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Abstract. Without qualms, studies show that quantum calculus has received

great attention in recent times. This can be attributed to its wide range of

applications in many science areas. In this exploration, we study a new q-
differential operator that generalized many known differential operators. The

new q-operator and the concept of subordination were afterwards, used to de-

fine a new subclass of analytic-univalent functions that invariably consists of
several known and new generalizations of starlike functions. Consequently,

some geometric properties of the new class were investigated. The properties
include coefficient inequality, growth, distortion and covering properties. In

fact, we solved some radii problems for the class and also established its sub-

ordinating factor sequence property. Indeed, varying some of the involving
parameters in our results led to some existing results.

1. Introduction

Define the set

ℵȷ =
{
ȷ, ȷ+ 1, ȷ+ 2, . . .

}
, ȷ = 0, 1, 2, . . . .

Let Ξ = {z : z ∈ C and |z| < 1} be the unit disk and let

A =

{
f : f(z) = z +

∞∑
k=2

akz
k, f(0) = 0, f ′(0) = 1, and z ∈ Ξ

}
(1)
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be the class of normalized analytic functions. Also, let S which is a subclass of A
represent the class of functions that are analytic and univalent in Ξ. For κ ∈ [0, 1),
let S⋆(κ), C(κ) and K(κ) represent the classes of starlike functions of order κ,
convex functions of order κ, and close-to-convex functions of order κ, respectively.
A function f in (1) belongs to the classes S⋆(κ), C(κ) and K(κ) if for z ∈ Ξ,
Re(zf ′/f) > κ, Re(z(f ′′/f ′) + 1) > κ and Re(f ′/h′) > κ (h ∈ C), respectively.
We shall let S⋆(0) = S⋆, C(0) = C and K(0) = K simply denote the classes of
starlike functions, convex functions and close-to-convex functions, respectively.
Historically, class S⋆ of starlike functions was introduced by Alexander [1] and it
has been numerously studied in various forms, such as starlike functions of order κ,
strongly starlike functions, uniformly starlike functions, close-to-starlike functions,
bi-starlike functions, Janowski-type starlike functions, Mocanu-type starlike func-
tions, starlike functions of complex order, λ-pseudo-starlike functions, and many
more. In deed, an impressive application of starlike functions was demonstrated
by Rensaa [32] where the author used starlike functions to solve frequency analysis
problem. A frequency analysis problem is the problem of determining unknown
frequency fk (k ∈ ℵ1), with its corresponding amplitude ak (k ∈ ℵ1), and of a
trigonometric signal zk(m) where the signal values from k observations are known.
We refer readers to [15,25,39] for more information on starlike functions and to [9,41]
for some details on its applications.

Suppose f1, f2 ∈ A, f1 is said to be subordinate to f2, notationally expressed as
f1(z) ≺ f2(z) (z ∈ Ξ), if there exists a Schwarz function: ω(z) = ω1z + ω2z

2 +
· · · (|ω(z)| < 1, z ∈ Ξ) such that

f1(z) = f2(z) ◦ ω(z) = f2(ω(z)). (2)

In case f2(z) is univalent in Ξ, then f1(z) ≺ f2(z) ⇐⇒ f1(0) = f2(0) and
f1(Ξ) ⊂ f2(Ξ).
Let P(κ) represent the class of Carathéodory functions of order κ and of the form

pκ(z) = 1 +

∞∑
k=1

(1− κ)pkzk
(
Re pκ(z) > κ ∈ [0, 1), pκ(0) = 1, z ∈ Ξ

)
. (3)

Clearly, P(κ) ⊆ P(0) = P, where P is simply called the class of Carathéodory
functions. In 2006, Polatoǧlu et al. [30] generalized function is the class P by
introducing the class

P(λ;A,B) :=
{
p(z) ∈ P : p(z) ≺ (1− λ)

1 +Az

1 + Bz
+ λ ⇐⇒

p(z) = (1− λ)
1 +Aω(z)

1 + Bω(z)
+ λ

}
(4)
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where all parameters are as declared in (8). It is easily seen that P(0, 1,−1) =
P(1,−1) in (3) and P(0,A,B) = P(A,B), the class of Janowski functions intro-
duced in [16], see also [8, 39] for more details.

