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Introduction 

Robot arms are widely used in industrial application areas 

to do certain operations like welding, painting, proper 

positioning systems, etc. In these operations, the end 

effectors of the robot arms are required to move from one 

point to another or to follow certain trajectories as closely 

as possible. Trajectory tracking control is used to achieve 

desired trajectories. The motion tracking control of robots 

is one of the difficulties because of uncertainties such as 

load variations, friction, external disturbances, unknown 

nonlinearities, and a time-varying dynamics system. 

Therefore, trajectory-tracking control has become the most 

fundamental research area in the control of robot arms. 

Many algorithms and methods in the literature have been 

proposed and performed to keep accurate position control 

and stability in robot arms.  

Computed torque control is an efficient motion control 

approach for robotic manipulators [1]. Wijesoma and 

Richards [2] suggested a method for robust accurate 

trajectory tracking of manipulators based on the computed 

torque method and variable-structure systems (VSS) theory. 

Researchers also use computed torque control for parallel 

manipulators [3], and master-slave robot manipulator 

systems [4]. Artificial intelligence methods compared to 

analytical methods are widely used for motion control of 

manipulators. Saad et al. [5] investigated the trajectory-

tracking problem to control the nonlinear dynamic model of 

the SCARA robot with 2 Degrees of Freedom (2 DoFs) 

using a DSP-based controller based on neural networks. 

The controllers rely on learning from input-output 

measurements rather than dynamics based on parametric 

models. An adaptive neuro controller for robot 

manipulators based on the radial basis function network is 

suggested by Lee and Choi [6]. Sun and Wang [7] proposed 

an approach based on an adaptive fuzzy control strategy for 

robot manipulators. The control system is constructed by 

combining three methods that are an independent joint 

control strategy, generating initial rules, and online 

parameter optimization through learning. An adaptive 

decentralized control strategy was described by Hsu and Fu 

[8] for the tracking control of robot manipulators driven by 

current-fed induction motors. With this strategy, all signals 

of closed-loop systems are limited to eliminate all 

parametric uncertainties. In another study [9], a control 

method called the fuzzy-based generalized predictive 

control is applied to a nonlinear system to overcome the 

limitations of the PID and the linear generalized predictive 

control in operating points that differed from the controller 

design specification. The studies of control strategy for 
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robot motion control based on fuzzy logic and artificial 

neural networks are also given in [10-14]. Sliding Mode 

Control (SMC), Proportional-Integral-Derivative (PID), 

and adaptive PID control methods have been used 

effectively in robot motion control. Huseyinoglu and Abut 

[15] implemented the SMC and PID control methods to 

control the 2 DoFs robot arm. The dynamic statements of 

the robot arm are derived by using the Lagrange-Euler 

method. A brand-new kind of fuzzy-sliding mode controller 

is addressed in [16]. To provide certain predictable 

performances, a sliding mode controller for robust tracking 

is initially created on the presumption that imposed system 

uncertainties fulfill matching conditions. Mustafa [17] 

presented a study using the three PID techniques for the 

control of the 2-Revelutejoint robot. A PID control law 

depends on neural networks and fuzzy PID controllers have 

been used in trajectory tracking control of two DoF robot 

arms [18]. Evolutionary algorithms (EAs) have emerged as 

an alternative design technique for robot motion control 

applications [19] and [20]. Real-time sliding mode and PID 

control of triglide robot and RCM mechanism are presented 

in [21] and [22]. Abut and Soyguder [23] used the adaptive 

computed torque control method for real-time control of 

bilateral teleoperation system. Then, they applied the 

optimal adaptive computed torque control method to haptic 

teleoperation robotic systems in order to eliminate dynamic 

uncertainty, which is one of the main problems in haptic 

systems [24]. 

