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Abstract

In this research, we use the multi-wave method to obtain new exact solutions for generalized forms of
the 5™ order KAV equation and the fifth order KdV (fKdV) equation with power law nonlinearity.
Computations are performed with the help of the mathematics software Mathematica. Then periodic
wave solutions, bright soliton solutions and rational function solutions with free parameters are
obtained by this approach. It is shown that this method is very useful and effective.
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1. Introduction

The research of exact solutions to nonlinear evolution equations is very important, because
these problems appear in fluid mechanics, plasma physics, optical fibers, biology, solid state
physics, chemical kinematics, chemical physics, and so on. For this reason, a lot of
mathematical methods have been developed in this area. In order to find the wave solutions,
many methods were attempted in literature such as solitary wave ansatz method [1], Hirota’s
bilinear transformation method [2,3], exp-function method [4,5], (G/G) -expansion method

[6], trial equation method [7], and so on. Also, Dai et al. [8] proposed extended three-soliton
method. Then, Shi et al. [9-11] constructed a novel approach, namely, multi-wave method to
find new exact solutions for nonlinear problems and extend Dai et al.'s work [8].

In this work, we apply the multi-wave method in order to find new results to nonlinear
problems. We demonstrate an application of multi-wave method for finding exact solutions of
two generalized nonlinear evolution equations. One of these equations is 5™ order KdV
equation [12]

q: + amex + ququ + CQxxx + KQuxzxx = 0, (1)



where a, b,c and k are all constants. The first term is the evolution term, while the second
and third terms together form the nonlinear terms. Finally, the coefficients of ¢ and k are the
third and fifth order dispersion terms, respectively. The other one is the dimensionless form of
the fifth order KdV (fKdV) equation with power law nonlinearity [13]

qt + Axxx + DQxxxx — C(qn+1)x =0, (2)

where a, b and ¢ are constants parameters and n > 0.
2. The bilinear form of 5th order KdV equation
Let’s suppose m = 1 in Eq. (1) and
w=(nf)y, q=wy=(nf)y =0. 3)

Substituting g = w,. into Eq. (1), we can get

Wit + QWyWay + DWWy + CWar + KWrxnx = 0. “
Integrating Eq. (4) with respect to x and equating the integral constant to zero, we have

w; + %W,? + bW + Wyry + kWorznx = 0. Q)

Substituting Eq. (3) into Eq. (5), we can reduce Eq. (1) into the bilinear forms as follows

(DeDy +cDE =<=D2) () = 0,

360
b
(5pz -3cDZ +2DE)(f- ) =0, (©)
where f = f(x, t) is an unknown real function, the bilinear operator DJ*D[* is defined as

d d a d

mpn m n [y
D*D{*ab = (a—a) (E_E) a(x, t)b(x 't)|x=x’t=tl = 0. (7

3. An application of the multi-wave method for 5th order KdV equation

We first consider the test function of extended four-soliton method as follows:

f(x,t) = a;cos(&;) + azsin(&,) + azcosh(§s) + exp(—&,) + asexp(Ey), )

where §; = p;x + 1;t,i = 1,2,3,4. Substituting (8) into (3), we can write the form of general
solution of Eq. (1)

—0,p%cos(pyxX+71t)—ap3Sin(PoX+1t)+a3p3 cosh(p3x+13t) +psexp(—pax—T4t)+a4p5exp(PaX+7,4t)

q aicos(prx+rit)+azsin(px+ryt)+azcosh(pzx+rst)+exp(—pax—r4t)+asexp(pax+14t)

(—a1p15in(p1x+T1 t)+a3p2€05(P2x+72t)+azp3sinh(pzx+73 t)—mexp(—mx—mt)+a4p4exp(p4X+T4t))2 9)
aqcos(prx+rit)+aysin(pyx+ryt)+azcosh(pzx+ryt)+exp(—pax—rat)+asexp(pax+ryt) )
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Using Egs. (9) and (6), we obtain a set of algebraic equations for
ai, Ay, sz, Ay, P1, P2, D3, Par T1, T2, T3, T4 Solving these systems with the aid of Mathematica,
we obtain the following solutions, respectively:

Case 1.

