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A Local Similarity Representation for Generalized Q-Holomorphic Functions

Sezayi Hizliyel™
ABSTRACT
In this work, we prove a local similarity representation for the solution of equation
w ow Aw + B
oz Qo ~AWTEW

where 4 and B are m X m lower triangular matrices, Q is am X m type lower triangular matrix having zeros the main
diagonal and the unknown fuction w is a m X s-type complex matris valued functions.
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0z

Bu makalede,

denkleminin ¢dziimleri i¢in local bir benzerlik temsili ispatlanacaktir. Burada 4 ve B m X m tipinde alt {icgensel
matrisler, O m X m tipinde esas kdsegeni sifir olan alt liggensel matris ve bilinmeyen w fonksiyonu ise m X s-tipinde
kompleks matris degerli bir fonksiyondur.
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1. GIRIiS INTRODUCTION)

Let 4 and B be Holder continuous in a domain Q. Then

any solution w € C1* of complex equation

ow _ _

o, = aw+ bw (1.1
can be written in the following form

w(2) = f(2)exps(2), (1.2)

where f is analytic in Q, s is Holder continuous and
bounded function Q, the closure of Q. This
representation, at first proven by Bers [1] and Vekua [2]
, was called "similarity representation". By this similarity
representation was to reduce the boundary value problem

with (1.1) to related boundary value problem for analytic

functions.

Subsequently, similarity representation was extended to
the class of generalized hyperanalytic functions . A good
surveys of methods in hyperanalytic case may be found
in [3], Later in [4], [5] using Vekua and Bers techniques
a function theory as given for the equation

ow ow B

Dwi=——-0—=
W=5z Yoz

Aw + Bw,

where w is m X s-matrix, Q is self commuting with m X
m, A and B are commuting with Q which means
Q(z1)A(z;) = A(2,)Q(z1)
Q(z1)B(z;) = B(22)Q(zy).
Solutions of such equation were called generalized (or
pseudo) Q-holomorphic functions. Similarity principle

was given for the solution of such an equation which is
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commuting with Q, continuous and bounded in C [4, p.
442]. But all attempt to date to find an adequate

generalization of this global result for solution to

pw =22 - Q2 = Aw + B (1.3)
have failed. Where 4 and B are m X m lower triangular

matrices, O is m X m lower triangular matrix having

zeros the main diagonal and D is

In this work, we proved a local similarity representation

for eq. (1.3).

We employ the standard norm on a matrix B = (b;;)

given by
S 2
18112 = iz(8°B) = ) |by[".
ij

For convenience in exposition, we define certain spaces

of m X s complex matrix valued functions represented
by

i=1 j=1

N

Wijeij (14)

where w;; is complex function and et denotes m X s
constants matrix in which i.th row and j.th column term
is 1 and the others terms are 0. In general a function w
given by (1.4) is said to lie in a given space if each of
complex function w;; is in that space. For example, if the

set of functions satisfying the conditions

1/p

re® = [[walr] <o
Q
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It will be denoted by LP({2), where Q is a some domain
(i.e. an open set) in the plane. It is easily seen that if

weLP (Q) then

Ly (i ) = | [[ wil” g [
Q Q

where the norm |

1

< oo,

| is the standart norm on complex
valued functions defined by |f| :=+vu? +v?, f=u+
iv . That is, this criterion obviously is equivalent to the

statement each w;; € L, (Q).

The space C™ (1) consists of those functions whose
derivatives to order m are continuous in Q. We write

Co(Q) = C(Q).

We say C™%(Q)), where 0 <a <1 if w and its
derivatives to order m are Holder continuous in (, the
closure of Q with exponent a ( i.e. there is a positive
constant M such that for z;,z, € Q, [[w(z;) — w(z)|| <
M|z, — z,|* , and similar inequalities hold for the
derivatives to order m). The space C™%(Q) consists of

those functions contained in C™%(Q,), for every

bounded sub domain Q; of Q with Q; c Q.

2. BOLUM 2 BENZERLIK PRENSIBIi
(SIMILARITY PRiNCiBLES)

Two function will be called “similar” if they have zeros

of the same order at the same points. For example, any
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solution of (1.1) which is continuous and bounded in Q

can be written as

w(z) = f(2)exps(2),

where f is analytic in Q, s is Holder continuous and
bounded function [2]. If w(z) has a zero k. order at some
point z, then f(z) has zero of same order at the same
point. This shows that w(z) is similar to f(z). In this
section we show that there exists a local similarity

principles for Eq. (1.3).

2.1 Theorem: Suppose that the components of 4 and B
are Holder continuous. Let w be solution of (1.3) with
Holder continuous first partial derivatives such that wy,
not identically zero for [ = 1, ..., s. If z, is a point such
that wy;(zo) =0 for k=1,..,m,l=1,..,s then in
some neighborhood of z, there is a m X s matrix E =

{E\1;} and integers nyy, ..., n,,,; such that

m s k
W) = D) M Bz - 7).
k=11=1 i=1

Moreover, each Ej;;has the representation

k-1 B
zZ — ZO

u
Egi =vii + ) iy (—) )
Z — ZO
u=0

with vy; Holder continuous and the ay;, are complex

constants.

