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E® de Birinci Asli Yon Egrisiyle Elde Edilen A- net Regle Yiizeyler

Giilden ALTAY SUROGLU?, Talat KORPINAR?
0z

Bu makalede, 3- boyutlu Oklid uzayinda, birinci asli yon egrisiyle elde edilen A- net regle yiizeylerin yeni bir
parametrizasyonu verildi. Daha sonra, bu ylizeylerin ortalama egriligi ve Gauss egriligi elde edildi. Sonug olarak, A-
net ylizeylerin ortalama egrilige gore karakterizasyonu elde edildi.

Anahtar kelimeler: Regle yiizey, A- net yiizey, birinci asli yon egrisi, ortalama egrilik, Gauss egrilik.

A-Net Ruled Surface Which Generated By First Principle Direction
Curve In E®

ABSTRACT

In this paper, we give a new parametrization of A- net surface which generated by first principle direction curve
Euclidean 3- space E2. Then, we obtain mean curvature and Gaussian curvature of this surface. Finally, we
characterize A- net surface according to mean curvature in E®.
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1. INTRODUCTION

The Frenet frame is generally known an orthonormal
vector frame for curves. But, it does not always meet the
needs of curve characterizations. In [1, 2, 3], there is
another moving frame and the Sabban frame,
respectively.  Then, they gave some new
characterizations of the C-slant helix and demonstrate
that a curve of C-constant precession is a C-slant helix.
Ruled surfaces are one of the most important topics of
differential geometry. The surfaces were found by
Gaspard Monge, who was a French mathematician and
inventor of descriptive geometry. Besides, these
surfaces have the most important position of the study
of one parameter motions. In [4, 5], ruled surfaces

studied in Sol Space Sol°. In [6] and [7] studied
surfaces which have constant curvature and developable
surfaces.

If an isometric representment between two surfaces
conserve the principal curvatures of these surface, then,
these surfaces are called Bonnet surfaces. In [8, 9], the
Bonnet problem of detection the surfaces in three

dimensional Euclidean space E® which can accept at
least one nontrivial isometry that conserves principal
curvatures is considered. This problem thought-out
locally and extend to the general case. Then, in order to
find a Bonnet surface a method is obtained. So, such a
A-net on a surface, when this net is parametrized, the

conditions E=G F=0, h, =c=const.#0
are satisfied, is named an A-net, where E , F , G are
the coefficients of the first fundamental form of the

surface and hll, hlZ, My, are the coefficients of the
second fundamental form. Then, in [10, 11], it is
considered the Bonnet ruled surfaces which approve
only one non-trivial isometry that preserves the
principal curvatures, then, the definition of the A- net
surface is given and determined the Bonnet ruled
surfaces whose generators and orthogonal trajectories
form a special net called an A-net. Using the ruled
Bonnet surfaces the question of finding some pairs of
orthogonal ruled surfaces is considered in [11], then, it
is exemplified that only one pair of orthogonal ruled
surfaces can be deduced. The problem of detection the

Bonnet hypersurfaces in Rn+l, for N >1 is disscused
in [12].

In this paper, we study A- net surface which generated
by first principle direction curve according to alternative

3
moving frame Euclidean 3- space E". Then, we give
some characterizations of this surface.

A-net ruled surfaces which generated by first principle
direction curve in g2

2. PRELIMINARIES

Let ¢ be an oriented surface in three dimensional
Euclidean space E? and y be a curve lying on the
surface ¢. Denote by {T,N,B} the moving Frenet-

Serret frame along the curve y in the space E®. Foran
arbitrary curve y the Frenet--Serret formula is

T =N,
N =—«T+1B,
B =—4N.

where x and 7 first and second curvature in the space
E®,

Definition 2.1. Let 7/(5) be a regular unit-speed curve

in terms of {T,N,B}. The integral curves of T(s),
N(s) and B(S) are named the tangent direction curve,
principal direction curve and binormal direction curve
of 7(8) , respectively [11] .

The principal direction curve of 7(8) ,

o= J-N (S)ds has a new frame as,

T, =N,

N —-xT+1B
N e
B,=T.xN, 7T +xB

VK +1°
where the tangent vector and the binormal vector of o
are the principle normal vector and the unit Darboux

vector of 7/(8), respectively. Also curvatures of ¢ are

— [ 2, 2 _ _
K=K +7°,7, = 0K
where o is the geodesic curvature , which measures

how far the curve is from being geodesic, of N,. The
first principle direction curve,

a= IN(s)ds

with the frame

N
{T,=N,N,=— B, =T, xN_}.

INI
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The Frenet equations are satisfied

Tll =rN,,
N'1 =—x 1, +1,B,
B,=—1,N,.

Components of the first fundamental form of a surface
Q(S,V)are E :<QS,QS>, F :<QS,QV> and

G= <QV , QV> . Components of the second
fundamental form of a surface Q(S, V) are
hll = <st' >' hl2 = <st’ U> and

h,, =(Q,,,U) where Uis the unit normal vector

field of the surface (S, V).

