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ABSTRACT 

 

We consider rotational hypersurfaces in RS )(3 r  product space of five dimensional Euclidean space .5E  We 

calculate the mean curvature and the Gaussian curvature, and give some results 
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1. INTRODUCTION (GİRİŞ) 

 

When we focus on the ruled (helicoid) and rotational 

characters in literature, we see Bour's theorem in [2]. 

About helicoidal surfaces in Euclidean 3-space, do 

Carmo and Dajczer [4] prove that, by using a result of 

Bour [2], there exists a two-parameter family of 

helicoidal surfaces isometric to a given helicoidal 

surface. 

 

Magid, Scharlach and Vrancken [6] introduce the affine 

umbilical surfaces in 4-space. Vlachos [12] consider 

hypersurfaces in 
4E  with harmonic mean curvature 

vector field. Scharlach [11] studies the affine geometry 

of surfaces and hypersurfaces in 4-space. Cheng and Wan 

[3] consider complete hypersurfaces of 4-space with 

constant mean curvature. 

 

General rotational surfaces as a source of examples of 

surfaces in the four dimensional Euclidean space were 

introduced by Moore [7, 8]. Ganchev and Milousheva [5] 

consider the analogue of these surfaces in the Minkowski 

4-space. They classify completely the minimal general 

rotational surfaces and the general rotational surfaces 

consisting of parabolic points. Arslan et al [1] study on 

generalized rotation surfaces in .4E  Moruz and 

Munteanu [9] consider hypersurfaces in the Euclidean 

space 
4E  defined as the sum of a curve and a surface 

whose mean curvature vanishes. They call them minimal 

translation hypersurfaces in 
4E  and give a classification 

of these hypersurfaces.  

 

We consider the rotational hypersurfaces in RS )(3 r  of 

Euclidean 5-space 
5E  in this paper. We give some basic 

notions of the five dimensional Euclidean geometry in 

Section 2. In Section 3, we give the definition of a 

rotational hypersurface in RS )(3 r  of .5E Then we 

calculate the mean curvature and the Gaussian curvature 

of the rotational hypersurface. 

 

2. PRELIMINARIES (ÖN HAZIRLIK) 

 

In the next representations and definitions we inspire the 

three dimensional Euclidean space and the book of 

O’Neill [10], and then extend it to the dimension five.  

 

In this section, we will introduce the first and second 

fundamental forms, matrix of the shape operator ,S  

Gaussian curvature K and the mean curvature H of 

hypersurface  ),,,( 321 rMM   in Euclidean 5-space 

5E . In the rest of this work, we shall identify a vector  




  with its transpose.  

 

Definition 1. Let  ),,,( 321 rMM    be an isometric 

immersion of a hypersurface  
4M  in the 

5E . The vector 

product of  

 

),,,,,( 54321 xxxxxx 


 ),,,,,( 54321 yyyyyy 


 

),,,,,( 54321 zzzzzz 


 ),,,,( 54321 wwwwww 


  

 

on 
5E  is defined as follows: 

 

(1)            .det
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54321

54321
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54321















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




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wwwww

zzzzz

yyyyy

xxxxx

eeeee

wzyx
  

 

Definition 2. For a hypersurface ),,,( 321 rM  in 5-

space, the first fundamental form matrix (𝑔𝑖𝑗) of M  is 

as follows 

 

(2)                                                           ,I























SQJD

QCBA

JBGF

DAFE

 
 

and then 

 

 

,22222

(3)       22

Idet

2222

22222222

AFJQABFSBJQEAGQDBFQD

CFJDABJDEGQSEBECJCGD

QFGSAJADBCSFEG






 

 

and the second fundamental form matrix  (ℎ𝑖𝑗) of M  is 

as follows 

 

(4)                                                      II























IZYX

ZVTP

YTNM

XPML

 

 

and then 

 

 

,

(5)       222

2222IIdet

2222222

2222

2

YPZMLNZLVYNVX

LITXTNIPLTYZVMXYMTXZ

NPXZPTXYMPYZIMPTVIMLN






 

 

where 

 



E. Güler, Ö. Kişi  Rotational Hypersurfaces in 
RS )(3 r

 Product Space 

 

Sakarya Üniversitesi Fen Bilimleri Enstitüsü Dergisi, vol. 21, no. 3: pp. 350-355, 2017 352 
 

,
2

MM  rA ,
21  MM B  ,

22  MM C  

,
3

MM  rD  ,
31  MM J  ,

32  MM Q  

,
33  MM S  ,

2
eP r  M  ,

21
eT  M  

,
22

eV  M  ,
32

eZ  M  ,
3

eX r  M  

,
31

eY  M  ,
32

eZ  M  ,
33

eI  M  

 

(6)                                    

321

321





MMMM

MMMM






r

r
e  

 

is the Gauss map (i.e. the unit normal vector), "  "   means 

dot product, and some partial differentials that we 

represent are ,
r

r





M
M   

31
31 







M
M .  