Quantum calculus (simply known as q-calculus) has received a surge in research
in recent years, owing to its wide range of applications in mathematics, physics and
other sciences. Specifically, its application areas include, for example, quantum
physics, operator theory, ordinary fractional calculus, and optimal control prob-
lems; see [5, 6, 17, 31, 40]. The application of q-calculus (that is, q-differentiation,
q-integration and q-analysis,) in the development of Geometric Function Theory
(GFT) is particularly noteworthy. Current development in GFT shows that the
concept of q-calculus has enticed many geometric function theorists. Since the
introduction of the q-derivative and the q-integral by Jackson [13, 14], many re-
searchers (see [4, 18, 21–24, 27, 28, 35, 42]) have in diverse ways considered them in
the establishment of many properties of the subclasses of A. In particular, au-
thors in [5,6,17,36] extensively discussed some areas of applications of q-operators,
q-functions, q-series and q-analysis in various fields of Pure and Applied Mathemat-
ics.

For function f ∈ A of the form (1) and for q ∈ (0, 1), the q-differential operator
Dq : A −→ A is define by

Dqf(0) = f ′(0) = 1 (z = 0) if it exists,

Dqf(z) =


f(z)−f(qz)

z(1−q) = 1 +
∞∑
k=2

[k]qakz
k−1 (z ̸= 0),

f ′(z) as q −→ 1,

D2
qf(z) = Dq(Dqf(z)) =

∞∑
k=2

[k − 1]q[k]qakz
k−2,

and [k]q = 1−qk

1−q so that by L’Hǒpital’s rule, lim
q↑1

[k]q = k.


(5)

Using (5), then the Opoola q-differential operator Dn,b,u
q,t is defined as follows.

Definition 1. Let f ∈ A, then the Opoola q-differential operator Dn,b,u
q,t : A −→ A

(q ∈ (0, 1), n ∈ ℵ0) is defined by

D0,b,u
q,t f(z) = f(z)

D1,b,u
q,t f(z) = (1 + (b− u− 1)t)f(z)− zt(b− u) + ztDqf(z) = dq,t(f)

D2,b,u
q,t f(z) = dq,t(D

1,b,u
q,t f(z))

...
...

...

Dn,b,u
q,t f(z) = dq,t(D

n−1,b,u
q,t f(z))


(6)
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which implies that

Dn,b,u
q,t f(z) = z +

∞∑
k=2

(1 + ([k]q + b− u− 1)t)nakz
k (z ∈ Ξ) (7)

where

n ∈ ℵ0, t ≧ 0, b ≧ 0, u ∈ [0, b], λ ∈ [0, 1), −1 ≦ B < A ≦ 1,

q ∈ (0, 1), [k]q = 1−qk

1−q , and lim
q↑1

[k]q = k.

}
(8)

The q-operator in (6) is the q-analogue of the well-known Opoola differential
operator introduced in [26]. The following properties hold for the functions in (7).

(1) lim
q↑1

D0,b,u
q,t f(z) = lim

q↑1
Dn,b,u

q,0 f(z) = lim
q↑1

D0,b,u
q,0 f(z) = f(z) ∈ A in (1).

(2) lim
q↑1

Dn,b,b
q,1 f(z) = lim

q↑1
Dn,u,u

q,1 f(z) = Dnf(z), the Sǎlǎgean differential opera-

tor introduced in [33].

(3) lim
q↑1

Dn,b,b
q,t f(z) = lim

q↑1
Dn,u,u

q,t f(z) = Dn
t f(z), the Al-Oboudi differential op-

erator introduced in [3].

(4) lim
q↑1

Dn,b,u
q,t f(z) = Dn,b,u

t f(z), the Opoola differential operator introduced

in [26].

(5) Dn,b,b
q,1 f(z) = Dn,u,u

q,1 f(z) = Dn
q f(z), the Sǎlǎgean q-differential operator

introduced by Govindaraj and Sivasubramanian [11].

(6) Dn,b,b
q,t f(z) = Dn,u,u

q,t f(z) = Dn
q,tf(z) is herein referred to as the Al-Oboudi

q-differential operator.

Instances of some recently studied q-operators in GFT can be found in [2,18,20,
29].