Mean curvature and Gaussian curvature are fundamental
to the study of the geometry of surfaces. H and K are
defined in terms of the components of the first and
second fundamental forms

_ Eh,, —2Fh, +Gh,
2(EG-F?)
— huhzz_hlzz
K=-—22=_2= |
EG-F?

When the mean curvature of the surface is zero, then
this surface called minimal surface [13].

A ruled surface in E® is the map 9,5 1 xR—> E®
defined by

By.)(8:V) = 7{s)+v(s).
We call the 7/(8) and 5(5) as base curve and the
director curve. The straight lines U —>}/(S)+ ué(s)

are called rulings of @, 5.

Definition 2.2. A surface formed by a singly infinite
system of straight lines is called a ruled surface. Let

7:1 —>E® be a unit speed curve. We define the
following ruled surface

X(,.s)(8:V)= 7(s)+VT(s)
where T(S) is unit tangent vector field of y.

A-net ruled surfaces which generated by first principle
direction curve in g2

3. A-NET RULED SURFACE GENERATED BY
FIRST PRINCIPLE DIRECTION CURVE E*®

In this section, we characterize A-net surfaces in

Euclidean 3- space E3. Then, we obtain constant mean
curvature and Gaussian curvature of this surface. A-net
on a surface is defined following conditions

E=G,F =0,h, =constant=0,
where E, F, G are the coefficients of the first

fundamental form of the surface and h,;, h;,, h,, are
the coefficients of the second fundamental form.

Theorem 3.1. Let

X (s,v)=a(s)+ f(V)N,(s) )
in E°. If the surface X (S,V) is a A-net surface, then

K, =T,k =€ °.¢ )
and

f?=1-2fec +2f%*c’.
where o is the geodesic curvature of N, and C; is
constant of integration.

Proof. If we take derivatives of the surface, which is
given with the parametrization (1), we have

X, =(1-fx)T,+ f,B,, 3
X, = f'Nl.

Then, components of the first fundamental form of the

surface are

E=(1-fr)*+ %,
F =0, 4)
G=f~2
The unit normal vector field of the surface is
U= L (-7, fT,+(1-fx)B,). ©

J@- fr)? + 27

Second derivatives of the surface are

X, =—f T, +((1- fx)x, — 77 F)N, + fr,B,
st = f ' (_Kl—rl + TlBl)
X, = f'N,.

Then, components of the second fundamental form of
the surface are

h = f i, + fr,(1- fxy)
T -t

(6)
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h = fr @
CJa- )t
h,, = 0. (8)

From the definition of the A- net surface and equations
(4) and (6), (7) and (8), we have

f'z,
J(- fio)? + £222

Derivative of the equation (9) according to S and V,
we obtain following differential equations

i (fr, —1)+ve? =0, (10)
7, (fx, —1)—vrx =0. (12)

= const. 9)

From (10), (11) and 7, = OK;, we have
K{(fx, —1)(1+0) +Vox, (ox —x,)}=0. (12

Because of x; #0 and o #0, we have (2). In these
conditions, because of E = G, we have

f2=1-2fe"c +2f2%%c’.

Corollary 3.1. Let X(S,V) be a surface
which is given by equation (8) in E°. If

kK, = const.

and o = const., (13)

then, X (S, V) is a minimal surface.

Proof. From equations (4) and (6)- (8), the
equation of mean curvature is

H = f(frr, +7,(1- fx)) .
2((1- fx,)* + £2¢2)%?
So, if the surface X ($,V) is minimal, then
k; = const.and o = const.

(14)

Corollary 3.2. If X (S,V) is a A- net minimal
surface, then

s=Inlc,|
and
f?=1-2fc,+2f%c:

A-net ruled surfaces which generated by first principle
direction curve in g2

where C, and C, are constant.
Proof. The proof obtains from equations (2), (13).

Corollary 3.3. Let X (S,V) be a surface which is given

by equation (1) in E. Then, the Gaussian curvature of
the surface

2
7

(- )2+ £

Proof. The proof is obtained from equations (4), (6)-
(8).

Example 3.1. Let 7(3) be a curve which has the
principal normal vector field

N(s) = (acos( ZS 2),asin(\/azibz),b\/aszrbz).

vas+b

Then, first principle direction curve is

a(s)= (ava® +b? sin (ﬁ
a’+

—ava’® +b? cos( > ), > ).
Va2 +b?" 2\/a? +1?

),

2

The ruled surface which generated by first principle
direction curve is

X (u,v)=(ava®+b?*sin (;) +asin vcos(;),
wv) va’+b? va® +b’

—ava® +b? cos(

) +asin vsin (

s S
> o),
va? +b? vaZ+b?

2

S
2va? +b?

. s
+hsinv—)
a’ +b?
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Figure 1. The surface graph of the ruled surface which
is generated by first principle direction curve for a=3
and b=4

Theorem 3.2. Let
w(s,v)=als)+ f(v)B,(s) (15)
in E°. If the surface l//(S,V) is a A-net surface, then

following differential equation holds;

f(v)=e'®c, +e 2, (16)

where C, and Cg are constant.

