Universal Journal of Mathematics and Applications, 6 (2) (2023) 53-64
Research paper

UJMA Universal Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/ujma
ISSN 2619-9653
DOI: https://doi.org/10.32323/ujma. 1289530

Analytical Rational Solitons of the Modified
Lakshmanan-Porsezian-Daniel Equation

Ilker Burak Giresunlu'* and Bengi Yildiz!

L Department of Mathematics, Faculty of Science, Bilecik Seyh Edebali University, Bilecik, Tiirkiye
*Corresponding author

Article Info Abstract
Keywords: Hyperbolic  soliton, In this paper, the Lakshmanan-Porsezian-Daniel (LPD) equation is studied. New analytical
Lakshmanan-Porsezian-Daniel - equa- rational solitons to the LPD equation are presented by an ansatz method. Wave solutions of

tion, Parabolic soliton, Trigonometric
soliton

2010 AMS: 35C08, 35C09, 35C11
Received: 28 April 2023
Accepted: 26 May 2023

Available online: 30 June 2023

three types, such as parabolic, trigonometric and hyperbolic function solutions have been
retrieved. All solutions are plotted in 3D to enhance the understanding of their physical
characteristics. These simulations, which represent the behavior of the resulting hyperbolic,
parabolic and trigonometric solitons, are provided by choosing different appropriate values
of the parameters.

1. Introduction

Many researchers in fields such as mathematics, physics, engineering and more are very interested in nonlinear partial equations, since most
physical systems are not linear in nature. The Lakshmanan-Porsezian-Daniel (LPD) equation is a widely known nonlinear partial differential
equation. It is a generalization of the nonlinear Schrédinger equation that includes higher order nonlinear and dispersed terms. In recent
years, it has attracted great attention from mathematicians and physicists. The LPD equation has also been generalized and extended in many
ways, including the addition of external forcing, the inclusion of damping effects, and the consideration of higher-dimensional versions of the
equation. The LPD equation and its variants have been used to model a variety of physical systems in many areas of physics and engineering,
including plasma physics, fluid dynamics, and nonlinear optics, and has been studied extensively from different perspectives such as

integrability, symmetry analysis, solution methods and applications: Ricatti equation [1], tan(@)—expansion technique [2], collective

variable [3], modified simple equation method [4], method of undetermined coefficients [5], Darboux transformations [6,7], Rogue wave
equation [8], the modified auxiliary equation method [9] etc.

This paper investigates the Lakshmanan—Porsezian—Daniel equation [10, 11], a well known partial differential equation that describes the
pulse propagation in an optical fiber which is in the form

igs + aqee + by + C14°1q = Oqren + Blax g + 1la* g + 84l *q (1.1

where the complex valued function g(x,#) depends on space x and time ¢. The term ig; denotes the temporal evolution of pulse. The group
velocity dispersion and spatio-temporal dispersion are given by a and b, respectively. The fourth-order dispersion and two-photon absorption
are represented by constants ¢ and J, respectively. The parameters  and 7y indicate the non-linear forms of dispersion.

In this paper, our aim is finding solutions in the form of parabolic, trigonometric and hyperbolic solitons of the LPD equation. First we start
by using traveling wave variables to find a solution for Eq. (1.1). After analyzing the resulting system of equations to find the condition of
its compatibility, it turned out that the structure for the system of equations. At the second stage, a special logarithmic transformation is
applied. At the last stage, three different methods are applied to retrieved equation. The solutions obtained by appropriate selection of some
parameters affecting the shape and velocity of the solitons are observed with three-dimensional plots.
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2. System of Differential Equations Corresponding to Eq. (1.1)

In order to find soliton solutions of Eq. (1.1), we use the traveling wave reduction in the form

q(x,1) =y(2)e'®, z=x—ct, 0 =kx—wr 2.1
where y(z) is a complex-valued function that represents the structure of the pulse, k, w, ¢, 8 are parameters of solution. The phase component
of the soliton is 0, k is represents the frequency of the soliton, ¢ is the velocity of the soliton, while w is the wave number.

