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Abstract 
In this paper, a functional inequality is proven and the result is illustrated with some elementary 
functions. 
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1. Introduction 
 
Let f be a positive real function defined on a subset E of the real line Թ	.The function ݄: ܧ →
Թ, ݄ሺݔሻ ൌ ݂ሺݔሻ௙ሺ௫ሻ is defined by ݄ሺݔሻ ൌ ݁௙ሺ௫ሻ୪୬௙ሺ௫ሻ where the function lnx is the natural 
logarithm function. If f and g are two such functions defined on the set E, then it is a natural 
problem to compare the values ݂ሺݔሻ௙ሺ௫ሻand ݃ሺݔሻ௚ሺ௫ሻfor each ݔ ∈  Since the arithmetic and .ܧ
geometric means inequality is a very important elementary tool for making estimates or 
approximation it is expected that the inequality play a role for the solution of these types of 
problems.  

 
Let ܹ ൌ ൛ߣ ൌ ൫ߣଵ,ߣଶ,. . . , ௡൯ߣ ∈ Թ௡: ௝ߣ ∈ ሾ0,1ሿ		݂ݎ݋		݆ ൌ 1,2, . . . , ݊, ∑ ௝ߣ

௡
௝ୀଵ ൌ 1ൟ be the set of 

weight vectors and ܲ ൌ ൛ݔ ൌ ൫ݔଵ,			ݔଶ, ⋯ ௡൯ݔ ∈ Թ௡:		݂ݎ݋		݆ ൌ 1,2,⋯ , ݊, ௝ݔ ൐ 0ൟ	 be the set of 
positive vectors. 

 
Definition 1.1. Let ߣ ∈ ܹand ݔ ∈ ܲ. The real number 
 

,ݔ௡ሺܣ ሻߣ ൌ ଵݔଵߣ ൅ ଶݔଶߣ ൅ ⋯൅  ௡ݔ௡ߣ
 
is called the weighted arithmetic mean of n positive real numbers  ݔଵ, ⋯,ଶݔ ,  and ߣ  ௡of weightݔ
the number 
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,ݔ௡ሺܩ ሻߣ ൌ ଵݔ
ఒభ. ଶݔ

ఒమ ௡ݔ⋯
ఒ೙ 

 
is called the weighted geometric mean of n positive real numbers  ݔଵ, ⋯,ଶݔ ,  .ߣ ௡  of weightݔ
 

For the weight vector    ߣ ൌ ቀଵ
௡
, ଵ
௡
,⋯ , ଵ

௡
ቁ 

 

,ݔ௡ሺܣ ሻߣ ൌ ௡ܣ ൌ
1
݊
ሺݔଵ ൅ ଶݔ ൅ ⋯൅  ௡ሻݔ

 
is the arithmetic mean of the ݊	positive real numbers  ݔଵ, ⋯,ଶݔ ,  ௡  andݔ
 

,ݔ௡ሺܩ ሻߣ ൌ ௡ܩ ൌ ሺݔଵ. ଶݔ ௡ሻݔ⋯
ଵ
௡ ൌ ඥݔଵ. ଶݔ ௡ݔ⋯

೙  
 
is the geometric mean of the ݊		positive real numbers  ݔଵ, ⋯,ଶݔ ,  .௡ݔ
 
We have the following inequality between arithmetic and geometric means. 
 
Theorem 1.2 (Arithmetic and geometric means inequality [2, 5]). ܩ௡ሺݔ, ሻߣ ൑ ,ݔ௡ሺܣ  ሻfor allߣ
positive real numbers  ݔଵ, ⋯,ଶݔ , ߣ ௡and for allݔ ∈ ܹand the inequality is strict unless ݔଵ ൌ
ଶݔ ൌ ⋯ ൌ  .௡ݔ
 
Arithmetic-geometric means inequalities has numerous applications in mathematics and other 
areas. We note the following example which shows that certain type of extremum value 
problems can be resolved easily by using this inequality. 
 
Example 1.3. We will find the minimum value of the function 
 

 ݂ሺݔ, ,ݕ ሻݖ ൌ ୱ୧୬௫

ୱ୧୬௬
൅ ටୱ୧୬௬

ୱ୧୬௭
൅ ටୱ୧୬௭

ୱ୧୬௫

య
			 over the set ߗ ൌ ሼሺݔ, ,ݕ ሻݖ ∈ Թଷ: ,ݔ ,ݕ ݖ ∈ Թሽ. 

