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Abstract

In this article, we deal with the initial boundary value problem for a viscoelastic system
related to the quasilinear parabolic equation with nonlinear boundary source term on a

manifold Ml with corner singularities. We prove that, under certain conditions on relax-
: . . . LA .
ation function g, any solution u in the corner-Sobolev space %80(M2 2 )(M) blows up in

finite time. The estimates of the life-span of solutions are also given.
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1. Introduction

Many of the problems in fracture and contact mechanics may be formulated as mixed
boundary value problems which, in turn, may be reduced to integral equations of the gen-
eral form [29,30]. The main important aim of the present manuscript is the investigation
blow up and its life-span of the viscosity solutions of a nonlinear system in space with
corner singularity points. Let us recall some background and applications from the such
situations in the real world. The singularities of the viscosity equations occur when some
derivatives of the velocity field is infinite at any point of a field of flow or, in an evolving
flow, becomes infinite at any point within a finite time. In view of mathematics, these
singularities can be formulated, for example, in two-dimensional flow near a sharp corner
onto a wire boundary in which case they can be resolved by refining the geometrical de-
scription. On the other hand, one can consider them in physical form, for instance, in the
case of cusp singularities of a fluid in which case the resolution of the singularity involves
incorporation of additional physical effects. Two-dimensional flow near a sharp corner
exhibits a curious singularity that has been the subject of many investigations [13,28,32].
From a mechanical point of view, there are many investigations about the finite-time blow
up of the singularity problem that we can provide only some significant here. It is well-
known that the configuration most likely to lead to a singularity consists of two interacting
non-parallel vortex tubes [5]. In 1996 [12], Constantin, Fefferman and Majda proved the
direction of vorticity of the Euler equations should be indeterminate in the limit as the
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singularity is approached. For more details in the mechanical point of view we refer to [28]
and the references therein. Now, We present a viscosity system with difficult conditions
on the boundary of the configuration space which has the corner singularities and provide
a background of these problems from mathematical point of view. More precisely, in this
paper, we study the blow up and life-span results of the following viscoelastic problem
with nonlinear damping and boundary source terms

0yulF 10 u — Apu + [§ g(t — ) Appu(s)ds = [ulP~ u in M x (0,00)

u(z,t) =0 on x € M x (0, 00), (1.1)
dpu — [3 g(t — s)0,u(s)ds + Su = |u|™ u, on O™ x (0, 00), ’
u(z,0) = up, Opu(z,0) = uy, x € M.

where k£ > 1 and M is a corner manifold with finite corner measure, which is a local model
of stretched corner-manifolds, i.e. the manifolds with corner singularities of dimension
N = n+ 2 > 3 with boundary M = 9°M U 9'M. Here, let {0°M, 9'M} be a partition
of its boundary OM such that M N 9™ = @) and meas(0°M) > 0. Moreover, v is the
unit outward normal to M, 1 < m < % and 1 < p < % The relaxation function g
is satisfying certain conditions to be specified later. The author in [23] studied existence
and invariance results of weak solutions of problem 1.1.

It is well-known that,elasticity is the tendency of solid materials to return to their orig-
inal shape after forces are applied to them. When the forces are removed, the object will
return to its initial shape and size if the material is elastic. Viscosity is a measure of
a fluid resistance to flow. A fluid with large viscosity resists motion. A fluid with low
viscosity flows. For example, water flows more easily than syrup because it has a lower
viscosity. Viscoelasticity is the property of materials that exhibit both viscous and elastic
characteristics when undergoing deformation. Synthetic polymers, wood, and human tis-
sue, as well as metals at high temperature, display significant viscoelastic effects. In some
applications, even a small viscoelastic response can be significant. For the fundamental
modeling, development of linear viscoelasticity see [11] and we refer the interested reader
to the monograph [15] for surveys regarding the mathematical aspect of the theory of
viscoelasticity.

In the setting of Q@ C R™, when k = 1 and g = 0, the problem 1.1 reduces to a hyper-
bolic system which can be considered under Dirichlet or Neumann boundary conditions.
There have been extensive studied on some special cases of these systems and the physical
background [4,9,17,18,22,37]. In the presence of the viscoelastic term, Kim and Han [24]
proved that any weak solution with negative initial energy blows up in finite time under
suitable conditions on the relaxation function g for the equation

t
uy — Au —i—/o g(t — 8)Au(s)ds = [ulP2u in (z,t) € Q x (0,00). (1.2)

Concerning Cauchy problems, Kafini and Messaoudi [22] established a blow up result for
the problem

t
ug — Au ‘|‘/ g(t — s)Au(s)ds +u; = |ulP"2u  in (x,t) € R" x (0, 00). (1.3)