Substituting solution (2.1) into Eq. (1.1) and equating the real and imaginary parts of expression to zero, respectively the following equations
are obtained

OYzzz+ (—a+bc— 66k2))’zz + w2yzz + B)’)’zz + (ﬁkz - sz - C)yS + 5)’5 + (Gk4 —w+ ak* — bwk)y =0 (2.2)
and
40ky z; + (— 40k +c—2ak+b(ck+w))y, +2vky*y, = 0. (2.3)

The y(z) function must satify both of the above third and fourth order differential equations obtained, respectively (2.2) and (2.3).
For the purpose of evaluating the solution of the Eq. (1.1), we implement the following logaritmic transformation from [12] on y,

y=2(Inf),. 2.4)
If transformation (2.4) is substituted into in (2.2) and (2.3), then the resulting expressions obtained as:
—48f2f2 =600 ffof? = 12Vf fof? = 8BS fiaf + VS f2 frze + 200 2 f7 frze + 300 f2 2 f2 + 4B S f2 1
_100'f3fzzfzzz + 3af3fzzfz + bcf4fzzz - 56f3fzfzzzz - 6Gk2f4fzzz + SYfZS + 4Bf15 + 166f5 + 24Gf5 - Wf4fz -0
—2af2f3 —bkwft £+ K o fA fo 4 ak £ f, =AYk F 2+ ABK 2 2 — 126K f2 2 + 2bc f 2.723 ’
_af4fzzz + szzzzzf4 - 3bcf3fzzfz + 186k2f3fzzfz
2.5)
40K £ [+ 40K 212+ bk fro = bk f? £2 = 20K f foo & bwf fo+ 2k 2 (2 = bwf? 28U 2 e \ _
_87kfz4 +46fzzzf3 + Cf3fzz - ]6Gf2fzzzfz - szfz 126f2f2 +480'ff12fzz - 24sz4 o

Now, we use this form to evaluate various rational solitons.

3. Hyperbolic Solitons of Differential Equations Corresponding to Eq. (1.1)

To get hyperbolic solitons of (2.5), we use the following transformation:
f =bgcoshz+ b sinhz 3.1

where by, by are any constants to be determined. Substituting (3.1) into (2.5) and equating the coefficient terms that are containing
independent combinations of cosh and sinh functions to zero, we obtain a system of algebraic equations:

—by (563 + 106363 + b) (—k* & — ak® + bkw — 4Bk + 4yk* + 4 — 168 +w) =0,

—bo(bg 4 106363 + 5b1) (—k* & — ak® + bkw — 4Bk + 4yk*> + 4 — 165 +w) =0,

72k40' 2ak* + 2bkw — 14k + 14yk* + 18k*6 — 3bc + 14{ +3a — 808 — 12y — 120 +2w) b
7k40 Tak* + Tbkw — 24Bk> + 24vk> — 12k*6 + 2bc + 248 —2a — 808 + 8y + 80 +7Tw) b2b3 | =0,
(—k*o — ak? + bkw — 2k> +2yk* — 6k*0 + bc + 2 —a+4y+40 +w) b}

(—2Bk* + 27k + 6k*6 —bc +2{ +a— 165 —4y—40) b}
3k4c 3ak* + 3bkw — 16k + 16Yk* + 12k*6 — 2bc + 16§ +2a — 808 — 8y — 80 +3w) bgbT | =0,
(—=3k*c — 3ak? + 3bkw — 6Bk> + 6Yk* — 18k>0 +3bc + 68 — 3a+ 12y+ 1206 + 3w) b}

(=8B +8Yk* +24k* 6 — 4bc +8( +4a — 4 — 805 — 24y — 400) b}
(—4k*oc — 4ak® + 4bkw — 12Bk* + 127k? — 12k>0 + 2bc + 12§ —2a+ 8B +24y+ 560 +4w) b3b? | =0,
+ (—k*o — ak? + bkw — 12k*6 + 2bc — 2a — 43 — 160 +w) b}

(8y+4B +168 +240) b}
bo | + (4Bk> —4yk* — 12k*0 +2bc — 4 —2a— 8B — 8y —400) b3b? | =0, (3.2)
+ (k*o +ak* — bkw + 12k*6 — 2bc +2a+ 4P + 160 — w) by

(bo — b1)(bo + b1 ) (b3 + b3) (—4k> 6 + bek — 2ak + bw + 8yk + ¢+ 1606) =0,
2bgby (bo — by ) (bo + by ) (—4k> & + bek — 2ak + bw + 8k + ¢+ 165) = 0,

