http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 73, Number 1, Pages 153-[164] (2024)
DOI:10.31801 /cfsuasmas.1282587

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: March 15, 2023; Accepted: October 9, 2023 SERIES Al

AFFINE MAPPINGS AND MULTIPLIERS FOR WEIGHTED
ORLICZ SPACES OVER THE AFFINE GROUP R; xR

Riiya USTER

Department of Mathematics, Faculty of Science, Istanbul University, Istanbul, TURKIYE

ABSTRACT. Let A = R4 X R be the affine group with a right Haar measure
4, w be a weight function on A and ® be a Young function. We characterize
the affine continuous mappings on the subsets of L® (A, w). Moreover we show
that there exists an isometric isomorphism between the multiplier of the pair
(L'(A) N L®(A), L' (A)) and the space of bounded measures M (A).

1. INTRODUCTION

Orlicz spaces are an important concept in analysis and applications (see [19,
23.24]). This concept extends the classical concept of LP Lebesgue spaces for
p > 1. A convex function ®(x) is used in place of the function zP appearing in the
definition of LP spaces. This function @ is called a Young function. In addition to
LP spaces, several function spaces can be considered as Orlicz spaces; for example
Llogt L Zygmund spaces, which are Banach spaces related to Hardy-Littlewood
maximal functions. Moreover, Sobolev spaces can be also considered as subspaces of
Orlicz spaces (see [5]). Most of the features of Orlicz spaces have been investigated
thoroughly (see [23], for example), especially, Orlicz spaces determined on measure
spaces (see for example [12,[141/17,23]). In recent years, Orlicz spaces and their
weighted cases are examined as Banach algebras over locally compact groups (lcg).
Moreover their several properties are also studied (see [1},/20+22,[27}28]).

On the other hand one of the basic problems in harmonic analysis is the de-
scription of multipliers. Multipliers have been considered in several contexts, for
example Banach algebras and Banach modules theories, partial differential equa-
tions, the existence of invariant means, etc. Our aim in this paper is to investigate
the affine continuous mappings for the weighted Orlicz space L®(A,w) over the
affine group A and study the multiplier problem for L®(A) N L'(A). The affine
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group chosen is a prime example of a nonabelian group on which harmonic analysis
and even more applied time-frequency analysis questions are studied (see [8}9]).

For LP spaces, in [16], Lau studied the affine mappings T' between the subsets of
Lebesgue spaces. In [27], Uster and Oztop studied continuous affine mappings on
the subsets of Orlicz spaces. On the other hand the characterization of multipliers
for weighted Lebesgue spaces has been given by Gaudry [10]. (See also [7].) In
[10], Gaudry showed that the multiplier space of L!(G,w) can be characterized by
M (G, w). Moreover in [28], Uster characterized the compact mulipliers of L® (G, w).
Here G denotes a lcg. (See Section [2| for notation.)

The paper is organized as follows. In Section 2, we recall some basic definitions
and notions on Orlicz and weighted Orlicz spaces. In Section 3, we study contin-
uous affine mappings on subsets of weighted Orlicz space L®(A,w) and we give a
characterization for the multipliers of LT(A) N L1(A).

2. PRELIMINARIES

We start this section by introducing some basic facts for an affine group and
essential constructions on it.
Let A := (R4 x R,-5) be the affine group equipped with the multiplication

(Svt) ‘A (xay) = (sx,sy—i—t), (1)
for (s,t), (x,y) € A. Note that (1,0) -a (s,t) = (s,¢) -4 (1,0) = (s,t) and
(s,t) -a (s71, —s71) = (s71,—s7 1) -4 (s,t) = (1,0). Thus A, endowed with the
multiplication , becomes a group and this group is called the affine group.