Many researchers have used the Model Predictive Control 

(MPC) method [25-27], which provides a more robust 

control for robot trajectory. The basic concept of this 

control approach is to predict the future behavior of a 

system up to a determined finite prediction horizon time by 

minimizing the finite horizon cost function defined under 

the future states with some determined constraints. 

Although the history of MPC dates back to Zadeh and 

Whalen [28] and Propoi [29], its popularity has gradually 

increased with its use in the chemical process industry [30-

31]. This control method generally relies on a system 

attempting to predict the future behavior of the system for 

each step in a defined horizon. While doing this, it is 

ensured that the horizon objective function created is 

minimized under certain constraints [32].  Houzhang et al. 

[33], studied controlling a vehicle semi-active suspension 

system by using an explicit model predictive control 

approach in which the control law computation requirement 

is low. Some researchers used MPC for controlling mobile 

robots and autonomous ground vehicles under some 

determined vehicles [34-35]. Guechi et al. [36], resented a 

comparative control study of a planar two DoFs robot arm 

by using MPC and LQ control methods. The nonlinear 

dynamic equations of the robot were linearized by using the 

feedback linearization method and the MPC control 

parameters were optimized analytically minimizing a cost 

function. 

In this study, trajectory tracking control of 2 DoFs Selective 

Compliant Assembly Robot Arm (SCARA) under external 

force acting on the tip along the trajectory is performed by 

using the MPC method.  

Kinematic and Dynamic Equations of 2 DoFs 

SCARA Robot 

In this section, the kinematic and dynamic equations are 

given for 2 DoFs SCARA robot. The parameters and the 

coordinates of the robot are illustrated in Figure 1 below. 

 

Figure 1. 2 DoFs SCARA robot arm. 

As seen in Figure 1, an external force (F) is applied to the 

endpoint of the robot through the trajectory line. This force 

is assumed to be perpendicular to link 2. The generalized 

coordinates for link 1 and link 2 are θ1 and θ2, the torques 

are τ1 and τ2 respectively. The lengths of the links are L1 

and L2, and the positions of the center of gravity (G1, G2) 

of the links c1 and c2. The position of the endpoint of the 

robot in the x-y coordinate system can be calculated by 

using Equation 1 with the angular displacements and the 

dimensions of the links. 

𝑥 = 𝐿1 cos(𝜃1) + 𝐿2 cos(𝜃1 + 𝜃2)

𝑦 = 𝐿1 sin(𝜃1) + 𝐿2 sin(𝜃1 + 𝜃2)
 (1) 

For a prescribed endpoint position in the x-y plane (in the 

limits of the robot workspace), the required angular 

displacements can be calculated by using Equation 2. The 

kinetic and potential energy terms for a 2 DoFs robot can 

be written for the links with Equation (3) 

𝜃2 = cos
−1 (

𝑥2 + 𝑦2 − 𝐿1
2 − 𝐿2

2

2𝐿1𝐿2
)

𝜃1 = tan
−1 (

𝑦(𝐿1 + 𝐿2 cos 𝜃2) − 𝑥𝐿2 sin 𝜃2
𝑥(𝐿1 + 𝐿2 cos 𝜃2) + 𝑦𝐿2 sin 𝜃2

)

 (2) 

𝑇1 =
1

2
(𝑚1𝑐1

2 + 𝐼1)𝜃̇1
2

𝑈1 = 𝑚1𝑔𝑐1 sin 𝜃1

𝑇2 =
1

2
𝑚2

(

 
 

𝐿1
2𝜃̇1

2 + 𝑐2
2(𝜃̇1 + 𝜃̇2)

2
+⋯

⋯2𝐿1𝜃̇1𝑐2(𝜃̇1 + 𝜃̇2) cos 𝜃2 +⋯

⋯
1

2
𝐼2(𝜃̇1 + 𝜃̇2)

2

)

 
 