—(bo —b1)(bo + by )(—4bTK> G + bbick — 2abtk + bbTw + 8b3 vk + 24b36 + bic — 8b3c) = 0.
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After solving the system (3.2) with the help of Maple software, three cases of parametric values are obtained as follows:

Case 1:

b=y, o= —ak? + bkw — 4Bk> 41244yk2+4§'7168+w. 3.3)
Via the parametric values in (3.3), we have

f = bp(coshz+sinhz). 3.4)
By using y = 2(In f),, we have

y=2. (3.5)
By using Eq. (3.5) into Eq. (2.1), we obtain a first type of rational hyperbolic solution of Eq. (1.1):

q(x,1) = 26k (3.6)

(See Figure 3.1)

(a) (b) (©)

Figure 3.1: 3D plots of the rational solution (3.6) in Case 1 with the values of k =2, w =1, ¢ = 1, (a) Real, (b) Imaginary and (c) Complex.

Case 2:
bek® + 2ak® — 30k w + 2bck® + ck’ — 20ak® + 18bk>w — 4kOw + 8ak> + 12bck?
— | —8bk*w+ 10ck® — 16ak* — 28bck> + 4bk3w + 8k*w + 24ak® + 8bck? + 4bk*w + 4ck3
‘- —8k3w — 16ak? — 8bck + 8bkw — 12¢k? + 32ak — 24bw + 8ck + 16kw — 24c
N 16k (k3 +2) ’
(be +2a)k8 + (—3bw + )k +4(bc — 4a— w)k* +4(3bw +2a + 3¢)k3
5 +8(—(c+w)b+2a)k* +8((c —w)b—4da—c —w)k +24(bw+c¢)
N 64k (k3 +2) '
(3.7
_ —3((bc—2a)k+bw+c)
r= (k3 12) ’
—(be+2a)k> 4 (3bw — ¢)k* +4(—bc +da+w)k> — 4(3bw + 2a + 3¢)k?
B +8((—2c+w)b+4a)k+8(2(c—w)b—2(a+c)+w)

16k3 +32 ’

(bc —2a)k+bw+c
413 +8

By using values in (3.7) into (3.1), we have

f = bycoshz+ by sinhz. (3.8)
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By using y = 2(In f),, we have

_ 2(bgsinh(z) + by cosh(z))
T cosh(z) + by sinh(z) (3.9)

By using Eq. (3.9) into Eq. (2.1), we obtain a second type of rational hyperbolic solution of Eq. (1.1):

(0,1) = 2(bg sinh(z) + by cosh(z))e!F¥—7)
450 = b cosh(z) 4 b sinh(z)

(3.10)

(See Figure 3.2)

(a) (b) (©)

Figure 3.2: 3D plots of the rational solution (3.10) in Case 2 with the values of k =2, w =1, ¢ = 0.1, bg = -5, b; = 0.1, (a) Real, (b) Imaginary and (c)
Complex.

4. Parabolic Solutions of Differential Equations Corresponding to Eq. (1.1)

To get parabolic solution of (2.5), we choose f as following:
f=b2Z +biz+bo 1)

where by, b and b, represent any constant parameters. By substituting (4.1) into (2.5) and equating the various coefficient terms of z, we
then solve the following system of algebraic equations to find the values of the parameters:

265 (4k> G — bk + 2ak — bw —¢) =0

6b1b3(4k> & — bek + 2ak — bw — ¢) = 0,

b2 ((8k3c — bck + 4ak — 2bw — 2¢)byb0 + (28k3 G — Thek + 14ak — Tow — T¢)b3 + (—64yk — 480)1)%) —0,
4b1bs ((4k3o — bek+2ak — bw — ¢)byb0+ (4k3 G — bek + 2ak — bw — ¢)b? + (—32yk — 240)1:%) —0,

((16k> 0 — 4bck + 8ak — 4bw — 4c)byb? + 647k +2880)b3) by, o
+(—8Kk30 + 2bck — 4ak + 2bw + 2¢)b3b0? + (4k> 6 — bek + 2ak — bw — ¢)b + (— 1127k — 1440)b3b? ’

—2b; ((4k3o — bek +2ak — bw — ¢)byb0? + ((—4k> & + bek — 2ak + bw + ¢)b? 4 (—327k — 1446)b3)b0 + (24yk+480)b2b%) =0,