Since a mapping of the real line can be defined by F§; : R — R such that
Foi(x)=(s,t) -z =sx+t x€R

for any (s,t) € A, the affine group is also called the sz + ¢ group. Fj, is the affine
mapping of the real line R and this operation is coherent with .
We can represent the affine group A in matrix form as

s t
we{(3 )ermorer)

The inverse and the identity elements are given by

sTt o —sIt 1 0
(o ) =00

The operations of the inversion and multiplication are continuous in the product
topology. Thus the affine group A is a locally compact group and

dx
dl/(iL’, y) = ? dy

dx
dp(z,y) = ~ dy
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are the left and right Haar measures, respectively (for more details see [13]). Now
since p .
x
dI/(.’E, y) = ﬁ dy = Edﬂ“(xay)v
the affine group is not unimodular. The modular function on the affine group is
Ax,y) =2 L.
Throughout this work we use the right Haar measure du on A.
Let f: A — Cand (s,t) € A. We use L) for the left translation and Ry, ;) for
the right translation given by
(LspyF)(@,y) = f((s,6) 7" oa (z,y)) and  (Reon f)(@,y) = f(@,y) 4 (s,6)71).
Next we give some notions regarding Orlicz spaces, weighted Orlicz spaces and
Young functions. Our main references are [12] and [23].

Definition 1. A function ® : [0,00) — [0,00] is called a Young function if ® is
convez, ®(0) =0 and tlim O(t) = +o0.
— 00
For a Young function @, its conjugate function ¥ is given by
U(t) =sup{st — ®(s): s >0} (t>0).

The pair (@, ¥) of Young functions @, ¥ is said to be (Young) conjugate and we

have
st < ®(s) +¥(t) (Vs,t>0). (2)

In this paper we only consider the real-valued Young functions. Clearly @ is
continuous and lim;_,o, ®(t) = co. Note that the continuity of ® may not imply
the continuity of .

Let us recall the following facts about Orlicz spaces. Let (®,¥) be conjugate
Young functions. Then the Orlicz space L®(A) is defined to be

L*(A)={f:A—C: /@(a|f(x,y)|) d?xdy< oo for some o > 0}.
A

Here f and g in L?(A) are equivalent if f = g a.e. Recall that an Orlicz space is a
Banach space with respect to (Orlicz) norm which is defined by

I£le =sup { [ 17eiwte ) Lay: [ wpan) Lay <1}
A A

for f € L*(A). Here (®, ¥) are conjugate Young functions.
Another norm on an Orlicz space is the Luxemburg norm Ng(f) defined by

LG O

Note that the Orlicz and Luxemburg norms are equivalent; that is,
No() < |- lle <2Na(:).
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We shall use the following definition in the last section. In [4] and [29], the main
motivation to use this definition is to estimate the norm of the dilation operator.
Here we use a result of Lemma 3.3 given in [29].

Given v > 0 one can define

No(f) :=1inf{A > 0: A/@ (W) d%dy < 4}

Here Ng 1 = Ng and these norms are equivalent on L®(A):

%N@’h (f) < N<I>,’Y2(f) < Nq’ﬁh (f)

for 0 < v, <,.
For Orlicz spaces an important notion is the As-condition. Let us recall the
following definition.

Definition 2. Let ® : [0,00) — [0,00] be a Young function. Then ® is said to
satisfy As-condition (globally), if

D(22) < M®(x) (x>0)
for some absolute constant M > 0.

Note that if ® € Ay, then L*(A)* = LY(A), here * denotes the dual [23|
Corollary 3.4.5]. Moreover if ¥ € Ay, then LP(A) is a reflexive Banach space
(see |14L23] for more general cases.)

On the other hand, the weighted Orlicz space L®(G,w) is defined by Osancliol
and Oztop in [20] over a lcg G and they consider the Banach algebra structure for
L?(G,w).

A weight function w is a positive, locally integrable function on A. In this paper

we assume that w is continuous (see |25} Section 3.7]). The space L® (A, w) is defined
by {f: fw € L*(A)}. We also set

Ng(f) = No(fw) 3)

for f € L*(A,w). Then Ng(-) defines a norm on L®(A,w) and L?(A,w) is a
Banach space with respect to this norm. Moreover, LY (A,w™!) is the dual space
of (L®(A,w), Ng(+)) if ® fulfills the Ag-condition. Here the duality is given by

() = [ Sahe) Sy (f € LP(hw), e L (hw ),
A

where (®, ¥) are conjugate Young functions and the space LY (A,w™1!) is endowed
with the norm N$_1 (f) = N\p(g) So if ®, ¥ fulfill the Ay-condition then L®(A,w)
is a reflexive Banach space (for the general case see [20]).