Ay =P1 =Py =pP3=1 =1, =13=0, py =2 18Cb_3a =—4\/_(a+24c)(

6c—a

¥ (10

where a4, a; are free parameters. Substituting (10) into Eq. (9) yields the following wave
solution of Eq. (1)

(72c—12a)(as+az)exp(—§,)
q(x t) = b(ai+az+exp(&,)) > (1D)
3
where &, = 2 /18C 39 — 4+/3(a + 24c) (6C a) t.
Case 2.
3 18 18 3 6 3
a—18c c—3a a— 6¢\2
pPr=p2= ’T: P3 =DPs = ’T: r1=r2=\/§(a+54c)< 5 ),
6c—a
ry =1 = —V3(a + 540) (%52 ) (12)

where a4, p, and r, are free parameters. Substituting (12) into Eq. (9) yields the exact solution

(o £) = et ( L in(Ey) - 25 cos(E2) a3 (2 sinn(Es)+ /18“ 183 o xp(~€4)—a4
qx,

3%exp(£4) 13
ajcos(§1)+azsin(§z)+azcosh(§z)+exp(—§4)+asexp(§s) ( )

where g =& = ’3a 18c +\/—(a+54c) (a 6c) 6 =&, = 18cb3ax_\/—(a+54 )(6c a) ¢

Also, if we take 5 = +(a — 6¢) and a; = —1,a, = 1, then Eq. (13) can be reduced to the
following form:

1 _ —aqsin(éq)+aycos(éy)+sinh(é,) 2
Q(X, t)=1 (alcos(fl)+azsin(€2)+cosh(§4) ) ) (14)
Case 3.
a,=a,=0,p,=p3=0,1r,=13=0, py = 72C;12a = —2v/3(a + 54¢) (6C a) (15)

where a5 is a free parameter. Substituting (15) into Eq. (9), we can obtain the following exact
solitary solution:

(72¢—12a)azexp(—&4)
x,t) = > 16
q(xt) = b(a3+exp(f4)) (10
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3
where ¢, = /72c;12a — 2v/3(a + 54c) (6C a) t.

Case 4.

3
3a—180 18c—3a a— 6c\2
a, =0,p, = / =p, = ’ rz—\/_(a+54c)( )

r3 =1, = —V3(a + 54c )(6C a), (17)

where a,,a; and a, are free parameters. Substituting (17) into Eq. (9) yields the exact
solution

(o) = 183 ( 2 (5 cos(§2)+as (2252 sinn(gs) - [ exp (-6 a5 exp(m) a18)
q(x,t) = ,

azsm(fz)+a3cosh(§'3)+exp( Ea)razexp(§s)

where &, = /3‘1 24728 ¥ +V3(a + 54¢) (a 66) t,§3=¢§4 = m%wx —V3(a + 540) (6;—;(1)E t.

Also, if we take 5 = +(6c —a) and a; = —1,a, = 1, then Eq. (18) can be reduced to the
following form:

1 a,cos(&;)+sinh(é,) 2
Q(x' =1 (azsin(62)+cosh($4)) ) (19)
Case 5.
3 18 18 3 6 3
a— C c —oa — 6c\2
a, =0,p; = ’ =p, = ’ r = \/_(a+54c)< ) ,
r3 =1, = —V3(a + 54c )(6C a) ) (20)

where a4, a; and a, are free parameters. Substituting (20) into Eq. (9), we can write the exact
solution

2
(x,¢) = 13 <—a1 P sin(s1)+as 252 sinh ()~ [ 2 exp(-£4)+ay /183,‘3“exp(s4)> 21
q(x, :

aicos(§1)+azcosh(§3)+exp(=$a)+asexp(§s)

3

where & = /3‘1 18Cx + \/_(a + 54c¢) (a 6C) t,&3=¢&, = —18Cb_3ax - \/§(a + 54c¢) (6;—;(1)5 t.