35 _ b _ _ 2 _ 2
{( (4k° 0 — bck + 2ak — bw — )by — 48b50 _o, @.2)

—8k>0 + 2bck — dak +2bw + 2¢)byb3 + (16Yk +966)bab? b0 + (—8yk — 240)b]
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263 (k* 6 +ak® — bkw —w) =0,

9b1b3(k* G + ak® — bkw —w) =0,

43 <(—2k4o — 2ak2 + 2bkw + 2w)babo + (—4k* & — 4ak® + blw + 4w)b? + (—8PK> + 8YK® + 6K2 G — be+ 8¢ + a)b§> -0,
—14b153 <(—2k46—2ak2+2bkw+2w)b2b0+ (—k*0 — ak® + bkw +w)b? + (—8BK* + 87k> +6kzc—bc+8§+a)b§) -0,

(—18k*c — 18ak? + 18bkw + 18w)byb3 + (—32Bk> + 327k — 12k*6 + 2bc + 328 — 2a)b3
—2by (—6k*c — 6ak® + 6bkw + 6w)b3b3 + (—3k*o — 3ak* + 3bkw + 3w)b} =0,
+(=T76BK? +76Yk> +66k>c — 11bc + 76 + 11a)b3b? + (—16B — 2565 — 32y — 240)b3

((—20k*c —20ak? + 20bkw + 20w)byb? + (—160Bk> + 160yk> — 60k> & + 10bc + 160§ — 10a)b3)bg
—by +(—30k*0 — 30ak? + 30bkw + 30w)b3b3 + (—k*o — ak® + bkw + w)b =0,
(—100Bk> + 100yk* + 120k> 6 — 20bc + 100§ +20a)b3b% + (—80B — 12805 — 160y — 1200)b4

((24k* o + 24ak? — 24bkw — 24w)byb? + (32Bk* — 327k + 120k* 6 — 20bc — 32§ +20a)b3)b3
+(8k*o + 8ak® — 8bkw — 8w)b3by + (32Bk* — 327k> — 60k>0 + 10bc — 32¢ — 10a)byrb}
+(963 + 12805 + 208y +2400)b3b?
+((4k* 0 + 4ak® — 4bkw — 4w)b} + (144Bk> — 144yk* — 1448)b3b3 + (—64B — 192y — 4800)b3 )by

((=3k*o —3ak? + 3bkw + 3w)b? + (—24Bk> + 24yk*> — 90k> G + 15bc + 24§ — 15a)b3) b3
+(—6k*c — 6ak? + 6bkw + 6w)byb3 + (—2Pk> +2Yk* + 6k* 6 — be +2{ +a)b]
+(—32B — 3205 — 76g — 1200)b3b7
+((—28Bk> +28Yk? +30k>0 — Sbc + 288 + 5a)byb? + (48 + 144y +3600)b3 ) by

(2k*o +2ak* — 2bkw — 2w)by b} + ((4k* & + 4ak* — Abkw — 4w)b} + (72k* 6 — 12bc + 12a)b3) b}
+((24Bk? — 24yk* 4 36k> 6 — 6bc — 244 + 6a)brb? + (32 +2400)b3) b3 =0,
+((8Bk> — 8yk> —24k> 6 + 4bc — 8 — 4a)b} + (—64 — 144y — 4800)b3b3 )b + (24B + 1608 + 567+ 1200)babT

(—k*o — ak? + bkw +w)b§ + (—36k*6 + 6bc — 6a)baby + (—4B — 168 — 8y —240)b}

g +((—4BK? + 47k + 12620 — 2be + 48 +2a)b? + (— 168 — 1200)b3)b3 + (168 + 247+ 1200)byb3by | — 0-
Resolution of the system (4.2) with the help of Maple gives five cases of parametric values as follows:
Case 1:
4yk> 4 3bkw + 3w 12bYk® — 24byk> 4 207k> — 248 bk — 24yk* — 248k — 3w
a:—z s b()=l71=07 /3:* 4 ’
3k 24k*(bk+1)
4.3)
e 8Yk> — 3bkw — 6w _ 60bYk® — 72bYK> 4 68Yk> — 248 bk3 — T2yk* — 24(k> — 3w I
B 3k(bk+1) 384k4(bk+1) T 30
By using values in (4.3) into (4.1), we have
f=b7 (4.4)
By using y = 2(In f),, we have
4
y=-—. 4.5)
z
By replacing Eq. (2.1) with Eq. (4.5), we obtain the first type of rational parabolic solution of Eq. (1.1):
4t (kx—wt)
= —— . 4.6
) =—_—— (4.6)