For ®(x) = %p, 1 < p < o0, the conjugate Young function is ¥(y) = %, where
% + % = 1. Then L®(A,w) and its norm are equal to the Lebesgue space LP(A,w)
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and its norm. For p =1 and ®(z) = x the conjugate Young function is

0, 0<y<1
0o, otherwise

and we have L®(A,w) = L'(A,w). Note that for p = 1, the Banach algebra L' (A, w)
always has a bounded approximate identity.

As usual, M (A, w) is the set of all complex bounded regular Borel measures A
on A with

1Al = /w(s,t)d)\(s,t) < .
A
We denote the space of all continuous functions f on A vanishing at infinity
by C°(A,w™!) with the norm || f||s0 -1 = ||£Hoo Then M(A,w) is realized as
(CO(A,w™1))* by

<>‘vf> = f(x’y)dA(xvy)
/

(for the general case see [11]). If A € M(A,w) and f € L*(A,w) the convolution of
A and f is defined by

(A f)(zy) = / (5.5 4 (2, 9)dA(s, ).
A

Moreover if f, g are measurable functions on A the convolution of f and g is defined
by

(5 9)w) = [ 100500 n ) Tt ((20) € A).
A

For each (s,t) € A, let 0, 1) (E) = 1g(s,t), where 1 is the characteristic function
of E C A. Then

(6(s,t) * f)('rv y) = f((svt)il A (xvy)) = L(S,t)f(xvy) ((Sv t) € A)

where L, -1 is the left translation operator. For a function f on A, we use f

defined by f(z,y) = f((x,y)~ 1) for each (z,y) € A.
Throughout the paper we study L® (A, w) with the weight w and the As-condition
on a Young function ®.

3. MAIN RESULTS

In this section we characterize the affine continuous mappings for L® (A, w) over
the affine gorup A and we study the multiplier problem for the space L®(A,w) N
LY(A,w). Let us first give the following definitions.

Definition 3. Let C C L®(A,w). Then C is called left invariant if LiyfeC
for each f € C and (z,y) € A.
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Notice that for f € L®?(A,w) and (x,y) € A we have L, ,)f € L*(A,w) and
NE(Lzy) f) < w(x,y)NG(f) (for the general lcgs see |20, Lemma 2.3]).

Definition 4. Let X and Y be normed spaces and C, D be convex subsets of X
and Y respectively. Then a mapping f: C — D is called affine if

flaz+ (1 —a)y) =af(z)+(1—a)f(y)
for each z,y € C and o € [0,1].

For the subset K of L®(A,w), we use co K for the convex hull of K. In addition
to the norm topology on L®(A,w), we will take the weak topology w and the weak*
topology w* for the pair (L?(A,w), L?(A,w)*) where (®, V) is a conjugate pair.

Moreover, we make use of the following subsets of M (A,w):

() P(A,w) = {ne M(Aw): [ul.=1and u >0},

(i) Pi(A,w)={he L' (A,w):||hllie =1 and k> 0},

(iii) E(A,w) = {% i (z,y) € A}
We omit the proof of the following Lemma which appears in |28] for general locally
compact abelian groups. One can get the same result for nonabelian groups in a
similar way.

Lemma 1. We have P(A,w) = Pi(A,w) = coBE(A,w) . Here =" indicates
weak® closure.