Also, if we take 5 = +(6c —a) and a; = —1,a, = 1, then Eq. (21) can be reduced to the
following form:

o , 2
q(x' t) —1— ( alsln(51)+smh(f4)) . (22)

aqcos(&1)+cosh(&,)
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Case 6.
3
2

a—18c 180—3a
az; =0,py =py = ’ =Py = ’ 1—r1—\/_(a+54c)( ).

r3=1,=—/3(a+ 54c) 6C a) , (23)

where a;,a, and a, are free parameters. Substituting (23) into Eq. (9) yields the solitary
solution

ajcos(§1)+azsin(§2)+exp(—§4)+asexp(§s)

2
o) = e <—a1 S sin(y) +az |2 eos(§2) - [P texp(~Ea)as mb—mexp(&)) (24)
x,t) = ,

where §; = ¢, = Fa % % +v3(a + 54c) (a 66) t,& = 18038 v — V3(a + 54¢) (6;;(1)E t.

Also, if we take 5 = +(6¢c —a) and a, = 1, then Eq. (24) can be reduced to the following
form:

1 —aqsin(&1)+aycos(éy)+2sinh(&,) 2
Q(X, =1 (a1cos($1)+azsin(g‘2)+2cosh(§4) ) ) (25)
Case 7
3
a,=a,=0, p3=p, = 18Cb_3a,r3 =1, = —/3(a + 54c¢) (6;‘1)2, (26)

where as, a, are free parameters. Substituting (26) into Eq. (9) yields the following wave
solution to Eq.(1)

q(x,t) =

2
18c—3a _. 18c—3a 18c—3a
- as /—Slnh(fs)— /—exp(—f4)+a4 /—exp(é’4)
18c—-3a _ < b b b > ) (27)

b azcosh(§3)+exp(=§a)+asexp(§s)

where & =¢, = m%gax —+/3(a + 54c) (62—;“)5 t. Also, if we take g =+(6c—a) and a; =

—1,a, = 1, then Eq. (27) can be reduced to the following form:

q(x,t) = 1 — tanh?(§3) = sech®(&3). (28)
Case 8.
3a—18c 18c — 3a
a;=az=0,p; = —p P4 = —p
3 3
r, = vV3(a + 54c) (a;};’)c)z 1, = —V3(a + 54c) (6;‘1)2, (29)

where a, and a, are free parameters. Substituting (29) into Eq. (9), we have the following
wave solution:
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aysin(&;)+exp(—&4)+asexp(§s)

(. t) = 183 ( 2 [ eos(E)= [ exp (~Ea) bas [ 3“exp(s4)> (30)
q xl - 1]

where &, = 34718 v — V3(a + 54c) (‘1_66)E t,é, = 18¢73¢ v _ V3(a + 54c) (66_‘1)E t. Also, if we

b b
take - = +(6¢c — a) and a, = 1, then Eq. (30) can be reduced to the following form:

_ 1 _ (az2c0s(§2)+2sinh(§s) 2
q(x.t) =1 (azsin(62)+2005h(f4)) ) G
Case 9.
3a—18c 18c — 3a
a, =a3=0,p, = —p Ps = —p
3 3
ry = V3(a +540) (52) 1, = —V3(a + 540) (=2), (32)

where a; and a, are free parameters. Substituting (32) into Eq. (9) yields the solitary solution

(. 0) = 1873 ( ay (P95 sin(En)- [P exn(—En)+as |25 3aexp(€4)> (33)
q x: - )]

aicos(§1)+exp(—&s)+asexp(§y)

where &, = 3“;186 x —+/3(a + 54c) (a;:C)E t, &, = 18:3“ x —V3(a + 54c) (665;‘1)E t. Also, if we
take g = +(6¢ — a) and a, = 1, then Eq. (33) can be reduced to the following form:

_ 4 _ (—asin(E)+2sinh(£,))?
Q(X, H=1 (alcos(fl)+2c'osh(f4)) ) (34)
Case 10.
3
a,=a,=a3;=0, p, = 186;361, 1, = —V3(a + 54c) (6(;;(1)2, (35)

where a, is a free parameter. Substituting (35) into Eq. (9), we can obtain soliton solution as
follows:

exp(=§a)+asexp(§s)

18C 3a 18c—-3a
———exp(—&4)+a / exp(§4)
(x t) — 18c—-3a < 4 4 4 > (36)

where &, = /18%3% —V3(a + 54¢) (6;;‘1)E t. Also, if we takeg = 4+(6c — a) and a, = 1, then

Eq. (36) can be reduced to the following soliton solution

q(x,t) = sech?(&,). (37)
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Figure 1. Solitary solution; Bright soliton

4. The bilinear form of fKdV equation
Ifn = 2, then Eq. (2) can be converted into

qt + Axxx + DQxxxx — C(q3)x = 0. (38)

Suppose that
w=(nf)y, q=wx=(>nf), (39)

and substituting it into Eq. (38), we can get

Wit + QW + DW= €Wy ) = 0. (40)
Integrate x one time, and let the integral constant is zero, we have

Wi + AQWypy + DWyrnx — CW,> = 0. 41)

Substituting Eq. (39) into Eq. (41), we can reduce Eq. (38) into the bilinear forms as follows

(DeDy +aD} +=Dg) (f-£) =0,
D2(f - )+ (~3aDZ — cD}(f - f) = 0, 42)

where f = f(x,t) is an unknown real function, 15b = ¢ and the bilinear operator D;*D* is
defined as

mpngp = (2 — 2\ (2 _ )" ’ oyt -
pyDfab = (== =) (52— =) ale b, t)|yoxriees = 0. (43)
If we take
Di(f - ) = =2DZ(f - f), (44)
then Eq. (42) is converted into
3
(DeDy =202 + ZDg) (f- f) = 0. (45)
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5. The application of the multi-wave solutions method
for solving the fKdV equation

For this problem, we can use test function of extended four-soliton method

f(x,t) = ajcos(&y) + azsin(&,) + agcosh(Es) + exp(—&,) + asexp(Sy), (46)

where §; = p;x + r;t, i = 1,2,3,4. Substituting (46) into (45), we can write the form of general
solution of the fKdV equation

_ —aypicos(pix+rit)—azpisin(pax+ryt)+azpscosh(pzx+r3t)+psexp(—pax—r4)+aspiexp(Dax+7yt) _

aicos(prx+rit)+azsin(pyx+ryt)+azcosh(pzx+rst)+exp(—pax—rat)+asLexp(pax+r4t)
(—alplsin(p1x+r1 £)+a02c05(Pax+12t)+a3p3sinh(pzx+13t)—paexp(—paX—T4t)+aspaexp(pax+7y f))z (47)
aqcos(prx+rit)+aysin(pyx+ryt)+azcosh(pzx+ryt)+exp(—pix—rat)+asexp(pax+ryt) )

Substituting Eq. (47) into Eq. (45), and equating the coefficients of all powers of polynomials,
we can find a set of algebraic equations for aq, a,, as, ay, P1, P2, V3, Pa, 71, T2, 13, 13- Solving
these algebraic equations with the aid of Mathematica, we obtain the exact solutions as
follows:

Case 2.

3 Z_b 4
a, =0, P1:P2:P3:7”1:7”2:T3:0'7'4:P4(M); (48)

c

where a4, as, p, are free parameters. Substituting (48) into Eq. (47) yields the following wave
solution

q(x, t) — pZ ( (a1+a3)exp(—f4) )’ (49)

(a1+as+exp(&y))’

bcpi—3a?
—t).
c

where &, = p, (x —

Case 2.