(See Figure 4.1)
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(a) (b) (©)

Figure 4.1: 3D plots of the rational solution (4.6) in Case 1 with the values of k =2, w=1, b =128, y= -3, b; = 0.1, (a) Real, (b) Imaginary and (c)
Complex.

Case 2:

43 1 —207k* +24vk3 +24
D L Picat i ZZ/;; Cko+3c.

“.7)
 —68yk* + 727k + 248k + 3¢ _ Ak 8yk>

5= _ _ 8
38415 » © 30 T3

By using values in (4.7) into (4.1), we have
f=h?. (4.38)
By using y = 2(In f),, we have
4
=
By using Eq. (4.9) into Eq. (2.1), we obtain a second type of rational parabolic solution of Eq. (1.1):
4t (— 5V 1+kx)
= o

y= 4.9)

q(x,1) (4.10)

(See Figure 4.2)

ey

2] ji

10+

—104
—204]
-304]
— 40

(a) (b) ©

Figure 4.2: 3D plots of the rational solution (4.10) in Case 2 with the values of k =2, ¢ = 1, y =3, (a) Real, (b) Imaginary and (c) Complex.

Case 3:
e Yk 4 3bkw + 3w by=0, p— —3bYkS + 6bYk> — 5yk> + 6L bk + 67k* + 6Lk* + 3w
- 312 R 6k (bk+ 1) ’
4.11)
—29k> + 3bkw + 6w 5 —15bYkS + 18bYk> — 177Kk + 6L bk> + 18yk* +68k> + 3w oo T
Cc= = — = ——.

3k(bk+1) 24k (bk+1) : 3
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By using values in (4.11) into (4.1), we have
f=biz+by. (4.12)

By using y = 2(In f),, we have

2by
= . 4.13
Y bz rby (4.13)
By replacing Eq. (2.1) with Eq. (4.13) , we obtain a third type of rational parabolic solution of Eq. (1.1):
by eilkx—wt)
q(x.1) = s : (4.14)
5 (27K + 3bkw +6w)t x) 4
! 3k(bk+1) 0
(See Figure 4.3)

(a) (b) ()

1

Figure 4.3: 3D plots of the rational solution (4.14) in Case 3 with the values of by = 1,bp =1, k=2, w=1,b= %25 Y= o>

Complex.

(a) Real, (b) Imaginary and (c)

Case 4:
Ky 1 —5yk* + 6yk3 + 6Lk +3¢
=—, b=—-, bp=0 =
a 3 ) k7 2 ) ﬁ 6k3 )
(4.15)
—177k* + 187k + 6Lk + 3¢ ky 280y
6=— , O=——", w=—-".
2443 3 3
By using values in (4.15) into (4.1), we have
f=biz+bg. (4.16)
By using y = 2(In f),, we have
2b;
= . 4.17
" biztby @.17)
By using Eq. (4.17) into Eq. (2.1), we obtain a fourth type of rational parabolic solution of Eq. (1.1):
(=205
2blel(T‘yk‘t+kx)
)= — 4.18
9(x,1) by(—ct+x)+ by ( )
(See Figure 4.4)
Case 5:
Yy 4ykd 4 3bkw + 3w by — by b —12bYkS + 24byk® — 207k> + 24 bk3 + 24yk* + 24Lk% + 3w
- 312 C T T apy P T 24K (bk+ 1) ’
(4.19)
—8yk> + 3bkw + 6w 5 —60bykS + 72b7k> — 687k + 248 bk + T2yk* + 248k + 3w oo Ar
c= = — -

k(bk+1) 384k*(bk + 1) ’ 3
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80
60-]
40-]
20-]

- 204
— 404
—60-]
- 80

(a) (b) ()

Figure 4.4: 3D plots of the rational solution (4.18) in Case 4 with the valuesof by =1, g =1, k=2, w=1,b= %25, Y= é, ¢ =1, (a) Real, (b) Imaginary

and (c) Complex.