0
where g satisfied [;° g(s)ds < gz% and the initial data were compactly supported with

negative energy such that [ uguidz > 0. Maxim Korpusov [25] studied the initial-boundary
value problem for the generalized dissipative high-order equation of Klein-Gordon type
with arbitrary positive initial energy. He established a blow-up result using the modified
concavity method of Levine developed in [3]. More and new results about the blow up
properties with arbitrary positive initial energy can be found, for instance [20,21,27,31,35].
However, there are a few investigations about this type of equations on the manifolds
with singularities. For instance, Cavalcanti et al. [2] considered a nonlinear viscoelastic
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evolution equation as
t
uy + Au+ F(z, t,u,up) — / g(t — 1)Au(r)dr =0 on T'x (0,00)
0

where I is a compact manifold. In [7] the initial boundary value problem of the viscoelastic
equation with a nonlinear boundary damping term

Uy — Au =0 in x € Qx(0,00)

u(z) =0 on xz €Ty x (0,00), (1.4)
uy — f5 g(t — s)u,(s)ds + h(ug) = 0, on T x(0,00), '
u(z,0) = ug, ug(x,0) = uy, x € Q.

studied and the authors obtained a global existence result for strong and weak solutions
under the classical assumptions on g. In the setting of the manifolds with singularities
such as conical singularities, the authors in [1] studied the initial-boundary value problem
for semilinear hyperbolic equations

uy — Agu + V(x)u + yup = f(z,u), x € intB,t > 0,
u(x,0) = ug(x), Oyu(z,0) = ui(x), x € intB (1.5)
u(t,x) =0, x € 0B,t >0,

where, v is a non-negative parameter and V is a potential function. Here the domain
Bis [0,1) x X, X is an (n — 1)-dimensional closed compact manifold, which is regarded
as the local model near the conical points on manifolds with conical singularities, and
0B = {0} x X. Moreover, in [36], the authors obtained the upper bounds of blow up time
and the blow up rate for a semilinear edge-degenerate parabolic equation. To our best
knowledge, there are no or few investigations of the viscoelastic problem on the manifolds
with singularities. But in the Euclidean domain  C R", Cavalcanti et al. [6] considered
the nonlinear viscoelastic equation without source term and weak damping term

t
|ue|Puge — Au + / g(t — s)Au(s)ds — yAu — Auy = 0, in Q x (0,00).
0

They obtained the global existence of weak solutions and uniform decay rates of the energy
by assuming that the relaxation g has an exponential decay. In [19], the authors considered
an initial-boundary value problem for a nonlinear viscoelastic wave equation with strong
damping, nonlinear damping and source terms. They proved a blow up result for the
solution with negative initial energy. Our study is in fact provoked by the study of [14]
and by modifying the method, which is put forward by Li, Tasi [26] and Vitillaro [34], we
proved that, under certain conditions, any solution blows up in finite time. The estimates
of the life-span of solutions are also given. In this manuscript, we consider the nonlinear
viscoelastic wave equation with an internal nonlinear term latu\kflﬁttu, and a nonlinear
boundary source term |u|™ !u, on the corner manifold M, and we obtain some blow up
results about the problem 1.1.

2. Preliminaries

In this section, we consider the stretched corner manifold M = [0,1) x X x [0,1) with
smooth boundary OM [10, 23, 33].
We take X C S™ be a bounded open set in the unit sphere of R®*!. As mentioned in

[10], one can consider the straight cone as X2 := {a: eER™! | z=00r [ € X}. Then,
an infinite cone in R™*! can be defined as the following quotient space
YA _ (R4 x X)
{0} x X~
with base X. The coordinates (r,¢) € X2 — {0} are the standard coordinates in this
quotient space by using the cylindrical coordinates in R**!1. So we can describe X2 — {0}



1088 M.K. Kalleji

in the form Ry x X. Therefore, the stretched cone is defined by X" := R, x X. Set the
coordinates in X” as (71, z) such that in the case 0 < 71 < 1 one can consider a finite cone
([0,1) x X)

{0} x X
Then, the finite stretched cone corresponding to E is defined as E := [0,1) x X, with a
smooth boundary 0E = {0} x X. By the similar way, one can define an infinite corner as

EN — (£ xRy)
E x {0}’
where the base F is a finite cone with base X as above. Hence, the stretched corner is
EN =ExRy. Take (r1,z,72) € E™, we concentrate on the case 0 < ro < 1, then the finite
corner is M = (%XX[?(’)I})). Therefore, M = E x [0,1) = [0,1) x X x [0, 1) is a finite stretched
corner with the smooth boundary OM = JE x {0}. The typical degenerate differential
operator A on the stretched corner M is of the following form