3a% — 16bcp§>
C )

3a2—16bcp§) — iV3p3(3a?+16bcp3)
y 14 —
c

a, =0, p; = ips, P2 = —ip3, D4 = i\/§p3; r = ip3 (

(16bcp§—3a2)

,T'3 = p3 ( ) (50)

r, =1
2 P3 B

where a4, a,, a; and p; are free parameters. Substituting (50) into Eq. (47), we can obtain

q(x, t) = aipjcosh(§3)—iazpjsinh(§3)+azp3cosh(§3)-3p3exp(—£s) + (a11735mh(f3)—ia2173CUSh(f3)+a317351'71’1(53)—1'\/599‘17(—54))2’ (51)

ajcosh(é3)—iaysinh(§3)+azcosh(é3)+exp(—&,) ajcosh(§é3)—iaysinh(&3)+azcosh(§3)+exp(—&4)

16bcp§—3a2 ¢

3a%+16bcp t)
- .

where &3 = p, (x ) and &, = iv/3p; (x +

Case 3.

3a%-16bcp}
c

, , 3a2-16bcps
P1 = D2 =1P3,P3 = PaTh =12 = lp4( )’ T3 =74 = Py (%)’ (52)
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where a4, a,, as, a, are free parameters. Substituting (52) into Eq. (47), we have the following
solutions:

alsinh(§4)+iazcosh(§’4)+a35inh(f4)—exp(—s’4)+a4exl’(f4))2 (53)
ajcosh(&y)+iazsinh(&y)+azcosh(Ey)+exp(—&)+asexp(&,)/

qCet) = pZ (1 -

4__ 2
where &; = p; (x — 16bc]gf“‘?’at). Also, if a; = a3 =—1,a4 =1, then Eq. (53) can be

reduced to the following form:

q(x,t) = —picosech®(&,). (54)
Case 4.
3 Z_b 4
a;=0a,=0,p,=p3=0,13=1,=0, 7’4=P4(%): (55)
where a,, a; are free parameters. Substituting (55) into Eq. (47) yields the exact solution
x't — 2( a3exp(_f4) )’ 56
q(x,t) = pj (e Cn) (56)
bcps—3a? .
where &, = p, (x - ft)- Also, if we take a; = 1, then Eq. (56) can be reduced to the

following form:

S/ S
q(x,t) = 2(1+cosh(&y))’ -

Case 5.

. . . (3a%? —16bcp;
ay=a,=0, p,=ip;, ps=0iV3ps, 1 =ip; <f3>,

rs = ps (3a2—1cebcp§) 1y = i\/§p3(3azc+16bcp§‘) ' (58)
where a,, a; are free parameters. Substituting (58) into Eq. (47) yields the solution
_ iaypdsinh(§a)+aspicosh(§:)—3pfexp(=E)  (iazpscosh(§s)+aspssinh(és)—iviexp(—En)\
() = = e taucosh e () ( iaysinh(E3)+ascosh(Es)+exp(—£s) ) ‘ (59)
where &5 = p, (x + Mt) and &, = iv/3p; (x + Mt).
Case 6.
a; =a,=0, py =ips3, Py = i\/§P3: r = ip3 <M>,
rs = Py (3a2—1c6bcp§)'r4 _ i\/§p3(3azc+16bcp‘3*) ' (60)

where a,, a; are free parameters. Substituting (60) into Eq. (47), we obtain solitary solution

q(x t) = a;pjcosh(§3)+aspscosh(§s)—3p3exp(=£s) _ (alpgsinh(f3)+a3p3sinh(f3)—i\/§p3exp(—€4))2 (61)
’ a;icosh(§z)+azcosh(§3)+exp(—§y) a;icosh(§3)+azcosh(§3)+exp(—§,) ’

21



3a2+16bcp§ )

16bcpt—3a? ;
Cp3 iy ) t). Also, if we take a; =

where &5 = p, (x + and &, = iV/3p; (
a; = 1, then Eq. (61) can be reduced to the following form:

_ 2p3cosh(§3)-3pdexp(~§s) _ (2pssinh(§3)—iv3psexp(—£n))’
At 6) = ety ~ (M heomgemcy ) - (6

Case 7.