𝑈2 = 𝑚2𝑔(𝐿1 sin 𝜃1 + 𝑐2 sin(𝜃1 + 𝜃2))
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𝜏1 = (
(𝛼 + 2𝛽 cos 𝜃2)𝜃̈1 + (𝛿 + 𝛽 cos 𝜃2)𝜃̈2 −⋯

⋯𝛽 sin 𝜃2𝜃̇1𝜃̇2 − 𝛽 sin 𝜃2 (𝜃̇1 + 𝜃̇2)𝜃̇2
)

𝜏2 = (𝛿 + 𝛽 cos 𝜃2)𝜃̈1 + 𝛿𝜃̈2 + 𝛽 sin 𝜃2𝜃̇1
2

 (4) 

The equations of motion of the SCARA robot are obtained 

by using Lagrange Function as follows: 

Where, 

𝛼 = 𝐼1 + 𝐼2 +𝑚1𝑐1
2 +𝑚2(𝐿1

2 + 𝑐2
2)

𝛽 = 𝑚2𝐿1𝑐2
𝛿 = 𝐼2 +𝑚2𝑐2

2

 (5) 

The equations given in Equation 4 are non-linear and do not 

contain potential energy terms as the SCARA robot moves 

in the parallel plane to the ground. It can be rearranged in 

compact form as follow: 

𝑀𝜃̈ + 𝐶 = 𝜏 (6) 

Where, 

𝑀 = [
𝛼 + 2𝛽 cos 𝜃2 𝛿 + 𝛽 cos 𝜃2
𝛿 + 𝛽 cos 𝜃2 𝛿

]

𝜃̈ = {𝜃̈1 𝜃̈2}
𝑇

𝐶 = [
−2𝛽 sin 𝜃2 𝜃̇1𝜃̇2 − 𝛽 sin 𝜃2 𝜃̇2

2

𝛽 sin 𝜃2 𝜃̇1
2

]

𝜏 = {𝜏1 𝜏2}𝑇

 (7) 

Equation 6 is obtained for the system without an external 

force. For an external force that is applied to the robot tip as 

given in Figure 2, the effect of the force can be obtained 

using the virtual work approach. The virtual displacements 

of the tip concerning the joints can be written as in Equation 

(8) and Equation (9). 

𝛿𝑅𝑂2𝑃
𝑥 = −𝐿2 sin(𝜃1 + 𝜃2)𝛿(𝜃1 + 𝜃2)

𝛿𝑅𝑂2𝑃
𝑦

= 𝐿2 cos(𝜃1 + 𝜃2)𝛿(𝜃1 + 𝜃2)
 (8) 

𝛿𝑅𝑂1𝑃
𝑥 = −𝐿1 sin𝜃1 𝛿𝜃1−𝐿2 sin(𝜃1 + 𝜃2)𝛿(𝜃1 + 𝜃2)

𝛿𝑅𝑂1𝑃
𝑦

= 𝐿1 cos𝜃1 𝛿𝜃1+𝐿2 cos(𝜃1 + 𝜃2)𝛿(𝜃1 + 𝜃2)
 (9) 

 

Figure 2. The position vectors of the tip according to the 

joints 

The virtual works done by the applied force to the tip can 

be determined with Equation (10). 

𝑄1 = 𝐹
𝑥𝛿𝑅𝑂2𝑃

𝑥 + 𝐹𝑦𝛿𝑅𝑂2𝑃
𝑦

𝑄2 = 𝐹
𝑥𝛿𝑅𝑂1𝑃

𝑥 + 𝐹𝑦𝛿𝑅𝑂1𝑃
𝑦  (10) 

The total virtual work can be obtained with Equation (11). 

𝑄 = 𝑄1 + 𝑄2

= (
𝐹𝑥(−𝐿1 sin𝜃1 𝛿𝜃1−2𝐿2 sin(𝜃1 + 𝜃2)𝛿(𝜃1 + 𝜃2)) +

⋯𝐹𝑦(𝐿1 cos𝜃1 𝛿𝜃1+2𝐿2 cos(𝜃1 + 𝜃2)𝛿(𝜃1 + 𝜃2))
)
 

(11

) 

The calculated moments acting on Joint 1 and Joint 2 can 

be obtained with partial differential concerning θ1 and θ2.