 

Definition 3. Following product matrices: 

 

,

1


















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


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


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
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


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gives the matrix of the shape operator S  as follows: 

 

(7)                     ,
Idet

1

44434241

34333231

24232221

14131211























ssss

ssss

ssss

ssss

S  

 

where 

 

,22

2222

11

GLQFMQFJPQBFQXAGQX

CFJXBFPSAGPSCGLSCFMSBJLQ

BJLQAJMQABJXABMSGPQDCGXD

BMQDBJPDCJMDXDBLSBLCJPAJs









 

 

,22

2222

12

FJQTGMQFNQBFQYAGQY

BFSTAGSTCFJYCGMSCFNSBJMQ

BJMQAJNQABJYABNSGQTDCGYD

BNQDBJTDCJNDYDBMSBMCJTAJs









 

,22

2222

13

TFQGPQFJQVBFSVBFQZ

AGSVAGQZCFSTAJQTCGPSCFJZ

BJPQBJQPABSTABJZGQVDBQTD

CGZDBJVDCJTDZDBPSBPCJVAJs









 

,2

2222

14

XGQFOQYFJQZCGSXCFSY

BJQXBFSZAGSZBJQXAJQYABSY

CGDIBFQIAGQICFJIABJIGQZD

BQYDCJYDBJZDDIBSXBXCJZAJs









 
 

,2

2

2222

21

FLQAFQXAFPSCFLSAJLQABLS

EMQJPQEBQXEFPQDCJXEBPSE

CMSECFXDAMQDBLQDAMQDAJPD

ABXDCJLDBPDCMDJXAMSAs









 
 

,2

2

2222

22

FMQAFQYAFSTCFMSAJMQABMS

JQTEENQFQTDBQYEBSTECJYE

CNSECFYDANQDAJTDBMQDANQD

ABYDCJMDBTDCNDNSAJYAs









 

,2

2222

23

FPQAFSVAFQZCFPSAJPQABPS

OQTEJQVEFQVDBSVEBQZECSTE

CJZEAQTDAQTDCFZDBQPDAJVD

CJPDABZDBVDCTDSTAJZAs









 
 

,2

2

2222

24

XFQCFSXAJQXAFSZABSXBQEI

CJEICFDIABDIAFQIYEQJQZE

FQZDCSYEBSZEAQYDBQXDAQYD

CJXDAJZDBZDCYDJIASYAs









 

,

2

222222

31

FJLQAFJXBFLSAGLS

AFMSGQXEGPSEJMQEBJXEBMSE

GLQDFMQDFJPDBFXDAGXDBJLD

AJMDPEJGPDBMDQXFPSFLAJs









 

,

2

222222

32

FJMQAFJYBFMSAGMS

AFNSGQYEGSTEJNQEBJYEFJTD

BNSEGMQDFNQDBFYDAGYDBJMD

AJNDTEJGTDBNDQYFSTFMAJs









 

,

2

222222

33

FJQPAFSTBFPSAGPS

AFJZGSVEGQZEJQTEBSTEFQTD

BJZEGQPDFJVDBFZDAGZDAJTD

BJPDVEJGVDBTDSVFOZFPAJs









 

,

2

222222

34

FJQXBFSXAGSXAFSY

GQEIBJEIBFDIAGDIAFJIGSZE

JQYEBSYEGQXDFQYDFJZDBJXD

AJYDQIFZEJGZDBYDSZFXAJs









 

,

2

222222

41

BFLQAGLQAFMQAFJP

ABFXCFJLABJLGPQECGXEBMQE

BJPECJMEBFPDAGPDCGLDCFMD

ABMDXEBLDBPQFXCFGXAJMAs








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,

2

222222

42

BFMQAGMQAFNQAFJT

ABFYCFJMABJMGQTECGYEBNQE

BJTEBFTDAGTDCJNECGMDCFND

ABNDYEBMDBQTFYCFGYAJNAs









 

,

2

222222

43

AFQTBFPQAGPQAFJV

CFJPABFZABJPGQVEBQTECGZE

BJVECJTEBFVDAGVDCFTDCGPD

ABTDZEBPDBQVFZCFGZAJTAs









 

.