By using values in (4.19) into (4.1), we have

b2
=2+ biz+b. (4.20)
4b
By using y = 2(In f),, we have
4
R 4.21)
b1z+2bg
By using Eq. (4.21) into Eq. (2.1), we obtain a fifth type of rational parabolic solution of Eq. (1.1):
4b, elkx—wt)
q(x,1) = e : (4.22)
b~ (—8yk> + 3bkw + 6w)t x) 2
: 3k(bk+1) 0
(See Figure 4.5)

(a) (b) ()

Figure 4.5: 3D plots of the rational solution (4.22) in Case 5 with the values of by =2, bp = —1,k=2,w=1,b= ’Tl, Y=0.1, (a) Real, (b) Imaginary and
(c) Complex.

Case 6:
43y -1 b? —207k* + 247k3 + 248k + 3¢
a—=——-, b:*, b2:77 B: ,
3 k 4by 24)3
(4.23)
5 —687k* + 727k + 24k + 3¢ oo AU 8Ky
- 384k3 0T T3 WE T

By using values in (4.23) into (4.1), we have

b2
f= %12 +biz+by. (4.24)
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By using y = 2(In f),, we have

4b,

=— 4.25

Y bzt 2by (4.25)

By using Eq. (4.25) into Eq. (2.1), we obtain a sixth type of rational parabolic solution of Eq. (1.1):
8k
i(kx 3 yt)
4b16’
)= —————————. 4.26

q(x1) by (v ) + 2by (4.26)

(See Figure 4.6)

(a) (b) ()

Figure 4.6: 3D plots of the rational solution (4.26) in Case 5 with the values of by =2, bp = —1, k=2, c =1, y=3, (a) Real, (b) Imaginary and (c) Complex.

5. Trigonometric Solutions of Differential Equations Corresponding to Eq. (1.1)

To get trigonometric solution, we suppose a solution of (2.5) in the following form:
f=bgcosz+b;sinz 5.1

where bg, b; are all constants. Inserting (5.1) into (2.5) and setting the coefficient terms that are containing independent combinations of cos
and sin functions to zero, we get a system of algebraic equations:

4b% (43 6 — bek + 2ak — bw + 8yk — ¢ +166) = 0,

2b1(4k3 6 — bek + 2ak — bw — 8yk — ¢ — 326) = 0,

4b3 (k* & 4 ak® — bkw — 4Bk> + 4yk* + 4L + 168 —w) =0,

863 (k* & + ak? — bkw — 2Bk> +2yk*> — 6k>G +bc +2¢ —a—4y—46 —w) =0, (5.2)
—8b3(—2Bk* +-29k> + 6k*G — be + 28 +a+168 +4y+40) =0,

—b3 (3k* 0 + 3ak® — 3bkw — 4Bk* + 4yk* — 24k*G +4bc +4C — 4a— 16B — 808 — 48y — 1126 — 3w) =0,

b3 (—k*o — ak® + bkw — 4Bk* 4 4yk? + 24k*G — 4bc +4C +4a — 168 — 168 — 16y — 800 +w) = 0.

After solving the system (5.2) with the help of Maple, we obtain three cases of parametric values as follows:
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Case 1:
3byk” 4 3b%ck* + 18byk> + 4yk° — 8byk* + 12b%ck?
+6bck® — 4byk> + 8yk* — 4byk? — 8yk3 + 6b3¢
~\ +12bck+8byk+3ck® +120b — 24by — 16Yk 4 6¢
= 3(bk* +4bk2 +2k3 + 2b + 4k) ’
3byk® — 6byk* — 20byk> + 8yk* — 6{bk>
+8byk? — 127k — 24byk — 40yk> — 128b
b —128k+24by+32yk — 3¢
B 6(bk* -+ 4bk? + 2k +2b + 4k) ’
(5.3)
15byk> — 18byk* +28byk3 + 32yk*
—6{bk? — 407k* — 367k> + 8byk?
5— —128b— 128k — 16yk — 3¢
B 24(bk* + 4bk* + 2k3 4 2b + 4k) '
29k + 3bckd 4+ 207k — 8yk> + 12bck>
+3ck* — 16yk* 4 247k 4 6bck + 16yk>
B +248k — 327k — 6¢
Y= 3(bk* 1 4Dk +2K3 +2b+ 4k) ’
1
= ——7k.
(e} 3 Y
By utilizing values in (5.3) into (5.1), we have
f=bjcosz+bsinz. 5.4
Inserting Eq. (5.4) into (2.4) yields
2(sin(z) — cos(z
y= _2sin() —cos(z)) 5.5)
sin(z) +cos(z)
By using Eq. (5.5) into Eq. (2.1), we obtain a first type of trigonometric solution of Eq. (1.1):
2(sin(x — ct) — cos(x — ct) ) el (kx—wt)
q(x,t) = — (sin( ) ( ) (5.6)