𝑇𝜃1 =
𝜕𝑄

𝜕𝜃1
= (

𝐹𝑥(−𝐿1sin𝜃1−𝐿1 cos𝜃1 𝛿𝜃1−2𝐿2 sin(𝜃1 + 𝜃2)−2𝐿2 cos(𝜃1 + 𝜃2) 𝛿(𝜃1 + 𝜃2)) + ⋯

⋯𝐹𝑦(𝐿1cos𝜃1−𝐿1 sin𝜃1 𝛿𝜃1+2𝐿2 cos(𝜃1 + 𝜃2)−2𝐿2 sin(𝜃1 + 𝜃2) 𝛿(𝜃1 + 𝜃2))
) 

𝑇𝜃2 =
𝜕𝑄

𝜕𝜃2
= (

𝐹𝑥(−2𝐿2 sin(𝜃1 + 𝜃2)−2𝐿2 cos(𝜃1 + 𝜃2))𝛿(𝜃1 + 𝜃2) + ⋯

⋯𝐹𝑦(2𝐿2 cos(𝜃1 + 𝜃2)−2𝐿2 sin(𝜃1 + 𝜃2) 𝛿(𝜃1 + 𝜃2))
) 

(12) 

 

 

The dynamic model of the robot with tip force is 

rearranged as follows. 

𝑀𝜃̈ + 𝐶 + 𝑇 = 𝜏    ,    𝑇 = {𝑇𝜃1 𝑇𝜃2}
𝑇 (13) 

MPC Controller Design 

In this section, the design of the MPC controller, which 

is designed to follow the trajectory under the influence of 

an external force acting on the tip of the SCARA robot, 

whose general motion equations are given by Equation 

(14) is given. Model predictive control (MPC) as 

mentioned in previous sections is a robust control 

method that minimizes a cost function with some 

constraints for dynamical systems through a finite 

horizon time [32]. The concept of this control method 

depends on the prediction of the future response of the 

examined dynamic system for each instance up to 

horizon time by minimizing a cost function. An MPC 

control block diagram is illustrated in Figure 3 

schematically, where r, u, y, and z represent the desired 

input, control signal, output, and disturbances 

respectively. 
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Figure 3. MPC controller system block diagram. 

Equation (13) can be written as follows, together with the 

related variables. 

𝑀(𝜃)𝜃̈ + 𝐶(𝜃, 𝜃̇) + 𝑇(𝜃) = 𝜏 (14) 

The error functions can be written as follows where 

subscript (d) represents the desired condition. 

𝑒(𝑡) = 𝜃𝑑(𝑡) − 𝜃(𝑡) 

𝑒̇(𝑡) = 𝜃̇𝑑(𝑡) − 𝜃̇(𝑡) 

𝑒̈(𝑡) = 𝜃̈𝑑(𝑡) − 𝜃̈(𝑡) 

(15) 

By rearranging Equation 14, the following expression 

can be obtained. 

𝜃̈ = 𝑀(𝜃)−1 (𝜏 − 𝐶(𝜃, 𝜃̇) − 𝑇(𝜃)) (16) 

Where u is the synthetic control vector as follows [36]: 

𝑢 = {𝑢1 𝑢2}𝑇 (17) 

The actual control torque can be written by using this 

synthetic control torque with Equation (18). 

𝜏 = 𝑀(𝜃)𝑢 + 𝐶(𝜃, 𝜃̇) + 𝑇(𝜃) (18) 

The linearized decoupled equations are given as follows: 

𝜃̈1 = 𝑢1 

𝜃̈2 = 𝑢2 
(19) 

In the case of the selection of the control law as 

proportional-derivative (PD) [36]. 