A=13"Y"ag(ra)(r20y,)",

I<v

where as(r2) € C®(Ry, Dif fi7 (E)) that is

agg(r2) = ST g ji(ry, ) (ridh ),
J<(v-I)

such that ay j(r1,7m2) € C®(Ry, Dif f*~!=9(X)). Then, it follows that

A= (r1r2)™ > au(ry,r2)(r10, ) (r1r20r,)" = (rirg) ™ Au,
<y

E =

where aj;(r1,72) € (R4, Dif f*~1-7(X)) and Ay is called as a degenerate corner oper-
ator [8,10,23]. We can consider the following Riemannian metric on the corner manifold
M

gu = dr3 +r3(dr? +r2gx),
where gx is a Riemannian metric on X. Therefore, the corresponding gradient operator
with corner degeneracy is Vi = (110, O,y -vey Oz, s T1720r, ).
Now, we recall some definitions of the weighted p—Sobolev spaces LJ"72 on R xR" xR .
Definition 2.1. Let (r1,z,72) € Ry x R™ xR, weights 71,72 € R and 1 < p < oo. Then,
d d
£772(Ry x R" x Ry; ﬂdxﬂ)

It 172
= {utra,a,re) € DRy xR xR |l < o0, |

where

1

N N D

vt S ) dry dra \ »

el 30 :( [y u(ry, o) P delTQ) .

R+ XR"XR+

Definition 2.2. Let m € N, 41,72 € R and N = n + 2. Then 372 (R, x R" x R,)

contains those of the functions u € D' (Ry x R™ x R, ) such that
d d
(r10,,) 0% (1177200, ) Pu(ry, o, 1) € Ly (R+ X R™ x Ry; ﬂdazﬂ)
Ty TIT2

for all k,l € N and any multi-index o € N" with k + 1 + |a| < m.
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We denote the closure of C§° functions in G{m’m’W)(R x R™ x R;) by

3, 0(71 ’72)(]R x R™ x Ry ). Now, we can define the weighted p—Sobolev spaces on an open
stretched corner Ry x X x R4 as following :

j{;”,(’Yl,w)(R_i_ x X X R+) = {U(T1,$7T2) S D/(R+ x X X R+) ‘

d d
(110,05 (11720, Fu(ry .)€ L (R x X xRy Thn 22 )}
1 rire

for all k,1 € N and any multi-index o € N with k 4+ [ + |o| < m, which is a Banach space
with norm

Hqu{;":(’le’Yz)

1
N _
:{ > /IR T (100,108 (sl Fulrn, 2 72) ‘p@d drz } .

k+l+|a|<m +><X><R+ rir2

The subspace 3| (71 72) (R4 x X xR, ) indicates the closure of C§° functions in ﬂ{;n’(%’W) (R+

x X xRy). Now we express the weighted p—Sobolev space on the finite stretched corner
manifold M, see [8, 10,23].

Definition 2.3. Let m € N, 71,72 € R, 1 < p < oo and W,-"(int M) is the classical local
Sobolev space. Then

J—f;“’(%m)(M) = {u(rl,x,rg) e WP (int M) | wiwou(ry, z, ) € U—C;I’(“’W)(RJF ><X><R+)}

for every cut-off functions w1 = w(ry,z) and we = w(ry, x) supported by a collar neigh-
borhoods of (0,1) x OM and OM x (0, 1) respectively.

We know that, in differential geometry, one can attach to any point & = (ry,z,72) € M
a tangent space TzM which is a real vector space that intuitively contains the possible
directions in which one can tangentially pass through Z. Then up to isomorphism, for
arbitrary and fixed point Zp € M we define n(Z) = & — &y and give a partition of the
boundary OM such that

O°'M = {a: edM | n@)wv(z) < 0} and M = {x edM | n@) (i) > 0}.

For the weights v, = %, Yo = % and 1 < p < oo, we take the following inner products

and norms [23]

P pdT‘l d?"Q
ul 2 = H A r1 Ly 22
L,? 7 N 1 N 172
P P
ul| N-1 N —H H :/ ‘ui“d@M
Lp P p (81M) N 1 N BIM M ( ) ( )7
ul| = esssup u(fv)‘

o TeM
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Now, we consider the set

1(N—1 N

3cb Tv?)(M) .f L% %) _ 0
SOM =1u € H, (M) | wu=0 on O'M

LA 5)
OM

2OM is a Hilbert space. Since N = 1+n+1 >2,1<p< N 5 and 1 <m< X N 27We
(N 1N N-1

have the embedding H 2 " )(M) — Lpp:f 7T (M). Suppose that C, > 0 is the optimal
constant of weighted corner Sobolev embedding which satisfies the inequality

PIp

1(“§l7

N
and endow J with the Hilbert structure induced by H, 2 )(M) we have that

J{L(N 1 N)

2 2

O(N;%%)
OOM

(- o VueX (2.1)

INGES S s R
2 m+1Wn+
OM — LT (0'M),

1<m«< m. In this case, the embedding constant is denoted by B, > 0, i.e.