Lemma 2. The following are true.
(i) Let f € L®(A,w). Then the mapping u +~ p* f is continuous from
(M(A,w),w*) to (L*(A,w),w).
(ii) Let f € LY(A,w). Then the mapping h + f x h is continuous from
(LT (A, w),w) to (LT (A,w),w).
Proof. (i) Let {p,}a € M(A,w) be a net that is weak™ convergent to p, (, V)
a conjugate Young pair and f € L®(A,w). Since L*(A,w) is M(A,w)-module
the mapping p * f is well defined (see [20]). Let T € (L®(A,w))*, so there exists
g € LY(A,w™") such that

7(f) = [ fw)alo) Sy = (1.9)
A

Thus we obtain that
T(pa * ) = (o * f,9)

~ [ Dt Ty

A
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- //f((&t)_l 4 (2,9)) dig (s, 1)g(z,y) d?xdy

/ / FlCe) ™ (5, 0)g( ) Sy di 1)

= /(g * f)(s,t) dua(s,t)

A
= (g% f, 11a)-

Since f € L?(A,w) and g € LY (A,w™1), we have gxf € Co(A,w™1) (for the general
case see [20].) This implies that T'(su,, * f) = (g% f,pug) — (g% fop) = (u* f,g) =
T(u* f), ie., p, * f weakly converges to p* f in L*(A,w).

(ii) Let {ha}a € LP(A,w) be a net that is weakly convergent to h and f €
LY(A,w). We have lim, (ha,g) = (h,g) for all g € (L*?(A,w))*. Thus we obtain
that

(o .6) = [ (he o9 )y

A
- / / (s 0)F (5, 0) " 9)glar ) e Ly

/ z
://m )IA@ﬁM()ﬁﬁ%@
A A
= [ hats0gx Ps.0)
A
:< ong*f>
This gives that (hy * f,g) = (hq, g * f) — (h,gx f) = (h*f,q). O

Theorem 1. Let C,D be convez, closed, left invariant subsets of L2 (A, w) and
L® (A, w) respectively. If T : C — D is a continuous and affine mapping then the
following are equivalent.

(1) T(L(g,)f) = Lz (Tf) for each (x,y) € A and f € C.
(ii) T(v* f) =v*T(f) for each v € Pi(A,w) and f € C.

Proof. (i = ii) Let f € C and assume that T(L,)f) = Lz, (Tf) for each
(z,y) E Aand v € Py(A,w). Using Lemmal[l] there exists a net {14} in co B(A, w),

Z A& wzif ’ttla)) and v, weak® converges to v. Then by Lemma {Va * [}a
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weakly converges to v x f for each f € C. Thus we have
oo s ,t
Vo * [ = <Z)\z ((7 > f= Z (s )~ f.
i=1 si oty

As C' is convex and left invariant, the net {v, * f}, is contained in C'. Now using
Lemma [2] it follows that v x f € C.

On the other hand since C' and D are convex and closed they are weakly closed.
Moreover since T is continuous and affine T' is weakly continuous when C' and D
have their respective weak topologies (see [6,/26]). Then we get that

Tw=f)= ling(Va * f)

:nénT<(ZX" (oF ta)) f)

. o Ay
= hénT(Z w(a,ta)<5(s %) * f)

i=1 i3

= 1131T<HZQ(XXM(L(S )~ 1f))

i=1 Z’Z

—hmz (se o)1)

Z’Z

= hmz a ta L(SO‘ ta) lT(f)

_hm<2/\a S“t ))> T(f)
zhcrynl/a*T(f)

=vxT(f).

(ii = i) Conversely let (x,y) € A. Using Lemma [1] there exists a net {vq}a
Py (A,w) such that {v,} converges to d(,,)-1 in the weak™ topology. If T'(v * f)
v T(f) for each v € P;(A,w) and f € C we have that

=1limT(vy * f)

N

= liglua «T(f)

= 5(:1:,74)*1 * T(f)
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This completes the proof. ([

Theorem 2. Let B be a weakly compact, bounded, left invariant, closed subset
of L2(A,w) and T be a continuous affine mapping from Py(A,w) to B. Then T
commutes with all left translations if and only if there exists an f € B such that
T(g) =gx* f for each g € P1(A,w).