𝑢1 = 𝑘1(𝜃1𝑑 − 𝜃1) + 𝑘2(𝜃̇1𝑑 − 𝜃̇1) 

𝑢2 = 𝑘3(𝜃2𝑑 − 𝜃2) + 𝑘4(𝜃̇2𝑑 − 𝜃̇2) 
(20) 

Where, 

𝑘1 = 𝜔1
2 ;  𝑘2 = 2𝜁1𝜔1 

𝑘3 = 𝜔2
2 ;  𝑘4 = 2𝜁2𝜔2 

(21) 

Using Equations (15-16) the following linearized 

expression can be written for input to the system. 

𝑢 = 𝜃̈𝑑 +𝑀(𝜃)
−1(𝐶(𝜃, 𝜃̇) + 𝑇(𝜃) − 𝜏) (22) 

Then the computed torque can be expressed with 

Equation (23). 

𝜏 = 𝑀(𝜃)(𝜃̈𝑑 − 𝑢) + 𝐶(𝜃, 𝜃̇) + 𝑇(𝜃) (23) 

The input torque can be obtained using the control law as 

follows. 

𝜏 = 𝑀(𝜃)(𝜃̈𝑑 + 𝐾𝑑𝑒̇ + 𝐾𝑝𝑒) + 𝐶(𝜃, 𝜃̇) + 𝑇(𝜃) (24) 

The prediction model can be written in the determined 

time interval with horizon t to t+h assuming u(t)=u is 

constant as follows: 

𝜃̇1(𝑡 + ℎ1) = 𝑢1ℎ1 + 𝜃̇1(𝑡) 

𝜃1(𝑡 + ℎ1) =
1

2
𝑢1ℎ1

2 + 𝜃̇1(𝑡)ℎ1 + 𝜃1(𝑡) 

𝜃̇2(𝑡 + ℎ2) = 𝑢2ℎ2 + 𝜃̇2(𝑡) 

𝜃2(𝑡 + ℎ2) =
1

2
𝑢2ℎ2

2 + 𝜃̇2(𝑡)ℎ2 + 𝜃2(𝑡) 

(25) 

With constant reference angles, the cost functions can be 

written with Equation (23). 

𝐽1 = 𝑒1
2(𝑡 + ℎ1) + 𝜌1𝑒̇1

2(𝑡 + ℎ1) 

𝐽2 = 𝑒2
2(𝑡 + ℎ2) + 𝜌2𝑒̇2

2(𝑡 + ℎ2) 
(26) 

Here, ρ1 and ρ2 are the weight factors. The required 

control gains can be calculated with Equation (27). 

𝑘1 =
2

ℎ1
2 + 4𝜌1

 ;  𝑘2 =
2ℎ1

2 + 4𝜌1

ℎ1
3 + 4𝜌1ℎ1

  

𝑘3 =
2

ℎ2
2 + 4𝜌2

 ;  𝑘4 =
2ℎ2

2 + 4𝜌2

ℎ2
3 + 4𝜌2ℎ2

  

(27) 

Using Equation (21) the following expressions can be 

obtained. 

𝜃1(𝑠)

𝜃1𝑑(𝑠)
=

𝑘1
𝑠2 + 𝑘2𝑠 + 𝑘1

;
𝜃2(𝑠)

𝜃2𝑑(𝑠)
=

𝑘3
𝑠2 + 𝑘4𝑠 + 𝑘3

 (28) 

Equation (29) can be written using Equation (21) and 

Equation (28) [36]. 

2𝜁1𝜔1 =
2ℎ1

2 + 4𝜌1

ℎ1
3 + 4𝜌1ℎ1

 ;  𝜔1
2 =

2

ℎ1
2 + 4𝜌1

 

2𝜁2𝜔2 =
2ℎ2

2 + 4𝜌2

ℎ2
3 + 4𝜌2ℎ2

 ;  𝜔2
2 =

2

ℎ2
2 + 4𝜌2

 

(29) 

The weight factors can be calculated with Equation (30). 