 
Solution. From the arithmetic and geometric means inequality for every ሺݔ, ,ݕ ሻݖ ∈  we have			ߗ
 

݂ሺݔ, ,ݕ ሻݖ ൌ
sinݔ
sinݕ

൅ ඨ
sinݕ
sinݖ

൅ ඨ
sinݖ
sinݔ

య

 

 

ൌ
sinݔ
sinݕ

൅
1
2
ඨ
sinݕ
sinݖ

൅
1
2
ඨ
sinݕ
sinݖ

൅
1
3
ඨ
sinݖ
sinݔ

య

൅
1
3
ඨ
sinݖ
sinݔ

య

൅
1
3
ඨ
sinݖ
sinݔ

య

൒ 6ඨ
1
4
1
27

sinݔ
sinݕ

sinݕ
sinݖ

sinݖ
sinݖ

ల

ൌ 2ଶ ଷ⁄ 3ଵ ଶ⁄ 	
 

Since the equality occurs when   
ୱ୧୬௫

ୱ୧୬௬
ൌ ଵ

ଶ
ටୱ୧୬௬

ୱ୧୬௭
ൌ ଵ

ଷ
ටୱ୧୬௭

ୱ୧୬௫

య
   or equivalently when  sinݕ ൌ

√3√2
య and sinݖ ൌ ଷ

ଶ
√3sinݔ by the definition of minimum value it  follows that   

݉݅݊ሼ݂ሺݔ, ,ݕ :ሻݖ ሺݔ, ,ݕ ሻݖ ∈ ሽߗ ൌ 2ଶ ଷ⁄ 3ଵ ଶ⁄ . 
For positive real numbers a and b and for λ ∈ (0,1) the weighted arithmetic-geometric means 
inequality is the inequality 
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ܽఒܾଵିఒ ൑ ܽߣ ൅ ሺ1 െ  .ሻܾߣ
 

For ݌ ൐ 1if we take  ߣ ൌ ଵ

௣
, 1 െ ߣ ൌ ଵ

௤
   and replace ܽwith ܽ௣and ܾ	with ܾ௤		we get the Young’s 

inequality   ܾܽ ൑ ௔೛

௣
൅ ௕೜

௤
. 

 
This inequality is one of the most important inequality in mathematics because the famous 
Cauchy, Hölder and Minkowski inequalities follow from it. 
 

2. The functional inequality and applications 
	
Theorem 2.1. Let ݂, ݃		be positive real valued functions defined on a subset ܧof the real line 
	Թ . Then  ݂ሺݔሻ௙ሺ௫ሻ ൑ ݃ሺݔሻ௚ሺ௫ሻ  if ݂ሺݔሻ ൑ ݃ሺݔሻ		 and ݂ሺݔሻ ൅ ݃ሺݔሻ ൒ 1	 for each ݔ ∈  The . ܧ
inequality is strict if  ݂ሺݔሻ ൏ ݃ሺݔሻ and  ݂ሺݔሻ ൅ ݃ሺݔሻ ൒ 1and  the equality occurs if and only if   
௙ሺ௫ሻ

௚ሺ௫ሻ
ൌ ୪୬ሺ௚ሺ௫ሻሻ

୪୬ሺ௙ሺ௫ሻሻ
  for	ݔ ∈  .ܧ

 

Proof. Let ݔ ∈ ܽ ,be arbitraryܧ ൌ ݂ሺݔሻ, ܾ ൌ ݂ሺݔሻ ൅ ݃ሺݔሻand  ߣ ൌ ௙ሺ௫ሻ

௚ሺ௫ሻ
. Then ܽ ൐ 0, ܾ ൐ 0and 

ߣ ∈ ሺ0,1ሿ . Since 1 െ ߣ ൒ 0 and  ݂ሺݔሻ ൅ ݃ሺݔሻ ൒ 1 by the weighted arithmetic and geometric 
means inequality 
 

݂ሺݔሻ
௙ሺ௫ሻ
௚ሺ௫ሻ ൑ ݂ሺݔሻ

௙ሺ௫ሻ
௚ሺ௫ሻሺ݂ሺݔሻ ൅ ݃ሺݔሻሻ

ଵି
௙ሺ௫ሻ
௚ሺ௫ሻ 

																																								൑ ௙ሺ௫ሻ

௚ሺ௫ሻ
݂ሺݔሻ ൅ ቀ1 െ ௙ሺ௫ሻ

௚ሺ௫ሻ
ቁ ሺ݂ሺݔሻ ൅ ݃ሺݔሻሻ ൌ ݃ሺݔሻ . 

 
It follows that ݂ሺݔሻ௙ሺ௫ሻ ൑ ݃ሺݔሻ௙ሺ௫ሻand the inequality is strict when ݂ሺݔሻ ൏ ݃ሺݔሻ	and  ݂ሺݔሻ ൅
݃ሺݔሻ ൒ 1.  
 