sin(x — cf) 4 cos(x — ct)

(See Figure 5.1)

() (b) (©)

Figure 5.1: 3D plots of the rational solution (5.6) in Case 1 with the values of k =2,c=1,y=3,b=1, { = —1 (a) Real, (b) Imaginary and (c) Complex.

Case 2:
5 1 1 1
a=—bw+2{—4y—w, ﬁ:C—ZY—ZW, c=—bw, 6:_1C+Ew’ k=0, o=0, (5.7
Using the obtained values in (5.1) gives
f=bicosz+bysinz. (5.8)
Inserting Eq. (5.8) into (2.4) yields
_ _2(sin(z)—cos(z))l (5.9)

sin(z) +cos(z)
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By using Eq. (5.9) into Eq. (2.1), we obtain a second type of trigonometric solution of Eq. (1.1):
2(si _ _ _ i(kx—wt)
gt = (s1n(x. ct) —cos(x—ct))e . (5.10)
sin(x — ct) 4 cos(x —cr)
(See Figure 5.2)
(a) (b) (©
Figure 5.2: 3D plots of the rational solution (5.10) in Case 2 with the values of » = 10, w = 1 (a) Real, (b) Imaginary and (c) Complex.
Case 3:
— Yk — 67k — 507k + 44yk® + 3kSw — 4dykd + 128 k* + 729kt
- +18k*w + 87k3 4 407k> 4 30k>w — 167k + 48y + 12w — 24¢
‘= 3k + 42+ 2)? ’
— 7k + 6k + 287k” + 8ykO + 6kOL + 827k5 — 207k* — 3k*w 4 36k*E
b +1527k3 — 144yk? — 12k>w + 84k>§ + 487k — 48y — 6w +24¢
B 6(k* +4k2 +2)2 ’
(5.11)
— 137k 4 187k® — 687k” + 1047k® +6k° — 1587k +2207k*
5 —3k*w 436k — 407k 4 48yk> — 12k>w + 84k>{ +24¢ — 6w
24(k* +4k2 +2)2 ’
2k (yk 4107k — dyk* — 8yk? + 129k* + 8yk — 16y + 120) . 2(k2+2)k "
‘= 3 14k 1 2) C T TR T L
By utilizing values in (5.11) into (5.1), we have
f=bjcosz+bsinz. (5.12)
Inserting Eq. (5.12) into (2.4) yields
2(si —
o (s'm(z) cos(z)). (5.13)
sin(z) + cos(z)
By using Eq. (5.13) into Eq. (2.1), we obtain a first type of trigonometric solution of Eq. (1.1):
a(n) = — 2(sin(x — ct) — cos(x — ct) e/ kx—m1) . (5.14)

sin(x — ct) 4 cos(x —cr)

(See Figure 5.3)
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(a) (b) ()

Figure 5.3: 3D plots of the rational solution (5.14) in Case 3 with the values of k=35,5=10,y=0.5,w=1,{ = —1 (a) Real, (b) Imaginary and
(c) Complex.

6. Conclusion

New soliton solutions of the LPD equation were obtained with three different current, systematic and powerful methods. In order to
understand how the obtained solutions change under different conditions, the solutions obtained by appropriate selection of some parameters
affecting the shape and velocity of the solitons are observed. In this context, to understand the mechanism of the original equation (1.1) real,
imaginary and complex three-dimensional plots have been drawn for each case of solitons. This paper presents novel solutions of LPD
equation that have not been reported in the literature before. Also, comparing with the existing literature, our result is complete and our
method is simple and direct. By providing novel solutions, this study contributes to the knowledge of the dynamical aspects of various
physical phenomena that are modeled by the LPD equation.
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