Moreover, We use the corner trace-Sobolev type embedding H

< B,

(2.2)

[l s s e

H ﬁ
m+1 m+1’ 2

Since 9°M has positive (N —1)—dimensional Lebesgue measure, using of Poincaré inequal-
N—-1 N

T2 2
ity, we can endow j{aOM

1
H“Hgm%% - HVM“HN Ly T (/ TI’VMU’ @d dm) : (2.3)
a0M )2

(M) with the following equivalent norm

T2

Next, we express the assumptions for problem 1.1:
(A) : Assume that the relaxation function g : [0,00) — [0, 00) is a C! function satisfying

Jgt) <o, 1—/0tg(s)ds—l>0,
and m+ 2 < p.
To obtain our main results we need to deﬁrjlve 1‘5}}5 following energy functionals corre-
sponding to our problem 1.1 for every u € HE)OM; ’7)(M):
() :;(1_/; $)ds) HVMUHN " —I—%(goVMu)(t)
p+1 m+1
Sl M [ A (2.4
K(u)=(1- /tg(s)ds)HVMuHil v T (g0 Vmu)(t)
p+1 m+1 a
o PSR (25)
and the energy function
B0 =o', o + 30 [ o[V, + 500 Tan0)
F 1 tuNllf]L 5 ; s Mung 5(9© Vinu
p+1 m+1
AL
k +1 H H N 11 N + J(u(t))v (2.6)

BH10k+1
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where, (g o Vyu)(t) = fog (t — )| Vmu(t) — Vmu(s )H%\ri ~ds. Now, we introduce
2

2

(71N

N = {uefHaOM 2(M) | K(u) =0, HvMuHilN#o},
2 2

(71ﬁ

2
d= inf{sup J(Au), ue Iy 2 )(M), HVMUHN—l v 7 0}.
A=0 2 02
The similar results in [16] one can get d = inf,en J(u).
Before going on our task in this section, let us conclude some facts about the functional

J(u) for certain solutions of problem 1.1. We consider two cases about the solutions
(N 1 N)

u € Hyop,® (M).
I)If ’VMUH v_1 v = 1, then by Sobolev inequality and trace inequality on the boundary
=27
we obtain
1) = o+ 500 ) — g ol s
u) = || Vyu ~(g0 Viu -
2 %7% 2 P10 ]_’\{1 m+1 T7j781( )
l 2 (jp+ p+1 Bmtl m—+1
> S| Vmu M . MU
71 N Pt \Lg ey A R
l 2 Cf+ Bmtl p+1
> 2 _
=2V llan g it m+1H MHN%
l 2 p+1
= 5 |[Vuau %’%—mHH iy H s (2.7)
where a = C2™' + B™+!. Now, we define P( ) = %)\2 - mil)\pﬂ for all A > 1. Then

1

- -1
there exists a A = (l(m+1)> which admits P()\) its maximum at this point and

a(p+1)
2 ptl
- < L (l(m+1)\rT a [(llm+1)\rT
d=P\)=-|——~ —
2\a(p+1) m+1\alp+1)
(p+1) p+1<m+1>£ﬂ =1 1 p+1(m+1)§i =2
= [p-1 apr-1 — [p-1 ap-1
2(m+1) p+1 m+1 p+1
_< I(m+1) )p—{—l[ p+1 2 ]
Qi (p+ 1) 2(m+1) m+1
p+1
1) -2 1)\ # 1
_ >ap‘21<l(m+ )>p ~ (2.8)
2(m+1) p+1
11) 16 ||[Vagul| ,_, , <1, then
R
! 2 1 p+1 m+1
Tw) = 5| Vinu . o + 5000 Vaew)0) - | HNI N - A
l 2 m+1
2 §HVMUH¥,% m+1H MU HN LN (2.9)

Again we define P(A) := £A? — -85 A™*! for all 0 < A < 1. Then the function P(}) in

1
this case admits its maximum at \ = (é) et Therefore,

+1

(07

(07
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_ (m—l)( l )%

2(m + 1) \ s (2.10)

Proposition 2.4. Suppose that the assumptions (A) are satisfied and for every 0 < ff <

p+1

’n—Jﬂ(m—H)_pf1 < 1 assume that K(up) < 0 and E(0) < dB. Then for any solution

p—1 \ p+1
(N 17N)
u € fHaOMz >7 such that HVMUH L n > 1 and for every t € [0,00), K(u(t)) < 0 and
also -
2 —
i< (2 [t (U7 + (@0 D)