2

222222

44

BFQXAGQXAFQYCFJX

AFJZABJXCGEIABFIGQZEBQYE

CJYEBJZECGXDCFYDBFZDAGZD

ABYDEIBICFGIAXDBQZFJYAs









 
Definition 4. The formulas of the Gaussian and the mean 

curvatures are, respectively, as follow: 

 

(8)                                              ,
Idet

IIdet
)(det  SK  

and 

 

  (9)                                                                ,
4

1
StrH 

 
where 

 

  ,
Idet


Str

 
 

.2

22222

222

2

222

22222

222

222

22

2

2

2

2

2222222

22222222

FMQFJPQBFQXAGQXAFQYFJQPBFQXAGQX

GLQAFQYAFSTCFJXBFPSAGPSAFJZCGLS

CFMSBJLQAJMQBJLQAJMQABJXABMSCGEI

ABFIGQZEGSVEGQZEJQTEENQJQTEBQYE

CNDFQTDBQYEBSTEFQTDGPQDCJYEBJZE

GQPDFJVDCNSECGXDCFYDBFZDAGZD

BMQDANQDAJTDBMQDANQDBJPDABYD

CJMDEIBICFGIAVEJGVDXDBBTD

QZFSVFOZFJYANSALSBLCJPAJ



















 

A hypersurface M  is minimal if 0H  identically on 

M . 

 

 

3. ROTATIONAL HYPERSURFACES           
(DÖNEL HİPERYÜZEYLER) 

 

We define the rotational hypersurface in RS )(3 r  

product space of 
5E . For an open interval  I R , let  

I:   be a curve in a plane   in 
5E , and let   

be a straight line in  . 

 

Definition 5. A rotational hypersurface in RS )(3 r  of 

5E  is hypersurface created by rotating a curve   around 

a line   (these are called the profile curve and the axis, 

respectively). 

 

We may suppose that   is the line spanned by the vector 

 t1,0,0,0,0 . The orthogonal matrix which fixes the 

above vector is 

 
),,( 321 Z

,

10000

0cos00sin

0sinsincos0cossin

0sincossinsinsincoscoscossin

0sincoscossincossincoscoscos

33

32232

321211321

321211321





































 

where  .,, 321 R  The matrix Z  can be found by 

solving the following equations simultaneously; 

 

.1det  ,  , 5  ZZZZZZ Itt  

 

When the axis of rotation is  , there is an Euclidean 

transformation by which the axis is   transformed to the 

5x -axis of 
5E . Parametrization of the profile curve is 

given by  

 

  ,,0,0,0,)( rrr    

 

where   RRIr :  is a differentiable function for 

all Ir . So, the rotational hypersurface which is 

spanned by the vector  1,0,0,0,0 , is as follows: 

 
trr )(),,(),,,( 321321  ZR   

 

in ,5E  where ,Ir   .2,0,, 321    Then we see 

the rotational hypersurface as follows: 

 

)10(                  .

)(

sin

cossin

coscossin

coscoscos

),,,(

5

4

3

2

1

3

32

321

321

321

















































x

x

x

x

x

r

r

r

r

r

r











R
 

Here, we see the sphere with radius r :  
22

4

1

rxi
i




 in 

RS )(3 r  product space of .5E  When  ,032   we 

have rotational surface of 
3E . 

 

Next, we obtain the mean curvature and the Gaussian 

curvature of the rotational hypersurface in (10). 
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Theorem 1. The Gaussian curvature and the mean 

curvature of the rotational hypersurface in (10) are as 

follow, respectively, 

 

,
)1( 323

3










r
K

 
 

and 

 

 
.

14

33
2/32

3














r

r
H

 
 

where }0{Rr ,  2,,0 321   and 

  RRIr :  is a differentiable function for all 

Ir . 

 

Proof.  Using the first differentials of (10) with respect to 

,,,, 321 r  we get the first quantities in (2) as follow: 

 

.

