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ABSTRACT. This paper deals with classifications of F-planar curves on para-Kéhler manifolds. Also, we give some
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1. INTRODUCTION

Let (M, g) be a n-dimensional pseudo-Riemannian manifold, where M is a differentiable manifold and g is a pseudo-
Riemannian metric. A magnetic field on (M, g) is a closed 2-form F. The Lorentz force of the magnetic field F on
manifold (M, g) is a (1, 1)—type tensor field @. For any vector fields X, Y € y(M) , it is expressed as

g(@(X),Y) = F(X,Y).

The magnetic curves on the pseudo-Riemannian manifold (M, g) are the trajectories of charged particles moving on M
under the influence of the magnetic field . The magnetic trajectories of F are the curves of M in the Lorentz equation.
Hence, the Lorentz equation is as follows:
vy =00,
where the connection V is the Levi-Civita connection of g. The generalized Lorentz equation obtained from the
geodesics of M, that is, V., ¥ = 0. Therefore, the magnetic curves generalize geodesics. The magnetic curves have
been studied in different space. The magnetic curves on Kihler magnetic fields in complex space were studied by
Adachi in [1] and were obtained some interesting results. Also, in [2], Corbrerizo obtained some different results when
working on the Sasakian 3-manifold.
The Lorentz force is skew symmetric. Hence, we can write the following equation:

d . . -
Eg(7,7)=2g(Vy'7,7)=0-

Therefore, the magnetic curves have a constant speed v(f) = Hy“v = vg. When the magnetic curve y(¢) is arc-lenght
parametrized (vp = 1), it is called a normal magnetic curve. The arc-lenght parameter of these curves is s.
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The magnetic field is always divergence-free (see [2]). Especially, Killing magnetic fields formed by Killing vector
fields are the most important class of magnetic fields. A vector field V on M is a Killing vector field if and only if it
satisfies the following Killing equation:

gVyV,W) + g(VwV,U) =0

for each vector field U and W on M, where the connection V is the Levi-Civita connection of g on M (see [2,6,9,12]).
On the vector space E2", the pseudo inner product can be defined in the form

n 2n

(U, v)y, = = Z uivi + Z Uivi

i=1 i=n+1

for u = (U, .oy Uy Upi1s ooy Upy) AN V = (V4 sy Vigy Vit 15 ooy Vo) ON Ei". Since the pseudo inner product is not positive,
the vectors in this space are classified as follows:

x: If (u,u), > 0 or u = 0, then the vector u is spacelike.
x: If (u,u), < 0, then the vector u is timelike.
*: If (u,u), = 0 and u # 0, then the vector u is lightlike (or null),

where u = (uy, ..., Up Uy41, ...U2,) 1S any vector in the space Eﬁ" [10].
Almost para-Hermitian manifolds consist of a pseudo-Riemannian metric g and an almost product structure K
(K?* = 1,K # +I), where [ is the identity map such that

g(KU,KW) = —-g(U, W)

for any vector fields U and W on M. An almost para-Hermitian manifold is called a para-Kahler manifold if VK = 0.
The para—Kidhler manifolds firstly defined and studied by Rashevski in 1948 [16], and then many scientists from past
to present have worked on the para-Kihler manifold. We refer to Rozenfeld, Ruse and Liberman in 1949 [11,17, 18].
In addition, para—Kidhler manifolds have recently been applied to supersymmetric field theories and studied in many
different fields [3-5,7,14,15,19]

Let (M, g) be a n-dimensional pseudo-Riemannian and a (1, 1)—type tensor field F. Acurvey : ACR — M is
called F—planar if the velocity of the curve v, that is, the tangent vector y satisfies the following equation for each
teA:

Vyy = w0y +ENFY,
where the functions u and £ are two differentiable functions depending on ¢ and the connection V is the Levi-Civita
connection of g [8]. In [8] and [13], the F—planar curves studied on different manifolds and obtained different results.
F—planar curves are a curve that represents a planar graph. If the nodes of the planar graph can be located on the curve
without intersecting each other, then this curve is called F'—planar. One of the important features of these curves is that
there is at least one F—planar curve corresponding to every planar graph. In addition to the use of F—planar curves in
planar graph drawings, it can also be used in other mathematical problems.