(D [ o, o )

Proof. Arguing by contradiction, one can get K(u(t)) < 0 for all ¢ € [0,00). In other
words, if one supposes that this is not true, then there exists ¢y > 0 such that K (u(tp)) =0
and K (u(t)) <0 for every 0 <t < to. Thus by (2.8) one obtains

d—<V*>wi(W+”fi

- 2(m+1) p+1

2

s

(p—1) (m+1\E5 [ aauttol] ., , +
B 2(m+1)<p+1> % p+1 m+1 mi-l:|
(ol s+ ],

+ 80 (M))

-1 N
p+1 p+1 m+1’m+1’

1) (m—i_l)ﬁx szMu(to)H + (g 0 Vi) (o) ]fl
_2
UWW”be "

2 b

2(m+1)\p+1
)" <vaumw24ﬁs%@ova@w>

(9 0 Viru)(to) ptl

—

b~

—

N—-1 N
2

IN

+ (g0 Vigu)(to))

M\Z

_ 1) = (l(m+1)
m+1) p+1

‘ z
[ V]

+1 1 +1
:[ m+1 7;+1) _m—l—l(L)

p+1
=(?if) [*—*1*MWVMMWWQA

(vt , + oo Vi)

_|_

(9 © Vigu)(to))
1 /m+1\;2
p+1(p+1) {

1
I +5(g 0 Vinu)(to)

p+1

u(to)Hu N
p+17p+1

.
A
<
2
:
5
+
o
O
<
=
£
s
N
|

m+1
+H %H

1
7n+1 ’m+1 ’a (M

Fill

= J(ulto)). (2.12)

Hu(to) _
AT m+1 T 0 (M)

But, this is impossible since J(u(tg)) < E(tg) <
one has K(u(t)) < 0. Furthermore, by inequality

Therefore, for every t € [0, 00)
ne can get

J<<?13>P[;—p+1KHvMHN1N (9 Vo)1)

2 _ m+1
<o) o) I o Iy

o+

’35
[e)
S~—
A\

Og“
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IN= | 1
O‘(Zﬁ)p 1((§+ 1))H V[, s (2.13)
Hence, the proof is completed. O

Proposition 2.5. Suppose that the assumptions (A) hold and for every 0 < 5 < m+1 <1
we have K(ug) < 0 and E(0) < dB. Then for any solution of problem 1.1 such that

Vmu < 1 and for every t € [0,00), K(u(t)) <0 and also
|7 0, 00), K (u(t))
S PN TN

Proof. By the similar way in the proof of Proposition 2.4, we suppose that there exists
to > 0 such that K(u(tp)) =0 and K (u(t)) < 0 for every 0 < ¢ < tg. Then

o =D 1y e oy o Tu)) 25
S 2mt 1)\ = a(mt 1 { 1 m+1 ,f}
(m+ 1)\ gmi (m+1) (HUHPLN ]XI‘FH Hlal( )) +1

2
_(m= { ZHVMuH%gHgovMu)(tC }z
DLy + o T ™
— s v + o Vo)
(m—1) p+1 m+1
2(7771—1—1) [HUHM7I)J_‘\_’ H H 111’81(M)]
Thus for this ¢y we get
- 1 m+1 l 2
d< (%_m H‘ (to HI;:; N +H (o H;v:} N ai(m ]%HVM“(“)HTA%
1 m—+1
L W e 178 Y

But, this is impossible since .J(u(tg)) < E(to) < E(0) < d. Therefore, for every t € [0, o0)
we have K (u(t)) < 0. Hence,
;_ (m
d< 22
< 2(m +1)

a(m —1)

D el + 00 o] < =D

3. Blow up of solutions and the life-span

In this section we prove the finite time blow up phenomena of the solution for the
problem 1.1 for negative initial energy and obtain estimates for the blow up time 7™ as a
life-span of our problem.