2. A New Class of q-Starlike Functions

In view of the geometric expression of starlike functions, the Polatoḡlu’s function
in (4) and the Opoola q-differential operator in Definition 1 , we therefore, present
the class S⋆

q (n, b, t, u;λ,A,B) as follows.

Definition 2. A function f ∈ A is said to be a member of the class S⋆
q (n, b, t, u;λ,A,B)

if it satisfies the q-differential subordination condition

Dn+1,b,u
q,t f(z)

Dn,b,u
q,t f(z)

≺ (1− λ)
1 +Az

1 + Bz
+ λ (z ∈ Ξ) (9)

where all parameters are as declared in (8).

It can easily be seen that class S⋆
q (n, b, t, u;λ,A,B) consists of numerous sub-

classes of starlike functions when its involving parameters are varied. Some stud-
ies on Janowski’s q-starlike functions with various definitions can be found in
[7, 12,19,38].
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3. Applicable Lemma

Definition 3 ( [43]). (Subordinating Factor Sequence). The sequence
{
hk

}∞
k=1

of complex numbers is called a subordinating factor sequence if whenever

c(z) =

∞∑
k=1

ckz
k (c1 = 1, z ∈ Ξ)

is analytic-univalently convex in Ξ,
∞∑
k=1

ckhk ≺ c(z).

Lemma 1 ( [43]). (Subordinating Factor Sequence). From Definition 3, the

sequence
{
hk

}∞
k=1

is called a subordinating factor sequence if and only if

Re

(
1 + 2

∞∑
k=1

ckz
k

)
> 0 (z ∈ Ξ).

4. The Main Results

For brevity and in what follows from (7), let

∆q,k = (1 + ([k]q + b− u− 1)t) ≧ 1, (10)

so that

Dn,b,u
q,t f(z) = z +

∞∑
k=2

∆n
q,kakz

k (z ∈ Ξ), (11)

Λn
q (k, λ,A,B) = ∆n

q,k

{(
∆q,k − 1

)
+
∣∣∣∆q,kB − [A− λ(A− B)]

∣∣∣}, (12)

and henceforth, all parameters shall be as declared in (8).

4.1. Basic Properties.

Theorem 1 (Coefficient Inequality). Let f ∈ A, then
f ∈ S⋆

q (n, b, t, u;λ,A,B) if and only if

∞∑
k=2

Λn
q (k, λ,A,B)

(A− B)(1− λ)
|ak| ≦ 1. (13)

All parameters are as declared in (8).

Proof. Suppose inequality (13) holds, then in view of the principle of subordination,
we can express (9) as

Dn+1,b,u
q,t f(z)

Dn,b,u
q,t f(z)

=
1 + [A− λ(A− B)]ω(z)

1 + Bω(z)
(14)

which simplifies to

Dn+1,b,u
q,t f(z)−Dn,b,u

q,t f(z)

[A− λ(A− B)]Dn,b,u
q,t f(z)− BDn+1,b,u

q,t f(z)
= ω(z). (15)
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Using (11) in (15) leads to

(z +
∑∞

k=2 ∆
n+1
q,k akz

k)− (z +
∑∞

k=2 ∆
n
q,kakz

k)

[A− λ(A− B)](z +
∑∞

k=2 ∆
n
q,kakz

k)− B(z +
∑∞

k=2 ∆
n+1
q,k akzk)

=

∑∞
k=2 ∆

n
q,k(∆q,k − 1)akz

k−1

(A− B)(1− λ)−
∑∞

k=2 ∆
n
q,k{∆q,kB − [A− λ(A− B)]}akzk−1

= ω(z). (16)

For |ω(z)| < 1 and z ∈ Ξ, we have∣∣∣∣
∑∞

k=2 ∆
n
q,k(∆q,k − 1)akz

k−1

(A− B)(1− λ)−
∑∞

k=2 ∆
n
q,k{∆q,kB − [A− λ(A− B)]}akzk−1

∣∣∣∣
≦

∑∞
k=2 ∆

n
q,k(∆q,k − 1)|ak|

(A− B)(1− λ)−
∑∞

k=2 ∆
n
q,k

∣∣∣∆q,kB − [A− λ(A− B)]
∣∣∣|ak| ≦ 1.