3a2-16bcp? V3p,(3a2+16bcp?
az=as =0, p =pz Ps=V3ps 7’1:7”221’2(%):7"4: 2l c ) , (63)
where aq, a, are free parameters. Substituting (63) into Eq. (47) yields the periodic solitary
solution

—a;p5cos(§5)—azp3sin(§;) +3psexp(=§s) (alpzsin(fz)+azpzCOS(fz)—\Epzexp(—&))z (64)
aycos(§z)+azsin(§2)+exp(—£,) a;cos(§z)+azsin(§z)+exp(—§4) ’

q(x,t) =

4_2,2 2 4
where &, = P, (x + 161’C7’+3at) and &, = \/§p3 (x + 3a +1C6bcp3 t).
Case 8.

3a2-16b iv3p,(3a?+16bcpd)
ag=a,=a,=0, ps= l\/_P3» 3 = DP3 (M)'U = 3 3, (65)

c

where a; is a free parameter. Substituting (65) into Eq. (47), we find

_ agp3cosh(§3)-3piexp(=§s)  (aspssinh(§s)-iv3psexp(=£4) 2
q(x,t) = azcosh(&s)+exp(—&,) ( azcosh(§3)+exp(=$a) ) (66)

_ 5 .
where &5 = p, (x + 161’67’—33“ ) and &, = iv3ps ( 43 +1C6bcp3 t).

Case 9.

3a2—16bcp2) S V3p,(3a%+16bcpd) 67)
— ;T4 = )
c

ag =az3=a, =0, P4—\/—P2' T3—P2(

where a, is a free parameter. Substituting (67) into Eq. (47) yields the periodic solitary
solution

q(x,t) = —azp}sin(§x)+3pfexp(-&s) (azpzcos(fz)—\/§p2exp(—§4))2 .

azsin(§z)+exp(—&4) azsin(§;)+exp(—§4)

2 4
where ¢, = p, (x + 161’”’—33“ ) and &, = V3p, ( 43 +1C6bcp3 t).
Case 10.

. . 3’a2—16bcp4 3’a2—16bcp4
a; =0, p2 =1ipy P3=Ps T2 =1Ip, (—4)»7”3 =T =D, (%), (69)

Cc

where a,, as, a, are free parameters. Substituting (69) into Eq. (47) yields the exact solution

_ 2 (lagpscosh(§s)+azpyasinh($s)—peexp(=§s)+aspsexp(§s) 2
a1 = P = (e ooty ) (70)
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16bcp1—3a2 t)
c

where &, = p, (x + . Also, if we take a; = —1 and a, = 1,then Eq. (70) can be

reduced to the solution

) _ (sinh($4)+iazcosh($s) 2
Q(x' t) = Pa (1 (cosh($4)+ia25inh(f4)) ) (71)

Case 11.

. . 3’a2—16bcp4 3(12—16bcp4
a; =0, p1=1ipy P3=Ps 1 =1ip, (f‘})ﬂ% =T =D, (f‘}); (72)

where a,, as, a, are free parameters. Substituting (72) into Eq. (47) yields the solitary solution

a1p4sinh(éy)+azpasinh(§,)—paexp (‘f4)+a4p4exp(§4)) 2 73)
a;sinh(§s)+azcosh(§y)+exp(—§a)+asexp(§s) >

q(x,t) = p3—(

4_2,2
16bep—3a” t). Also, if we take a; = —1 and a3 = a, = 1,then Eq. (73) can

where &, =p, (x +

be reduced to the solution

q(x,t) = pz(1 — tanh?(§,)) = pisech?(&,). (74)
Case 12.
_ _ _ . _ _ h 3a2—16bcp;f _ 3a2—16bcp;f
az; =0, pr=p;=—ips, 1L =1, = —ip, (—) T3 =P, (f): (75)
where aq, a,, a, are free parameters. Substituting (75) into Eq. (47), we have
_ 2 (a1pssinh(§s)—iazpscosh($s)—psexp(=§s)+aspsexp(§s) 2
aCt) = pi—( 21C0Sh(Es)—iaz5inh(E) +exp(—E4)+azexp(Es) ) (76)