Theorem 3.1. Suppose that the assumption (A) hold and for every positive and fized

—E5 1, (N1 N No1 N
constant § < m“ (?jf) "7 <1, let us consider ug € Hoopp) = M), w1 € Lyt o (M)

such that K(uo) < 0 and E(0) < Bd. Moreover, Let 1 < k < % and relazation function



1094 M.K. Kalleji

g satisfies the following inequality :

b+l m—1— _ m P+1
(m+1*7*ﬁ(p*1)(?i11)p‘1)( -4 1)(p-§J-r11) )
ptl

Lm+1—y—Bp—D(zhH) +1

, (B

[un

+
where 0 < m+ 1 — B(p — 1)(;’)‘;:11)% < ~. Then, a solution u of problem 1.1 with

HVMUHM N > 1 blows up in finite time, that is, the mazximum of the existence time

Tonaz of u(t) is finite and

. k+1 p+1
(X Py = R 02
max k+1 0 k+1

Proof. From Proposition 2.4 we have that if K(up) < 0 then K(u) < 0 for any ¢ €
[0, T)naz) in the case of E(0) < Bd. By contradiction, we assume that the solution of
problem 1.1 is global, that is Tiyax = +00. Thus for any T' > 0 we define the functional
F:[0,T] — Ry as follows :

m—+1

AT T (SRR U SN 7 P

P k+ T m+1°

0= o

From the continuity of the function F' on [O,T 1, there exist two positive constants d1, dg
such that §; < F(t) < 2. Now, we take

N(t) = Bd — E(t), Vtelo,T). (3.4)
Differentiating identity (3.4) with respect to ¢, we obtain
/ / 1 t 2 d d
N (t)=-E (t) = ——/ / g(t —s) [vMu(s) —vMu(t)} ds ™ gp &2
T T17r9
g(t) [ Varu(t HN >0 (3.5)

N
2

Therefore, N(t) > N(0) = 8d — E(0) > 0. From Proposition 2.4 we conclude

_ p+1 m41
N(t):ﬁd_E(t)_ —|—1H "H+m+1" Hiial( M)
1N\ 335 1 1
ol el
:O‘V;pgll)(gill)p‘l+m+1M - HN Ly VIEDTL (39
Now we define
Gt) == N1 k/ Oyl 1‘17"11 ZZ, (3.7)

for every t > 0, and 0 < € < 1 to be chosen later and 0 < ¢ < k%rl Differentiating the
equality 3.7 with respect to t and using equation (1.1), we get

G'(t)=(1- )N (N'(t) + % o 'z - e(yatuvf*lattu,u)m
k+1 ' k+1
= (=N TN 0+ o, e Vaanly
k+1k+1 ’2
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p+1 m+1

+€H HN 1 Jil+6H HN 1 N LN (M ) (3'8)
On the other hand,
(m+1—)N() = (m+1—)8d— " Lll_”) vl Zl "
N MHVM“HN o (m +21 —7) (909 3) 0
1-— 1 1-— m+1
e [N T R D
By making use the Young inequality we conclude
/ Vyru(t) / 9)[Varu(s) - Vagu(t )}dscf:ld ZZ
= 45/ 9(s dSHVM“ H:lg
+£/ gt — s) / | Varu(s) - Vigu(t )}stci:ld 17;22 (3.10)
where 7,£ > 0 to be determined later, we get from (3.8) and (3.10)
&) = (1= N TN () +clm+ 1= )N ~clm-+ 1= )N + o,
k41
_EHVMUHQN;,J; —I—E/MVMu(t) /Otg(t—s)VMu( ds@d 27;22 H HIJZ? .
+e|lu HZH = (1= o)NTON'(t) + e(m+ 1 - )N (t) — e(m+1—~)5d
Dm0t (M)
k41 _
mk++11 i |oru Hz;ll s —mﬂ 1 HvMuHN Ly L emt1- +21 7) (90Vnau) (1)
1-— 1 1 m+1 k+1
S *";jﬂ D o ol
t d d 1
_E‘VMUHN S +6/M7“1VMU( )/0 g(t — 5)Vyu(s dsﬂdxﬁ eH prtl -
m+1

oy o g 2 = ONTTON (@) clm + 1= )N () — elm +1 - )

T gl e T

v

+

Y k+
1- 1-— 1
# LD (gowia) o)+
m+41 2
+6[mnj:i1ry }H HNil o) /9 )ds VMU()HTl,g
+g/ (t — s/ [Vigu(s) — Vagult )]st(ﬁ;ldxzz2(1—U)N—U(t)N’(t)
T (m+1v)N(tHe[mZil—”ﬂH@tu -

rel () = (T ) [t vl
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+ E[LM — g] (govMu) (t) —e(m+1—7)Bd + e [m 1 } H Hfj_ll .
2 pFL Pl
1— m-+1
+6[m7j;—i—1 }H Hiial( ) (3‘11)

m—+1’m—+1"’
Taking into account Proposition 2.4 we obtain

m—|—1>p1 1(1

—e(m+1—7)Bd > —e(m + l)ﬁ( 3 ﬁ [ HVMUH L n (goVMu) (t)]

+1
_ —€(m + 1)ﬁ(mi11)p—l (2(];; : ) [ HVMUH % —+ (govMu) ]
—eBlp—1) /m =
(g 1) (pi—ll) { HVMuHN Ly (goVMu)(t)} (3.12)

Now, by making use inequalities (3.11) and (3.12) we conclude

!