This latter expression on the LHS is bounded above by 1 if
∞∑
k=2

∆n
q,k(∆q,k − 1)|ak| ≦ (A− B)(1− λ)−

∞∑
k=2

∆n
q,k

∣∣∣∆q,kB − [A− λ(A− B)]
∣∣∣|ak|

so that further simplification leads to
∞∑
k=2

∆n
q,k

{(
∆q,k − 1

)
+
∣∣∣∆q,kB − [A− λ(A− B)]

∣∣∣}|ak| ≦ (A− B)(1− λ) (17)

and using (12) gives
∞∑
k=2

Λn
q (k, λ,A,B)|ak| ≦ (A− B)(1− λ). (18)

Conversely, suppose f ∈ S⋆
q (n, b, t, u;λ,A,B), then from (16) we have∣∣∣∣∣

∑∞
k=2 ∆

n
q,k(∆q,k − 1)akz

k−1

(A− B)(1− λ)−
∑∞

k=2 ∆
n
q,k{∆q,kB − [A− λ(A− B)]}akzk−1

∣∣∣∣∣ = |ω(z)| < 1

and since Re z ≦ |z| < 1, then it implies that

Re

{ ∑∞
k=2 ∆

n
q,k(∆q,k − 1)akz

k−1

(A− B)(1− λ)−
∑∞

k=2 ∆
n
q,k{∆q,kB − [A− λ(A− B)]}akzk−1

}
< 1.

Choosing values of z on the real axis of the complex plane and allowing z −→ 1,
implies that ∑∞

k=2 ∆
n
q,k(∆q,k − 1)|ak|

(A− B)(1− λ)−
∑∞

k=2 ∆
n
q,k{∆q,kB − [A− λ(A− B)]}|ak|

≦ 1
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so that further simplification and using (12) leads to
∞∑
k=2

Λn
q (k, λ,A,B)|ak| ≦ (A− B)(1− λ) (19)

as asserted. □

Corollary 1. Observe that from (13), equality occurs for function

fk(z) = z +
(A− B)(1− λ)

Λn
q (k, λ,A,B)

zk (k ∈ ℵ2, z ∈ Ξ). (20)

Corollary 2. Let f ∈ S⋆
q (n, b, t, u;λ,A,B), then

|ak| ≦
(A− B)(1− λ)

Λn
q (k, λ,A,B)

(k ∈ ℵ2). (21)

with extremal function in (20).

Remark 1. Let f ∈ lim
q↑1

S⋆
q (0, b, 1, b; 0; 1,−1) = lim

q↑1
S⋆
q (0, u, 1, u; 0; 1,−1) = S⋆,

then
∞∑
k=2

k|ak| ≦ 1 (k ∈ ℵ2).

This is the result of Goodman [10] and Silverman [34].

Theorem 2 (Growth Property). Let f ∈ S⋆
q (n, b, t, u;λ,A,B), then for

r = |z| < 1,

r −
r2∆n

q,2(A− B)(1− λ)

Λn
q (2, λ,A,B)

≦ |Dn,b,u
q,t f(z)| ≦ r +

r2∆n
q,2(A− B)(1− λ)

Λn
q (2, λ,A,B)

. (22)

Equality occurs for function

f2(z) = z +
(A− B)(1− λ)

Λn
q (2, λ,A,B)

z2. (23)

Proof. From (13) and for the fact that∆q,k is an increasing function of k (∀ k ∈ ℵ2),
then

Λn
q (2, λ,A,B)

∞∑
k=2

|ak| ≦
∞∑
k=2

Λn
q (k, λ,A,B)|ak| ≦ (A− B)(1− λ)

which implies that
∞∑
k=2

|ak| ≦
(A− B)(1− λ)

Λn
q (2, λ,A,B)

. (24)

Recall also that for f ∈ A and since rk < r = |z| < 1, then from (11),

|Dn,b,u
q,t f(z)| =

∣∣∣∣z + ∞∑
k=2

∆n
q,kakz

k

∣∣∣∣ ≦ r +

∞∑
k=2

∆n
q,k|ak|rk ≦ r + r2∆n

q,2

∞∑
k=2

|ak| (25)
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so that putting (24) into (25) leads to

|Dn,b,u
q,t f(z)| ≦ r +

r2∆n
q,2(A− B)(1− λ)

Λn
q (2, λ,A,B)

. (26)