𝜌1 =
2 − 𝜔1

2ℎ1
2

4𝜔1
2  ;  𝜌2 =

2 − 𝜔2
2ℎ2
2

4𝜔2
2   (30) 
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The roots of the equations obtained by substituting 

Equation (30) into Equation (29) can be calculated as 

follows [36]. 

𝜆1,2 = 2𝜁1 ± √4𝜁1
2 − 2  

𝜆3,4 = 2𝜁2 ± √4𝜁2
2 − 2 

(31) 

From Equation (31), for the positive weight factors 

Equation (32) can be written. 

2(4𝜁1
2 − 2) − 𝜁1√4𝜁1

2 − 2 < 0 

2(4𝜁2
2 − 2) − 𝜁2√4𝜁2

2 − 2 < 0 

(32) 

By choosing ζ1, ζ2, ω1 and ω2 as design parameters, h1, 

and h2 can be determined. 

Trajectory Control Simulations 

In this section, some simulation studies are given to show 

the effectiveness of the MPC method for control 

applications of the SCARA robot. The physical and 

mechanical parameters of the robot used for simulation 

studies are given in Table 1. 

For simulation studies, a trajectory line illustrated in 

Figure 1 was created between two points in the 

workplace of the robot as (x1=0.438, y1=0.315; x2=0.168, 

y2=0.491). The external force was assumed to be 

perpendicular to link 2 through the trajectory line. The 

linear position graphs with and without external force are 

obtained for both the actual and the desired conditions 

comparatively in Figure 4. 

Table 1. The physical and mechanical parameters of 

the SCARA robot. 

Parameters Values 

L1: Length of link 1 (m) 0.390 

L2: Length of link 1 (m) 0.156 

c1: Center of gravity of link 1 (m) 0.195 

c2: Center of gravity of link 2 (m) 0.078 

m1: Mass of link 1 (kg) 3.3 

m1: Mass of link 2 (kg) 0.3 

I1: Mass moment of inertia for center of 

gravity link 1 (kgm2) 
0.12550 

I2: Mass moment of inertia for center of 

gravity link 2 (kgm2) 
0.00183 

F: External force (N) 1 

θ1: Rotational displacement of link 1  (degree) 

θ2: Rotational displacement of link 2  (degree) 

τ1: Torque of link 1  (Nm) 

τ2: Torque of link 2  (Nm) 

 

(a) 

 

(b) 

Figure 4. Comparison of the linear positions of the 

actual and desired conditions for each link (a) without 

external force, (b) with external force. 

In addition, the angular positions for the desired and the 

obtained conditions are given in Figure 5. The required 

torques for the trajectory tracking through the determined 

trajectory line are given in Figure 6 for free and with 

external force conditions comparatively. 
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(a) 

 

 

(b) 

Figure 5. Comparison of the angular positions of the 

actual and desired conditions for each link (a) without 

external force, (b) with external force. 

 

(a) 

 

(b) 

Figure 6. Comparison of the errors for each link (a) 

without external force, (b) with external force. 

Results and Discussion 

In this study, trajectory control of a SCARA robot with 2 

DoFs was carried out under the influence of a certain 

external force acting on the tip of the robot through the 

trajectory line. For this, the MPC method, which is a very 

robust control method, was used. The PD control rule 

was preferred as the control law to be used in the MPC 

method. A trajectory line was created to be followed by 

the tip of the robot arm. An external force with constant 

magnitude was applied to the tip to be perpendicular to 

link 2 through the trajectory line. Performing some 

simulation studies, the desired and the controlled 

position graphs were obtained for both with and without 

external force conditions. The required input torques are 

larger for the case of external force as expected. 

According to the simulation results, the control of the 

robot for both cases was performed successfully by using 

the MPC method. 
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