G(t)> (1- )N TN (t) + elm + 1 - )N(?)

1—~ 1 k1 —1-~ Bp-1) 1 pt1
e{% _ ki}HatuHN_kalil E[m 1-7_5k (Zil o
(e Seonenii Ly ds] -,
6{m+21—7 B B(pQ— 1)(7;111) 4 (gOvMu)()
1- +1 1- +1
T S X N P
According to assumption 3.1 we take 0 < £ < mH - B(pz_l) (’;‘jll)p T, then we obtain
G (1) = (1=a)N7(t)N (1) + e(m+ 1 —7)N (1)
[ml—:il_ }H(‘)tquj\;l]i + 691HVMUHN Ly + eeg(gOVMu)( )
R L I e 7 | CET
h th
Zuc_Fmafl—*y Blp—1) m+1est m+1—v Bp—1) m+1e 1 t
B S Ol (-5 (p+1)p1+4,g)/g(s)ds
and 02:m+1—7_ﬁ(p—1)<m+1>§+1_€
2 2 p+1
where the positive constant v satisfies 0 < m + 1 — 5(p — 1)(755:11)57—} < 7. Therefore, we
can estimate the following inequality for small number p :
G (t) > eu{ )+ H@tu ; ) + HVMUHN L (goVMu) (t)
k+
p+1 n+w+1
+ | H . v ﬁl’al(MJ > 0. (3.15)

Here, we choose € small enough such that

G(0) = N7 (0) + E/Mr1u0|u1\k_1u1—dx—.
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Hence, for t € [0,7T] we have G(t) > (0) > 0. Now, by making use of the Holder and corner
Sobolev inequalities, we conclude

1
_ Cl7“1 d?‘g 1-o k+1
/rlu](?tu|k 18tu d — < H H Hu
M T2 =

k+1 YR 1

-0
N1 N
p+1 7 p+1
. 1
<C’H8tu Ny HVMU

N—1 N
L 2 2

/

No1 ﬂ)’ (3.16)
2 72

N—-1 L
SRy S|
where é + % = 1. Furthermore, if we take ¢ = % > 1, then % (kﬂ)k(%
Thus, from inequality (3.16)

< C’(Hatu

+ HVMu

‘/ rlulatu|k_18tu@dx@ = < C’(HﬁtuH
M rira

Combine Definition 3.7 and inequality (3.17), then

+ HVMU

L

k41

*k+1)(—0)—Fk

N-1 N :
2 02

L
R+

(3.17)

1
d d l1—0o
G () = (Nl_"(t) + /M rlulﬁtuk_lﬁtu?dmrz)

ket
< C<N(t) + Hatu u jvkjl”(;”’k). (3.18)
2 2

From the functional in (3.3) and N(¢) > Bd — E(0) > 0 we have

k+1

- lkifl E k+1 52((k+1)(1—o)7k)
(k+1)(1—0)— < 622((k+1)(1fa)7k) < 2

N—1 N -

<2 N@). (3.19)
> N(0)

Now, by making use of relations (3.6), (3.18), and (3.19) we can estimate the following
inequality

Gliv§0<a[ﬁ(p_1)(m+l -2 1

p+1 p+1) +m+1]HVMUHIj;7g+H8m

o

k+1

N—-1 _N

E+1 0 k+1
k41
522((k+1)(1*0)*k)

Bp—1 1,2 1 +1
g G s ] el )

m+ 1
<o(foul,, .+ )

N-1 N1 N
1
where D = D(m,p, k,C) is a

k+
N—

(3.20)

positive constant such that

ﬁ(p — 1) m + 1 p—l 1
D=C 1
max{a[ p+1 (p+1> m+1:|a )
k+1
522<7<k+1>(1—a>—k>

— 1) m+ 1\ 1
a[ﬁ(p )(m )p1+ }}
N(0) p+1 ‘p+1 m+1
By the combination of (3.15) and (3.20), we obtain

G'(t) > DGT== (t) Vit e [0,T).