In the same manner, we can show that

|Dn,b,u
q,t f(z)| ≧ r −

r2∆n
q,2(A− B)(1− λ)

Λn
q (2, λ,A,B)

. (27)

Putting (26) and (27) together gives (22) as asserted. □

Corollary 3. Let f ∈ S⋆
q (0, b, t, u;λ;A,B), then for r = |z| < 1,

r − r2(A− B)(1− λ)(
∆q,2 − 1

)
+
∣∣∣∆q,2B − [A− λ(A− B)]

∣∣∣ ≦ |f(z)|

≦ r +
r2(A− B)(1− λ)(

∆q,2 − 1
)
+
∣∣∣∆q,2B − [A− λ(A− B)]

∣∣∣ .
Equality occurs for function

f2(z) = z +
(A− B)(1− λ)(

∆q,2 − 1
)
+
∣∣∣∆q,2B − [A− λ(A− B)]

∣∣∣z2.
Theorem 3 (Distortion Property). Let f ∈ S⋆

q (n, b, t, u;λ,A,B), then for
r = |z| < 1,

1− [2]qr(A− B)(1− λ)

Λn
q (2, λ,A,B)

≦ |Dq(D
n,b,u
q,t f(z))| ≦ 1 +

[2]qr(A− B)(1− λ)

Λn
q (2, λ,A,B)

. (28)

Equality occurs for the extremal function in (23).

Proof. Recall that for f ∈ A, rk < r = |z| < 1, and by using (5) in (11); we have∣∣∣Dq(D
n,b,u
q,t f(z))

∣∣∣ = ∣∣∣∣1 + ∞∑
k=2

∆n
q,k[k]qakz

k−1

∣∣∣∣
≦ 1 +

∞∑
k=2

∆n
q,k[k]q|ak|rk−1 ≦ 1 + r[2]q∆

n
q,2

∞∑
k=2

|ak| (29)

so that using (24) in (29) leads to∣∣∣Dq(D
n,b,u
q,t f(z))

∣∣∣ ≦ 1 +
r[2]q∆

n
q,2(A− B)(1− λ)

Λn
q (2, λ,A,B)

. (30)

In the same manner, we can show that∣∣∣Dq(D
n,b,u
q,t f(z))

∣∣∣ ≧ 1−
r[2]q∆

n
q,2(A− B)(1− λ)

Λn
q (2, λ,A,B)

. (31)
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Putting (30) and (31) together gives (28) as asserted. □

Corollary 4. Let f ∈ lim
q↑1

S⋆
q (0, b, t, u;λ;A,B), then for r = |z| < 1,

1− 2r(A− B)(1− λ)(
∇− 1

)
+
∣∣∣∇B − [A− λ(A− B)]

∣∣∣ ≦ |f ′(z)|

≦ 1 +
2r(A− B)(1− λ)(

∇− 1
)
+
∣∣∣∇B − [A− λ(A− B)]

∣∣∣ .
where ∇ = lim

q↑1
∆q,2. Equality occurs for function

f2(z) = z +
(A− B)(1− λ)(

∇− 1
)
+
∣∣∣∇B − [A− λ(A− B)]

∣∣∣z2.
Theorem 4 (Covering Property). Let f ∈ S⋆

q (n, b, t, u;λ,A,B), then the func-

tion Dn,b,u
q,t f(z) in (11) maps the unit disk Ξ onto a domain that covers the disk

|ϖ| <
Λn
q (2, λ,A,B)−∆n

q,2(A− B)(1− λ)

Λn
q (2, λ,A,B)

The result is sharp for the extremal function in (23).

Proof. From (22),

|ϖ| = |Dn,b,u
q,t f(z)| < r −

r2∆n
q,2(A− B)(1− λ)

Λn
q (2, λ,A,B)

and observe that as |z| = r −→ 1,

|ϖ| < 1−
∆n

q,2(A− B)(1− λ)

Λn
q (2, λ,A,B)

where some simplifications give the assertion. □

Remark 2. Let f ∈ lim
q↑1

S⋆(0, b, t, u; 0; 1,−1) = S⋆, then

|ϖ| < 1

2
.

This result agrees with that of Koebe’s one-quarter theorem, see [39].