Remark 2.2. 1) In the proof of the Theorem 2.1 we cannot directly use the properties of the 
convex function ߮: ሺ0,∞ሻ → Թ,߮ሺݔሻ ൌ ௫ݔ ൌ ݁௫୪୬௫   since this function has the global 

minimum value at the point ݔ ൌ ଵ

௘
.  But since the function  ߮ሺݔሻ ൌ  ௫ is monotone increasingݔ

onቂଵ
௘
,∞ቁthe inequality is trivial when 

ଵ

௘
൑ ݂ሺݔሻ ൑ ݃ሺݔሻ. 

 
2) Theorem 2.1 holds true for positive real valued function defined on arbitrary sets not just on 
the subsets of the real line. 
 
By mathematical induction we get the following result. 
 
Corollary 2.3. For ݆ ൌ 1,2,⋯ , ݊		let  ௝݂ , ݃௝be positive real valued functions defined on a subset 

∏   of the real line Թ . Then ܧ ௝݂ሺݔሻ
௙ೕሺ௫ሻ௡

௝ୀଵ ൑ ∏ ݃௝ሺݔሻ
௚ೕሺ௫ሻ௡

௝ୀଵ ݂݅ ௝݂ሺݔሻ ൑ ݃௝ሺݔሻ and  ௝݂ሺݔሻ ൅
݃௝ሺݔሻ ൒ 1  for each ݔ ∈ ݆  and ܧ ൌ 1,2,⋯ , ݊  The inequality is strict if   ௝݂ሺݔሻ ൏ ݃௝ሺݔሻ and 

௝݂ሺݔሻ ൅ ݃௝ሺݔሻ ൒ 1and  the equality occurs if and only  if  
௙ೕሺ௫ሻ

௚ೕሺ௫ሻ
ൌ

୪୬௚ೕሺ௫ሻ

୪୬௙ೕሺ௫ሻ
 for   ݔ ∈ ݆  andܧ ൌ

1,2,⋯ , ݊. 
For the polynomial functions we have the following result. 
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Corollary 2.4. Let ݌	and ݍ	be real polynomial functions such that ݉ ൌ ݌݃݁݀ ൑ ݍ݃݁݀ ൌ ݊. If  
0 ൑ ሺ0ሻ݌ ൑ ሺ0ሻ , 0ݍ ൑ ሺ௝ሻሺ0ሻ݌ ൑ ݆  ሺ௝ሻሺ0ሻ  forݍ ൌ 1,2,⋯ , ݊  and ݌ሺ0ሻ ൅ ሺ0ሻݍ ൒ 1 , where 
ݔ  at	ݍ  and		݌	 the ݆௧௛derivatives of	ሺ௝ሻሺ0ሻݍ and  are	ሺ௝ሻሺ0ሻ݌ ൌ 0 respectively, then  ݌ሺݔሻ௣ሺ௫ሻ ൑
ݔ  for all		ሻ௤ሺ௫ሻݔሺݍ ∈ ሾ0,∞ሻ. 
 
Proof. From the hypothesis we have ݌ሺݔሻ ൑ ሻݔሺ݌ and	ሻݔሺݍ ൅ ሻݔሺݍ ൒ ሺ0ሻ݌ ൅ ሺ0ሻݍ ൒ 1	for all 
ݔ ∈ ሾ0,∞ሻ. So the inequality follows from the Theorem 2.1. 
 
The following result is the problem 32 given in [4]. 
 
Proposition 2.5.  For all ݔ ∈ ሺ0, గ

ସ
ሻ			ሺsinݔሻୱ୧୬௫ ൏ ሺcosݔሻୡ୭ୱ௫. 

 

Proof. Since  sinݔ ൏ cosݔ	 and  sinݔ ൅ cosݔ ൌ √2cos ቀ
గ

ସ
െ ቁݔ ൐ √2cos

గ

ସ
ൌ 1  for all  ݔ ∈

ቀ0, గ
ସ
ቁ the inequality follows from the Theorem 2.1. 

 
A similar reasoning gives the inequality ሺcosݔሻୡ୭ୱ௫ ൏ ሺsinݔሻୱ୧୬௫ for all real numbers ݔ ∈

ቀగ
ସ
, గ
ଶ
ቁ.Since the functions cosx and sinx are 2π-periodic functions these inequalities hold true 

on2nߨ translations of	ቀ0, గ
ସ
ቁ	 and  ቀగ

ସ
, గ
ଶ
ቁ		for each  ݊ ∈ Ժ. 

 

Proposition 2.6.  For all  ݔ ∈ ቀ0, గ
ସ
ቁ  ሺtanݔሻ୲ୟ୬௫ ൏ ሺcotݔሻୡ୭୲௫ 

 

Proof.  Since tanݔ ൅ cotݔ ൌ ଶ

ୱ୧୬ଶ୶
൒ 2 ൐ 1 and tanݔ ൏ cotݔ for all ݔ ∈ ቀ0, గ

ସ
ቁ the inequality 

follows from the Theorem 2.1. 