16bcp1—3a2 t)
c

where &, =p, (x + . Also, if we take a; = —1 and a, = 1,then Eq. (76) can be

reduced to the solution

_ 2(1 _ (sinhE)-iazcosh(€))?
q(x' t) = P4 (1 (cosh(f4)—iazsinh(f4)) ) (77)
Case 13.
3(12—16bcp4
a,=0a, =0, py=p3 ,13="7,=p; (fS)' (78)
where as, a, are free parameters. Substituting (78) into Eq. (47), we get
— on2 azpssinh(§3)—psexp(—§3)+aspzexp(§s) 2
at,0) = pi— a5c0Sh(Es) +exp(~§)+asexp(Ea) ) (79)

16bcpi—3a? ¢
c

where &5 = p, (x + ) Also, if we take a; = —1 and a, = 1,then Eq. (79) can be

reduced to
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q(x,t) = p3(1 — tanh?(&;)) = p3sech?(&). (80)
Case 14.

i 3a2—16bcp§ . 3112—16bcp‘2l
ay=a3 =0, py,=1ip, 1, =p, (—); Ty =1p, (—C )» (81)

c

where a,, a, are free parameters. Substituting (81) into Eq. (47), we can obtain

a2p2COS(fz)—ip2exp(—ifz)+ia4pzexz7(ifz))2 (82)
a,sin(&;)+exp(—i&,)+asexp(i&,) >

q(x,t) = —p3—(

4 _ 2
16b6pcz 3a t). Also, if we take a, = 1,then Eq. (82) can be reduced to the

where &, = p, (x +

wave solution

—2sin(E)\2
aZCOS(EZ) 251‘"’(62)) . (83)

a;sin(é;)+2cos(é;)

q(x,t) = —p3 (1+
Case 15.

. 3a2—16bcp‘f . 3a2—16bcp‘1}
a; =az = 0, Py =1p1, 1 = pl( )' = _Lpl( . ); (84)

c

where a,, a, are free parameters. Substituting (84) into Eq. (47) yields the following exact
solution

—a1p15in(fl)+ip16xp(is‘1)—ia4p1€xp(—is‘1))2 (85)
aicos(éy)+exp(i&1)+azexp(—i&y) )

q(x,t) = —pi—(

16bcpf-3a? t)
c

where &, = p; (x + . Also, if we take a; = —1 and a, = 1,then we can reduce

Eq. (85) to the following form:

q(x, t) = —pisec?(§y). (86)
Case 16.
2_ 4
a; =0a; =dasz = 0: Ty = p4 (w)! (87)
where a, is a free parameter. Substituting (87) into Eq. (47) yields soliton solution
_ 2 [~Ppaexp(-84)+aspsexp(§s) 2
ata,0) = pi- (PSS (88)

4 _ 2
16bcpi—3a” t). Also, if we take a, = 1,then Eq. (88) can be reduced to the

where &, = p, (x +
following form:

q(x, t) = pzsech?(§y). (89)
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Figure 2. Periodic solution; Bright soliton

6. Conclusion

In this paper, we used the multi-wave method to obtain exact solutions to 5th order KdV
equation and fifth order KdV (fKdV) equation. Using a useful test function, we obtain new
exact solitary solutions, such as M-type wave solution, periodic solitary wave solution,
triangular periodic wave solution, etc., for two nonlinear evolution equations. So, these
applications illustrate the effectiveness of the suggested method with the help of the
Mathematica. The obtained results show that this approach is possible for integrable equations
or non-integrable equations to have periodic solitary waves.
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