000

0cos00

00coscos0

0001

I

2

3

22

3

2

2

22

2



















 





r

r

r







 
 

We have 

 

,coscos)1(Idet 3

4

2

226  r  

where ),(r   .
dr

d
   Using the second 

differentials with respect to ,,,, 321 r  we have the 

second quantities in (4) as follow: 
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The Gauss map of the rotational hypersurface (10), using 

(6), is 
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where .1 2W  

 

Using (7), we get the matrix of the shape operator of the 

rotational hypersurface (10) as follows:  
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Finally, using (8) and (9), respectively, we calculate the 

Gaussian curvature and the mean curvature of the 

rotational hypersurface (10) as follow: 
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Corollary 1. Let  R : 
4M    

5E  be an isometric 

immersion given by (10). Then 
4M  has constant 

Gaussian curvature if and only if 
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Corollary 2. Let  R : 
4M    

5E be an isometric 

immersion given by  (10) . Then 
4M  has constant mean 

curvature (CMC) if and only if 
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Corollary 3. Let  R : 
4M    

5E  be an isometric 

immersion given by  (10). Then 
4M  has zero Gaussian 

curvature if and only if 
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Proof. Solving the 2nd order differential eq.  ,0K   i.e.  

,03     we get the solutions. 

 

Corollary 4. Let  R : 
4M    

5E  be an isometric 

immersion given by (10). Then 
4M  has zero mean 

curvature if and only if 
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Proof. When we solve the 2nd order differential eq.  

,0H   i.e. 

 

,033 3   r  

 

we get the solution. 

 

 

 

 

 

4. SONUÇLAR (CONCLUSION) 

 

In the present paper, we define a new kind rotational 

hypersurface with 4-parameters RS )(3 r  product space 

of five dimensional Euclidean space
5E . It can be 

extended higher dimensions, for example RS )(7 r . 

Moreover, the topic can also be transformed into the 

Minkowski geometry. 

 

REFERENCES (KAYNAKÇA) 

      
[1] K. Arslan, B. Kılıç Bayram, B. Bulca, G. Öztürk, 

“Generalized Rotation Surfaces in 4E ,” Result 

Math. vol. 61, pp. 315–327, 2012. 

[2] E. Bour, “Théorie de la déformation des 

surfaces,” J. de l.Êcole Imperiale Polytechnique 

vol. 22, no. 39, pp. 1–148, 1862. 

[3] Q.M. Cheng, Q.R. Wan, “Complete hypersurfaces 

of 
4R  with constant mean curvature,” Monatsh. 

Math. vol. 118, no. 3-4, pp. 171–204, 1994. 

[4] M. Do Carmo, M. Dajczer, “Helicoidal surfaces 

with constant mean curvature,” Tohoku Math. J. 

vol. 34 pp. 351–367, 1982. 

[5] G. Ganchev, V. Milousheva, “General rotational 

surfaces in the 4-dimensional Minkowski space,” 

Turkish J. Math. vol. 38, pp. 883–895, 2014. 

[6] M. Magid, C. Scharlach, L. Vrancken, “Affine 

umbilical surfaces in 
4R ,” Manuscripta Math. 

vol. 88, pp. 275–289, 1995. 

[7] C. Moore, “Surfaces of rotation in a space of four 

dimensions,” Ann. Math. vol. 21, pp. 81–93, 

1919. 

[8] C. Moore, “Rotation surfaces of constant 

curvature in space of four dimensions,” Bull. 

Amer. Math. Soc. Vol. 26, pp. 454–460, 1920. 

[9] M. Moruz, M.I. Munteanu, “Minimal translation 

hypersurfaces in 4E ,” J. Math. Anal. Appl. vol. 

439, pp. 798–812, 2016. 

[10] B. O'Neill, “Elementary Differential Geometry,” 

Revised second edition, Elsevier/Academic Press, 

Amsterdam, 2006. 

[11] C. Scharlach, “Affine geometry of surfaces and 

hypersurfaces in 4R ,” Symposium on the 

Differential Geometry of Submanifolds, France, 

pp. 251–256, 2007. 

[12] Th. Vlachos, “Hypersurfaces in 
4E  with 

harmonic mean curvature vector field,” Math. 

Nachr. vol. 172, pp. 145–169, 1995. 