A similar argument gives the inequality     ሺcotݔሻୡ୭୲௫ ൏ ሺtanݔሻ୲ୟ୬௫ for all ݔ ∈ ቀగ
ସ
, గ
ଶ
ቁ		and  since 

the functions tanݔ and cotݔ are ߨ -periodic functions these inequalities are true for  ݊ߨ 

translations of  ቀ0, గ
ସ
ቁ  and		ቀగ

ସ
, గ
ଶ
ቁ for each ݊ ∈ Ժ. 

 
Proposition 2.7.  For all  ݔ ∈ ሺ0,∞ሻ  ሺsinhݔሻୱ୧୬୦௫ ൏ ሺcoshݔሻୡ୭ୱ୦௫. 
 
Proof. Since 

sinhݔ ൌ ଵ

ଶ
ሺ݁௫ െ ݁ି௫ሻ ൏ ଵ

ଶ
ሺ݁௫ ൅ ݁ି௫ሻ ൌ coshݔ  and sinhݔ ൅ coshݔ ൌ ݁௫ ൐ 1 for all  ݔ ∈

ሺ0,∞ሻ the inequality follows from the Theorem 2.1. 
 
For the inverse hyperbolic functions coshିଵݔ = ln൫ݔ ൅ ଶݔ√ െ 1൯ and sinhିଵݔ ൌ ln൫ݔ ൅
ଶݔ√ ൅ 1൯ we have the following result: By the first derivative test the function ߮ሺݔሻ ൌ
൫ݔ ൅ ଶݔ√ ൅ 1൯൫ݔ ൅ ଶݔ√ െ 1൯	 is strictly monotone increasing onሾ1,∞ሻ . Since ߮ሺ1ሻ ൌ 1 ൅
√2 ൏ ݁	by the intermediate value theorem for a continuous function there is a unique point ܿ௘ ∈
ሺ1,∞ሻsuch that  ߮ሺܿ௘ሻ ൌ ݁. 
 
Proposition 2.8. For all   ݔ ∈ ሾܿ௘,∞ሻ  ሺcoshିଵݔሻୡ୭ୱ୦

షభ௫ ൏ ሺsinhିଵݔሻୱ୧୬୦
షభ௫. 

 
Proof.   Since  coshିଵݔ ൌ ln൫ݔ ൅ ଶݔ√ െ 1൯ ൏ ln൫ݔ ൅ ଶݔ√ ൅ 1൯ ൌ sinhିଵݔand 
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sinhିଵݔ ൅ coshିଵݔ ൌ ln ቀݔ ൅ ඥݔଶ ൅ 1ቁ ൅ ln ቀݔ ൅ ඥݔଶ െ 1ቁ

ൌ ln ቀݔ ൅ ඥݔଶ ൅ 1ቁ ቀݔ ൅ ඥݔଶ െ 1ቁ ൒ ln ቀܿ௘ ൅ ඥܿ௘ଶ ൅ 1ቁ ቀܿ௘ ൅ ඥܿ௘ଶ െ 1ቁ

ൌ ln݁ ൌ 1 
 

for all  ݔ ∈ ሾܿ௘,∞ሻ the inequality follows from the Theorem 2.1. 
 

Theorem 2.1 can also be applied to show that certain sequences of real numbers are monotone 
increasing. 

 

Example 2.9. The sequence   ቆቀ1 െ ଵ

௡ିଵ
ቁ
ቀଵି భ

೙షభ
ቁ
ቇ
௡ୀଷ

ஶ

  is monotone increasing. 

 

Solution. Let 3 ൑ ݊ ∈ Գ		be arbitrary. Since 1 െ ଵ

௡ିଵ
൏ 1 െ ଵ

௡
     and 

 

 1 െ ଵ

௡ିଵ
൅ 1 െ ଵ

௡
ൌ 2 െ ଶ୬ିଵ

௡ሺ௡ିଵሻ
൒ 2 െ ଶ୬ିଵ

ଶ୬
൐ 1by Theorem 2.1 we have  

 

ቀ1 െ ଵ

௡ିଵ
ቁ
ቀଵି భ

೙షభ
ቁ
൏ ቀ1 െ ଵ

௡
ቁ
ቀଵିభ

೙
ቁ
.    

 

Therefore the sequence ቆቀ1 െ ଵ

௡ିଵ
ቁ
ቀଵି భ

೙షభ
ቁ
ቇ
௡ୀଷ

ஶ

is monotone increasing. 

We end the paper with the following question. 
 
Question. Can the hypothesis ݂ሺݔሻ ൅ ݃ሺݔሻ ൒ 1weakened and is there a best constant smaller 
than 1for the functional inequality ݂ሺݔሻ௙ሺ௫ሻ ൏ ݃ሺݔሻ௚ሺ௫ሻto hold? 
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