Proof. Without loss of generality, we will assume that

zy = 0. The results is proved by induction. Our induction
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hypothesis is that there exists a neighborhood S of 0 and

a complex-valued function s;; such that

t
wy, = exp(sy) (Z Znﬂ“tlj)-

i=1
here
i sy has generalized derivative with respect
to Z such that
sy _
a7 € L1(S)
for every g = 1.
ii. n;; is positive integer
iil. Oy; 1s analytic in S with g, (0) # 0
iv. Forj <1

t—1

M
Oj = Uyj + QAtlip (E) ,

u=0

where ay;, € C and

¢
with Ry; € LP(S) for some p > 2 (Note that

this implies that v,;; € C%*(S) for a = %1 ).

Note that (1.3) may be write following form

S
owy, _
0= Z( 9z a;iwy + b11W11) el!

i-1

- —(a
—Z a;;wj, + bjjwj — a;wy — bywy e
=1

A Local Similarity Representation for Generalized
Q-Holomorphic Functions

First, we prove the result for wy;in the case

anl
iz

= ay Wy + by Wy,

i.e. wy; is pseudo-analytic. Thus we can apply the
complex case to obtain the result. The s;; is obtained as

follow: let

by w0
P =a;,; +{ wy’ u .

0 otherwise

We define

=~ [[ - asd
wETT) =2 1.
S

Since wy; € C**(S), P;; is bounded in S and hence in

L9(S). Also, s;; € C**(S), 0 < @ < 1 and possesses a
generalized derivative with respect to Z_,% (weak). If

the function f'in the statement of complex case has a zero

of order ny; at 0, then we define

fu

O =
m = g

This completes the first step of our induction hypothesis.

Now, we assume that our induction hypothesis holds for
wy such that 1 <t <k — 1. The proof for wy; will
depend upon several lemmas which will be demonstrated

at conclusion of the proof. From (1.3),

Iwy, + buiie
= AW, w
07 kkWkl kkWkl
k-1
aWﬂ _
+Z qkjg+akjwj, +bkjW]l
j=1

= QWi + bW + G-
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Define

b Wi

_ Kk

Py = agy + wy,
0 otherwise

_ __ﬂsz(C)

Asint = 1 we have s, € C**(S5),0 < a < 1, and

ifWkl;tO

2 = Py (weak) and Py € L9(S),q = 1 [2,p. 34]. If

we define Y = wy,; exp(—sy;), we obtain

Y Odwy 0Sy;
EG = 0z exp(—sy) — szEeXp(_Skl)

= (kWi + bWyt + Cra) €XP(—Sk1)
— Wi P Xp(—=si)
= C1 €XP(—Sk1)
By the Cauchy integral representation there is an

analytic function ¢ such that

1 —
0 = 9~ [[ L2 gy
N

in S (see [2, p. 34]). Using the induction hypothesis, it

can be shown that

1
_Eckl exp(—si)
k-1 k-2 u
n; n; _1 {
= (MR + (M Akiin 7
i=1 u=0
where Ay, € C(S), Ryy; € LP(S),p > 2 (see 2.4

Lemma ). So

Y(2) = ¢(2)

k-1 fru- k-2 Ak
+; {f =z Ry + ;lklw (9 dédn.
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Since

nj—1 nj
z z z

T R AN CA e R T

it follows that

Y(2) = ¢(2)
k-1 (nu—1 {n”_l
+ zP I (R
i=1 \ p=0 S
k=2 2\
£ Ju (—) dgdr
— ¢
u=0
k-1
ZMil
+Zz”ll ff (R
£ )] =
k-2 2\
£ duay @ dgdn
u=0
= ¢(2) + Z k2P
p=0
k-1 R k2 7
+Zzn” ff Kli Klin <_ dedn
4 (-2 LT-2\g) | B
i=1 S u=0
where N; = o nax 1(nil — 1) and where the constant
<js<k-—

complex coefficients k, are the sum of convergent

integrals. Employing a forthcoming result (2.2 Lemma),
we have

k-2

Z {(/;kl_m) <{> dédn = Zlklw()

u:o

u+1

Define

R...
o= || 72 dgn
N
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Ny
I=¢(2)+ Z k,zP

p=0

then from complex case and the definition of

wi(z) = Y(2)exp (Skl (Z))

k-1
= (F(Z) + Z Uklizn”> exp(si(2)).
i=1

Suppose I'(z) # 0. From (2.1), we have T'(0) =0 and
since I is analytic in S, there is a n,; = 0 such that

10)

Ok (2) = o

is analytic in S and gy, (0) # 0. Hence (2.1) becomes

k-1

wi(2) = Z(Uklzzn”) exp(siu(2))

i=1
as desired. Hence by induction we have all the results of
the theorem. Finally we give the following three Lemmas

used above.

2.2LemmaForm=0,1,..andz€ S,z# 0

_ = m+1
< e

(6]

2.3 Lemma Let f € C%*(5),0 < a < 1, and let g(2)

be a bounded function in S with g € L'(S). Then

FOZTO g5y e 17 for somep >2

(3]
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2.4 Lemma For ¢y, as defined in the proof of 2.1

Theorem,

Cru(z) exp(skl(z))

k-1 k-2 { u
= —T[Z cnileli + Znil_l Z Akli[,l (é) ,
i=1 u=0

where Ay, € C and Ryy; € LP(S) for some p > 2.

Proof The proof of this Lemma is similar to given in [3,
p. 115]. So we omit the proof of Lemma.
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