4.2. Radii Problems.

Theorem 5 (Radius of Starlikeness). Let f ∈ S⋆
q (n, b, t, u;λ,A,B),

then f ∈ S⋆(κ) (κ ∈ [0, 1)) in the disk

|z| < RS⋆ := inf
k∈ℵ2

{
Λn
q (k, λ,A,B)(1− κ)

(A− B)(1− λ)(k − κ)

} 1
k−1

.

The inequality is sharp for the function in (20).
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Proof. From the definition of starlikeness, it is sufficient to show that

zf ′(z)
f(z) − κ
1− κ

≺ 1 + z

1− z
(κ ∈ [0, 1)). (32)

Using (2) in (32) leads to

zf ′(z)− κf(z)
(1− κ)f(z)

=
1 + ω(z)

1− ω(z)

so that ∣∣∣∣ zf ′(z)− f(z)

zf ′(z) + (1− 2κ)f(z)

∣∣∣∣ = |ω(z)| < 1

and using (1) leads to
∞∑
k=2

k − κ
1− κ

|ak||z|k−1 < 1. (33)

Note that inequalities (13) and (33) can only be valid if

k − κ
1− κ

|z|k−1 <
Λn
q (k, λ,A,B)

(A− B)(1− λ)

where some simplifications affirm the result. □

Theorem 6 (Radius of Convexity). Let f ∈ S⋆
q (n, b, t, u;λ,A,B),

then f ∈ C(κ) (κ ∈ [0, 1)) in the disk

|z| < RC := inf
k∈ℵ2

{
Λn
q (k, λ,A,B)(1− κ)

(A− B)(1− λ)k(k − κ)

} 1
k−1

.

This inequality is sharp for the function in (20).

Proof. From the definition of convexity, it is sufficient to show that

zf ′′(z)
f ′(z) + 1− κ

1− κ
≺ 1 + z

1− z
(κ ∈ [0, 1)). (34)

Using (2) in (34) leads to

zf ′′(z) + (1− κ)f ′(z)

(1− κ)f ′(z)
=

1 + ω(z)

1− ω(z)

so that ∣∣∣∣ zf ′′(z)

zf ′′(z) + 2(1− κ)f ′(z)

∣∣∣∣ = |ω(z)| < 1

and using (1) leads to
∞∑
k=2

k(k − κ)
1− κ

|ak||z|k−1 < 1. (35)
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Note that the inequalities (13) and (35) can only be valid if

k(k − κ)
1− κ

|z|k−1 <
Λn
q (k, λ,A,B)

(A− B)(1− λ)

where some simplifications affirm the result. □

Theorem 7 (Radius of Close-to-convexity). Let f ∈ S⋆
q (n, b, t, u;λ,A,B),

then f ∈ K(κ) (κ ∈ [0, 1)) in the disk

|z| < RK := inf
k∈ℵ2

{
Λn
q (k, λ,A,B)(1− κ)
(A− B)(1− λ)k

} 1
k−1

.

The inequality is sharp for the function in (20).

Proof. From the definition of close-to-convexity, it is sufficient to show that

|f ′(z)− 1| < 1− κ (κ ∈ [0, 1)).

Using (1) leads to

|f ′(z)− 1| =
∣∣∣∣(1 + ∞∑

k=2

kakz
k−1

)
− 1

∣∣∣∣ ≦ ∞∑
k=2

k|ak||z|k−1 < 1− κ,

that is,
∞∑
k=2

k

1− κ
|ak||z|k−1 < 1. (36)

Note that inequalities (13) and (36) can only be valid if

k

1− κ
|z|k−1 <

Λn
q (k, λ,A,B)

(A− B)(1− λ)

where some simplifications affirm the result. □

4.3. Subordination Property.

Theorem 8. Let f ∈ S⋆
q (n, b, t, u;λ,A,B) and c ∈ C, then

Λn
q (2, λ,A,B)

2{(A− B)(1− λ) + Λn
q (2, λ,A,B)}

(f ⋆ c)(z) ≺ c(z) (37)

and

Re f > −
(A− B)(1− λ) + Λn

q (2, λ,A,B)
Λn
q (2, λ,A,B)

. (38)

The constant factor

Λn
q (2, λ,A,B)

2{(A− B)(1− λ) + Λn
q (2, λ,A,B)}

(39)

in (37) cannot be replaced by a larger value. The symbol ⋆ is called Hadamard
product or convolution.