Proof. Let (x,y) € A and assume that T'(L(;)9) = L) (Tg) for each g €
Py (A,w). Using Theorem [I| we have T'(k x g) = k*xT(g) for k,g € P1(A,w).
Let {tuq}a € Pi(A,w) be a bounded approximate identity for L'(A,w). Since B is
weakly compact and T'(us) € B is bounded, there exists f € B such that {T(us)}a
converges to f weakly. Thus

T(g9) =limT(g* uq)
=lim g * T'(uq)
«

=gxf

and the result follows.
For the converse let (z,y) € A and assume that f € B such that T(g) = g * f
for all g € P1(A,w). Then

Liay)T(9) = L,y (9% f)
=0y * (g% f)
= (5(r,y)*1 *g)* f
=Laygxf
=T (L(z)9)

which gives the required result. O

Now our purpose is to obtain a characterization for the multipliers of L®(A) N
LY(A). We observe that the following result does not work for the weighted case
and we give the result for the unweighted case.

We start with the definition of the left multiplier of L®(A).

Definition 5. Let T be a bounded linear operator from L®1(A) to L*2(A). Then
T is said to be a left multiplier for (L*2(A), L**(A)) if T(L(z4)f) = Lz (Tf) for
all f € L*2(A) and (z,y) € A. We write M(L®2(A), L¥1(A)) for the set of left
multipliers of (L*2(A), L*1(A)).

Remark 1. Observe that the normed space L'(A) N L*(A) is a Banach space with
the norm

A= 1[£1l + Ne (f)
and dense in L'(A).
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The following lemma is important to us for our last result (for the proof see [29,
Lemma 3.3].)

Lemma 3. Let ® be a Young function satisfying the Ay condition. If f € L®(A)
then 1im(q,b)— (+o0,+00) N (f + La,n).f) = Ne 1 (f)-

Now we have the tools to give a characterization of the multipliers of L®(A) N
LY(A).

Theorem 3. Let T : L'(A) N L?(A) — LY(A) be a linear mapping. Then the
following are equivalent.
(i) T € M(L*(A)NL*(A), L' (A)).
(ii) There exists a unique measure p € M(A) such that Tf = p* f for each
feLYA)NLTA).
Furthermore the correspondence between T and p defines an isometric iso-
morphism of M(L*(A) N L®(A), L1(A)) onto M(A).

Proof. Assume that T € M(LY(A) N L*(A), L*(A)). Then for each f € L'(A) N
L®(A) we obtain that

1T fllx < TN + Ne(f))- (4)
By Lemma 3 we have lim(s ¢)—(co,00) Vo (f + L(s,t)f) = N 1(f). Using this fact
together with we have that

2Tflh = lim |Tf+LinT
Tl =, lm TS+ Lo Tf

(8,8)—=(00,00) ITCf + Lis,y Fln
< im ||T||(||f+L(s,t)f||1 +N’I>(f+L(s,t)f))
(sat)—>(oo7oo)

=TIl fllx + Ne,3 (f))
for each f € L'(A) N L®(A). Therefore we obtain

ITFlx <ITNfll + 27 No 1 ()
Applying this step n times we obtain

1T Al < ITCA Ll + 27" Na, 1. (f))

for f € LY(A) N L®(A). Since lim,, 27" = 0 we deduce that || Tf||1 < ||T||||f]1-
Thus T defines a linear continuous mapping from L'(A) N L?(A) to L'(A) com-
muting with left translations. Moreover since L'(A) N LP(A) is dense in L'(A), T
determines a unique map S € M(L*(A)) and ||S|| < ||T|. Moreover there exists
a unique g € M(A) such that Sf = u* f for each f € L*(A) and ||u|| = ||S]|
(see [30]). Therefore Tf = = f for each f € L'(A)N L*(A) and |ju|| < ||T.
Conversely, if € M(A) and Tf = p* f for each f € L'(A) N L?(A) we obtain

1Tl = Ml flle < Ml Al < el
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Therefore T € M(LY(A) N L2(A), LY (A)) and ||T|| < ||u]-

This gives to equivalence of (i) and (ii).

It is clear that the correspondence between 1" and p defines an isometric isomor-
phism from M(L*(A) N L®(A), L'(A)) onto M(A). O
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