Proof. If we take derivatives of the surface, which is
given with the parametrization (15), we have

v, =T, - fgN,, 17)
v, = 1B,
Then, components of the first fundamental form of the
surface are

E=1+f?,
F=0, (18)
G=1f"

The unit normal vector field of the surface is

1
U=—————— (7, fT. + N, ). (19)
T N

Second derivatives of the surface are

v =—fn T+ (g - fTi)Nl - lezBl
Vo =~ f ITlNl
l/jw = fBl

Then, components of the second fundamental form of
the surface are

h, =

2 2 !
P -1
\/1+ f2r?

, (20)

A-net ruled surfaces which generated by first principle
direction curve in g2

fr
h, = —=—, (21)
? J1+ fsz
h,, = 0. (22)

From the definition of the A- net surface, from equation
(21), we have

f'r,
JA-fr)? + 1777
where § = const = 0. Derivative of the equation (23)

according to S and V, we obtain following differential
equations

=g, (23)

fr,=0, (24)
f (Q+72f?)—r2ff2 =0, (25)

Because of f #0 and 7, # 0, from (24), we have
7, = const. = c,. (26)

Then, from (25) and (26),

(f —c, F)(1+c2F2) =0.
Because of ¢; f? #1,

f(v)=e®'c, +e V2,

Corollary 3.4. Let t,//(S, V) be a surface which is given

by equation (15) in E23. Then, the mean curvature of
the surface t//(s,v)

_ fliel +x, - fr
2_2\3/2
I+ 7))

Proof. It is obviousliy from equations (18), (20)- (22).

Corollary 3.5. Let l//(S, V) be a surface which is given

by equation (15) in E®. Then, the Gaussian curvature

of the surface
_ 7

Proof. It is obviousliy from equations (18), (20)- (22).

Corollary 3.6. Let
&(sv)=als)+ F(V)Ty(s)

in E%. &(s,V) isn'ta A- net surface.
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Proof. With similar computations in Theorem 3.1 and
Theorem 3.5, coefficients of the first fundamental form

E=1+f 2’(121
F=1,
G=f72
and components of the second fundamental form
h, =—fxz,
h,=0,
h,, = 0.

Since h, =0, §(s,v) isn't a A- net surface.

Corollary 3.7. Let

Y(s,v) = a(s)+vcT,(s),
d Z(s,v) = a(s)+veN,(s)

T(s,v) = a(s)+VvcB,(s)

be ruled surfaces in E*. Y(s,v), Z(s,v) or T(s,v)
aren’t a A- net surface.

Proof. Because of second components of the second
fundamental formas of these surfaces (h, =0),

Y(s,v), Z(s,v) or T(s,V) aren’t a A- net surface.

REFERENCES

[1] B. Uzunogly, | . Gék and Y. Yayli, A new approach
on curves of constant precession, Applied Mathematic
sand Computation, Vol. 275, pp. 317-323, 2016.

[2] A. T. Ali, New special curves and their spherical
indicatrices, arXiv:0909.2390v1 [math.DG] 13 Sep
20009.

[3] AJ. Hanson and H. Ma, Parallel transport
approach to curve framing, Tech. Report 425, Computer
Science Dept., Indiana Univ., 1995.

[4] T. K6rpinar, E. Turhan, Parallel Surfaces to Normal
Ruled Surfaces of General Helices in the Sol Space

Sol®, Bol. Soc. Paran. Mat., Vol. 31 No. 2, pp. 245-
253, 2013.

A-net ruled surfaces which generated by first principle
direction curve in g2

[5] B. H. Lavenda, A New Perspective on Relativity: An
Odyssey in Non-Euclidean Geometries, World
Scientific Publishing Company, 2012.

[6] J. A. Galvez, Surfaces of constant curvature in 3-
dimensional space forms, Matematica Contemporanea,
Vol. 37, pp. 01-42, 2009.

[71S. Izumiya and N. Takeuchi, New special curves and
developable surfaces, Turk J. Math., Vol. 28 , pp. 153-
163, 2004.

[8] Z. Soyugok, The Problem of Non- Trivial Isometries
of Surfaces Preserving Principal Curvatures, Journal of
Geometry, Vol. 52, pp. 173- 188, 1995.

[91 A. Bobenko, U. Eitner, Bonnet Surfaces and
Painleve Equations, J. Reine Angew Math., Vol. 499,
pp. 47- 79, 1998.

[10] F. Kanbay, Bonnet Ruled Surfaces, Acta
Mathematica Sinica, English Series, Vol. 21 No.3, pp.
623- 630, 2005.

[11] F. Kanbay, On the Pairs of Orthogonal Ruled
Surfaces, European Journal of Pure and Applied
Mathematics, Vol. 5 No. 2, pp. 205-210, 2012.

[12] H. Bagdatli and Z. Soyugok, On the problem of
isometry of a hypersurface preserving mean curvature,
Proceedings Mathematical Sciences, Vol. 117 No. 1,
pp. 49-59, 2007.

[13] J. Oprea, Differential
applications, Prentice Hall, 1997.

Geometry and its

Sakarya Universitesi Fen Bilimleri Enstitiisii Dergisi, vol. 21, no. 3: pp. 372-377, 2017 377