360 A. O. LASODE, T. O. OPOOLA

The following proof adopts the technique of Srivastava and Attiya [37].

Proof. Let f ∈ S⋆
q (n, b, t, u;λ,A,B) and suppose c(z) = z+

∞∑
k=2

ckz
k ∈ C, then from

(37),

Λn
q (2, λ,A,B)

2{(A− B)(1− λ) + Λn
q (2, λ,A,B)}

(f ⋆ c)(z)

=
Λn
q (2, λ,A,B)

2{(A− B)(1− λ) + Λn
q (2, λ,A,B)}

(
z +

∞∑
k=2

akckz
k

)

=

∞∑
k=1

Λn
q (2, λ,A,B)

2{(A− B)(1− λ) + Λn
q (2, λ,A,B)}

akckz
k

and clearly by Definition 3, the subordination result in (37) holds if{
Λn
q (2, λ,A,B)

2{(A− B)(1− λ) + Λn
q (2, λ,A,B)}

ak

}∞

k=1

is a subordinating factor sequence where a1 = 1. Now applying Lemma 1 gives an
equivalence inequality

Re

(
1 +

∞∑
k=1

Λn
q (2, λ,A,B)

(A− B)(1− λ) + Λn
q (2, λ,A,B)

akz
k

)
> 0. (40)

Observe that Λn
q (k, λ,A,B) is an increasing function ∀k ∈ ℵ2, so

Λn
q (2, λ,A,B) ≦ Λn

q (k, λ,A,B), ∀k ∈ ℵ2.

Hence, it follows by using |z| = r < 1, triangle inequality and inequality (13) that

Re

(
1 +

∞∑
k=1

Λn
q (2, λ,A,B)

(A− B)(1− λ) + Λn
q (2, λ,A,B)

akz
k

)

= Re

(
1 +

Λn
q (2, λ,A,B)

(A− B)(1− λ) + Λn
q (2, λ,A,B)

∞∑
k=1

akz
k

)

= Re

(
1 +

Λn
q (2, λ,A,B)

(A− B)(1− λ) + Λn
q (2, λ,A,B)

z +

∑∞
k=2 Λ

n
q (2, λ,A,B)akzk

(A− B)(1− λ) + Λn
q (2, λ,A,B)

)

≧ 1−
Λn
q (2, λ,A,B)

(A− B)(1− λ) + Λn
q (2, λ,A,B)

r −
∑∞

k=2 Λ
n
q (k, λ,A,B)|ak|

(A− B)(1− λ) + Λn
q (2, λ,A,B)

rk

> 1−
Λn
q (2, λ,A,B)

(A− B)(1− λ) + Λn
q (2, λ,A,B)

r − (A− B)(1− λ)

(A− B)(1− λ) + Λn
q (2, λ,A,B)

r

= 1− r > 0.
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This evidently proves inequality (40) and as well as the subordination result (37).
Also, the inequality (38) follows from (37) by taking the convex function

c0(z) =
z

1− z
= z +

∞∑
k=2

zk ∈ C.

To prove the sharpness of the constant (39), consider (see (20)) the function

f2(z) = z +
(A− B)(1− λ)

Λn
q (2, λ,A,B)

z2 ∈ S⋆
q (n, b, t, u;λ,A,B)

so that using (37) leads to

Λn
q (2, λ,A,B)

2{(A− B)(1− λ) + Λn
q (2, λ,A,B)}

f2(z) ≺ c0(z) =
z

1− z
. (41)

It can easily be verified that for f2(z),

min
|z|≦r

{
Re

(
Λn
q (2, λ,A,B)

2{(A− B)(1− λ) + Λn
q (2, λ,A,B)}

f2(z)

)}
= −1

2
(z ∈ Ξ)

which shows that the constant
Λn

q (2,λ,A,B)

