

(33)

(34)
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Note that the inequalities and can only be valid if

k(k — ) o1 < Ag (kA A, B)
1— s A-B)(1-)\)
where some simplifications affirm the result. O

Theorem 7 (RADIUS OF CLOSE-TO-CONVEXITY). Let f € SF(n,b,t,u; A, A, B),
then f € K(5) (52 € [0,1)) in the disk
Ak A A B)(1 — 2) ) 7
Ri = inf 2
o< Re= ot G B
The inequality is sharp for the function in .

Proof. From the definition of close-to-convexity, it is sufficient to show that
[f'(z) =1 <1=3 (x€][0,1)).
Using leads to

1F(z) — 1] = ’(1 + Zkakz“> - 1‘ < klagl]zFT <1 - 5,
k=2 k=2

that is,
i i lag||z|F7t < 1. (36)
P 1 -
Note that inequalities and can only be valid if
k 251 Ay (k, A, A, B)
1— s A-B)(1-X)
where some simplifications affirm the result. O

4.3. Subordination Property.
Theorem 8. Let f € S;(n,b,t,u;\, A,B) and c € C, then

A(2, ), A, B)
2{(A—B)(1—A) + A7(2, )\, A, B)}

(f xe)(2) < c(2) (37)

and
(A=B)(1-A)+ A7(2,A, A, B)
Ref > — T2 NAB) (38)
The constant factor
A2, N A, B
a ) (39)

2{(A—B)(1—N) + A7(2, )\, A, B)}

mn cannot be replaced by a larger value. The symbol x is called Hadamard
product or convolution.
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The following proof adopts the technique of Srivastava and Attiya [37].

Proof. Let f € S;(n,b,t,u; A, A, B) and suppose c(z2) = z + 3 epzF € C, then from

k=2
@7,
A™(2,\, A, B)
q
A2, 0, A, B) oo
2{(A=B)(1 - X))+ A2(2,)\, A,B)} (Z + kZ:Qakckz )
= AT(2,\, A, B) )
72;2ﬂA—BM1—A)+AyzA”43n“WW
and clearly by Definition |3 the subordination result in holds if
{ A2 (2,7, A, B) }oo
2((A-B) (1 - N+ 42 NAB) S

is a subordinating factor sequence where a; = 1. Now applying Lemma [I] gives an
equivalence inequality

AG (2, N A B
7€<r+z:A erj)+A%;AAB) ﬁ>>0' “0)
Observe that A} (k, A, A, B) is an increasing function Vk € N, so
AG (2, N\ A B) = Ay (k, N\ A B),  Vk €Ny
Hence, it follows by using |z| = r < 1, triangle inequality and inequality that

A2(2, 0, A, B)
7%<1+§:.A B1- N+ AN AB™M k)

k=1

A(2,\, A, B)
:ﬂ%G+U1BM)+M@AAB§yM>

A7(2, 0, A, B) Sones A2, 0, A, B)ay.2F
:RBG+(A—BXL_M+AyzxAﬁf*(A—§xy_m+szxAﬁ)
. A(2,\, A, B) S Ak AABa]
= (4A-B) M+M@AAB) - (A-B)(1 M+M@AA&
L A2(2.0, A, B) (A-B)(1-\)

(A=B)(1—=X)+A2(2, )\, A, B) (.A B)(1—A)+ A2(2, ), A, B)
=1—r>0.

)
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This evidently proves inequality and as well as the subordination result (37).
Also, the inequality follows from by taking the convex function

co(z) = & —z+sz€C.
k=2

11—z

To prove the sharpness of the constant , consider (see (20))) the function
A—-B)(1—-A

fale) =2+ L 2B

AZL(27 )\’ A? B)
so that using leads to
AT (2, N\, A, B) 2
q _
2{(A—B)(1— ) + A7(2, ), 4, g2 < el) = 7
It can easily be verified that for fo(z),
AT (2, )\ A, B) 1
. q _ 1t =
min e (gm0 s e ™) =5 €2

which shows that the constant 5 A= B)?qu?\’)iﬁéli)z, AT cannot be replaced by any

2% e Sy (n,b,t,u; A\, A, B)

larger value. 0

5. CONCLUSIONS

The attention geared towards the study of g-operators by scientists and in
particular, by geometric function theorists in recent years is overwhelming. In
this study, a new g¢-differential operator that generalized the famous Saldgean
[33], Al-Oboudi [3] and Opoola differential [26] operators was studied. Subse-
quently, the g¢-differential operator and the principle of subordination were used
to define a subclass of analytic-univalent functions. This new class was repre-
sented by S;(n,b,t,u; A\, A,B). Further, the geometric properties such as the co-
efficient inequality, growth, distortion and covering theorems were established for
the class 8,’;(71, b, t,u; A\, A, B). Also, the radii of starlikeness, convexity and close-
to-convexity; as well as the subordinating factor sequence problems were solved
for the new class. Intermittently, some key corollaries and remarks were given to
demonstrate the relationship between this new class (and the new results); and
some exiting classes (and their results).
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