(3.21)
By integrating (3.21) on (0,1), it follows that

G () > — L vie,T). (3.22)
G (0) - D%
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Inequality (3.22) shows that G(¢) blows up in finite time

l1—0

"< ————. (3.23)
G1-7(0)Do
Since the time T is arbitrary, one can choose T such that T" > Glilﬁ' Hence, we
e -
observe from (3.20) that there exits a time 7™ € (0,7 such that
k+1 p+1
lim <H(9tu ver o~ Tt HVMUHN ) N) = +o00, (3.24)
t—=T* TF1 0 k+1

which contradicts Ty,q. = +00. Therefore, the solution of problem 1.1 blows up in finite
time. 0

Theorem 3.2. Suppose that the assumption (A) hold and for an arbitrary positive and
N-1 N N—-1 N_
fized constant < m+1 < 1, let us consider uy € J-Cao(( M) "z )(I\\/JI), uy € L7 (M) such

that K(up) <0 and E( ) < Bd. Moreover, assume that 1 < k < % and the relazation
function g satisfies the following relation:

/OOQ(S)ds < [(m_ D —h) _7}2+2[(m— 1)(1-5) —’Y]
0 [(m—1)(1_5)_7+]2+1

(3.25)

where 0 < v < (m—1)(1—7). Then, a solution u of the problem 1.1 with HVMuH vy S
o7

blows up in finite time, that is, the mazximum existence time Tyq, of u(t) is finite and

. +1 m+1 3.96
tﬁl%gax N=d % = oo ( ' )

k417

NlN

L2 MRS T

Proof. From Proposition 2.5 we have that if K(ug)) < 0 and for every ¢ € [0, Tiaz), then
K (u(t)) < 0. Similar to Theorem 3.1, we apply the contradiction method to prove of this
theorem. For an arbitrary positive T we consider the functional F' : [0, 7] — R4 as follows

k+1 m—+1
+ [ H (3.27)

o1 (M)

p+1

() = o]

N—-1 N

PR T (MRS 7

Tt +17 17 +17

Because of the continuity of the functional F' on [0, 7], there exist two positive constants
01, 02 for which é; < F(t) < d3. Now, we set

N(t) = Bd — E(t), Y telo,T]. (3.28)
By making use of (3.28) and Proposition 2.5, we obtain
- ~ Ba(m — 1) m+1 m+1
N(t) = pd - Bt) < = Em= Vae oy + ST
m+1
:m+1(1+5( —1)HVMUHN v vVt e[0T (3.29)
For every t > 0 we define
d?"l d’r'g
N1 / k—1 arg. .
G(t) := k: riu|Opul - 7“17”27 (3.30)

where 0 < ¢|||1 and 0 < 0 < I%&-l Applying Proposition 2.5, we estimate

—e(m+1—~)8d > _66(7;1< HV uHTl% + (go VMu> (t)) (3.31)
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Now, by the similar way in the proof of Theorem 3.1 and of the assumption (3.25), and
also relations (3.30), (3.31) and the Young’s inequality we can conclude for any 0 < £ <

w + = =57 the following conclusion:

G ()2 (1= N7 (ON (1) + clm+1 =N + e[ + "o,
k+1 7 k+1
+ €K HVMUH —l— €K2 (goVMu)( )
1 — 1 1— m+1
+ 6[1 m;—+ . ”’ Hp+ % [ + %} H ‘ :7m+1’81( M) (3.32)
where
B T e TR R SR
iy — (p—1)2(1—ﬁ) +2;7 _eso.
Then, for any positive and fixed constant u, we have
G0z el foull, + o, + (omar)
R
1 m—+1
o S N (3.39)

Hence, by choosing ¢ small enough and p081tive
G(O):Nl U k‘/ 7’1U0|U1|k 1

Thus G(t) > (0) > 0 for every t € [0,T]. Now, by the functional in (3.27) and N(t) >
N(0) = 8d — E(0) > 0 we obtain

d?“l dT’Q
——dr—=
7“1 7”17“2

k41
k1 k1 SAEEDI=0-R)
(k+1)(1 a) k 62((k+1)(170—)7k) 2
5 e

VM N(t). 3.34
[Poce =" N MY (334
Therefore, similar Theorem 3.1,
k+1 m—+1
G (1) <D<H8tu N +HVMUHN 1 N) (3.35)
T k+1
where
((k ])C(-~_1 )—k)
— 1)+ 1y o FIEm" —1)+1
D = max{a[ AE=DEL] o 2 2[Hm=Drll
m+1 N(0) m+1

Hence, by the above estimates we can get the following for any ¢ € [0, T
G (t) > DG (t). (3.36)

By integrating (3.36) on interval (0,t), we have

G5 (1) > ! L vte[,T). (3.37)
G (0) — D{ZL

Therefore, relation (3.37) shows that G(t) blows up in finite time

1 —
P — (3.38)
G5 (0)Do
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Because of the arbitrariness of time 7', one can choose 1" such that T > ﬁ. Hence,
o o
there exists a time 7™ € (0, 7] for which
) k41 m+1
im (ol [T ) =420 @39
=T ESRr=s) T2 2

which contradicts with 7;,,, = +00. Therefore, the solution of the problem 1.1 blows up
in finite time. ]
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