2{(A−B)(1−λ)+Λn
q (2,λ,A,B)} cannot be replaced by any

larger value. □

5. Conclusions

The attention geared towards the study of q-operators by scientists and in
particular, by geometric function theorists in recent years is overwhelming. In
this study, a new q-differential operator that generalized the famous Sǎlǎgean
[33], Al-Oboudi [3] and Opoola differential [26] operators was studied. Subse-
quently, the q-differential operator and the principle of subordination were used
to define a subclass of analytic-univalent functions. This new class was repre-
sented by S⋆

q (n, b, t, u;λ,A,B). Further, the geometric properties such as the co-
efficient inequality, growth, distortion and covering theorems were established for
the class S⋆

q (n, b, t, u;λ,A,B). Also, the radii of starlikeness, convexity and close-
to-convexity; as well as the subordinating factor sequence problems were solved
for the new class. Intermittently, some key corollaries and remarks were given to
demonstrate the relationship between this new class (and the new results); and
some exiting classes (and their results).
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mates for Carathéodory functions, Appl. Math. E-Notes, 19 (2019), 370–396.
https://www.emis.de/journals/AMEN/2019/AMEN-180518.pdf

[9] Friedland, S., Schiffer, M., Global results in control theory with applications to univalent

functions, Bull. Amer. Math. Soc., 82(6) (1976), 913–915. https://doi.org/10.1090/S0002-
9904-1976-14211-5

[10] Goodman, A. W., Univalent functions and nonanalytic curves, Proc. Amer. Math. Soc., 8

(1957), 598–601. https://doi.org/10.1090/S0002-9939-1957-0086879-9
[11] Govindaraj, M., Sivasubramanian, S., On a class of analytic functions related to conic domains

involving q-calculus, Anal. Math., 43(3) (2017), 475–487. https://doi.org/10.1007/s10476-

017-0206-5
[12] Hu, Q., Srivastava, H. M., Ahmad, B., Khan, N., Khan, M. G., Mashwani, W. K., Khan, B.,

A subclass of multivalent Janowski type q-starlike functions and its consequences, Symmetry,

13(1275) (2021), 14 pages. https://doi.org/10.3390/ sym13071275
[13] Jackson, F. H., On q-functions and a certain difference operator, Trans. Roy. Soc. Edinb.,

46(2) (1908), 253–281. https://doi.org/10.1017/S0080456800002751
[14] Jackson, F. H., On q-difference equation, Amer. J. Math., 32(4) (1910), 305–314.

https://doi.org/10.2307/2370183

[15] James, A. A., Lasode, A. O., Moses, B. O., Geometric conditions for starlikeness and con-
vexity of univalent functions, IOSR J. Math., 3 (2012), 15–23. https://doi.org/10.9790/5728-

0361523

[16] Janowski, W., Some extremal problems for certain families of analytic functions I, Ann.
Polon. Math., 28(3) (1973), 297–326. https://doi.org/10.4064/ap-28-3-297-326

[17] Kac, V., Cheung, P., Quantum Calculus, Springer Science+Business Media, New York, 2002.
https://doi.org/10.1007/978-1-4613-0071-7

[18] Khan, B., Liu, Z. -G., Shaba, T. G., Araci, S., Khan, N., Khan, M. G., Applications of q-

derivative operator to the subclass of bi-univalent functions involving q-Chebyshev polynomi-

als, J. Math., 2022 (2022), Artice ID 8162182, 7 pages. https://doi.org/10.1155/2022/8162182



ON JANOWSKI-TYPE q-STARLIKE FUNCTIONS AND A q-DIFFERENTIAL OPERATOR363

[19] Khan, B., Liu, Z. -G., Srivastava, H. M., Araci, S., Khan, N., Ahmad, Q. Z., Higher-order

q-derivatives and their applications to subclasses of multivalent Janowski type q-starlike

functions, Adv. Diff. Equ., 2021(440) (2021), 15 pages. https://doi.org/10.1186/s13662-021-
03611-6

[20] Khan, B., Srivastava, H. M., Arjika, S., Khan, S., Khan, N., Ahmad, Q. Z., A certain q-

Ruscheweyh type derivative operator and its applications involving multivalent functions,
Adv. Differ. Equ., 2021(279) (2021), https://doi.org/10.1186/s13662-021-03441-6

[21] Lasode, A. O., Opoola, T. O., On a generalized class of bi-univalent functions defined

by subordination and q-derivative operator, Open J. Math. Anal., 5(2) (2021), 46–52.
https://doi.org/10.30538/psrp-oma2021.0092

[22] Lasode, A. O., Opoola, T. O., Fekete-Szegö estimates and second Hankel determinant for a
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