In this study, we will show that F-planar curves are generalized magnetic curves.

2. F-pLANAR CURVES ON PARA-KAHLER MANIFOLDS

Theorem 2.1. Let (M, g) be the pseudo-Riemannian manifold and y be a unit speed F-planar curve. Under the
condition ¥ = Vyy, the equation Viy = u(s)y(s) + E(s)Fy(s) reduces to Vyy = E(s)Fy(s).

Proof. Let us that ¥ = V3. Then, the equation Vyy = u(s)y(s) + £(s)Fy(s) transforms into
¥ = u()y(s) + () Fy(s).
Since v is a unit speed curve, we have
8((5), ¥(s)) = pu(s)g(¥(s), ¥(5)) + £(5)g(Fy(s), ¥(5))
= u(s),
such that u(s) = 0. |
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The arc-length of a smooth curve v is a trajectory of F, if the following Lorentz equation is satisfied:
Vv = E()K¥(s).
Let (M, K, g) be a para-Kihler manifold and be the two-form Qg, where
Qg (U, W) = g(KU, W),

for each U, W € y(M).
Lety : A — M be a smooth curve on M. If the curve vy satisfies the following equation, then it is the magnetic orbitals
corresponding to para-Kéhler magnetic field Fy, = &(s5)Q:

Viy = E(9K7(s),
where £(s) # 0. Since K is skew-symmetric, we can write the following equation:
d . o .
7580V = 28(Vyy.7) = 28()8(Ky.7) = 0,

where 7 depends on the s parameter.
3. F-PLaNAR CURVES oN E2”

Let the coordinates Eﬁ” be (x1, X2, ..., Xu3 V152, --.» ¥n). The definition of pseudo-Euclidean metric according to
given coordinates is
n n
g= —de,% +Zdyi,
k=1 k=1

a 0 g 0
dye  ox’ " om ow
The manifold Eﬁ” = (R",K, g) is a flat para-Kéhler manifold. Thus, its fundamental two-form is g(KU, W) =
Qg(U, W). Assume that the magnetic field is F; = &(s)Qxk, where &(s) # 0 and the curve y : A C R — E2" is
the orbit corresponding to the magnetic field F,,. Then, the Lorentz equation is as follows:
¥ = &)K.

Therefore, we have the following result for the spacelike and timelike F-planar curves.

and the para-complex structure is

Theorem 3.1. Lety : I — E2" be a magnetic curve corresponding to the F-planar curve flat para-Kdhler structure
on B2". In the given in the ambient space, the curve vy is ordered as follows:

Liz y(s) = ([ ¢#9,0,....0; [ ¢#9,0,...,0);

Lii: y(s) = (fe‘“’("),O,...,O;fe‘“"(s),O,...,0);

2.iz y(s) = ([ sinh(¢ (5)),0,...,0; [ cosh(p(5)),0,...,0);
2.iiz y(s) = (f cosh(¢(s)),0,...,0; [ sinh(¢(s)),0,...,0);

where ¢ (s) = [&(s)ds .

Proof. Lety : I — E2" be a magnetic curve. The velocity vector of the curve ¥ is as follows:

) - 0 - 0
¥ =D gt D g
= O o O
where the functions a; and by are smooth functions. Moreover, they satisfy

n n

—Zai + sz =9,
k=1 k=1
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where 6 € {—1,0, 1}.
From the Lorentz equation, we have the following differential equations:

{Zi:?iiiii k=1,....n. 3.1)
The general solution of the equation (3.1) is
{ ay = ay cosh( [ £(s)ds) + Py sinh( [ £(s)d's)
by = By cosh( [ £(s)ds) + ay sinh( [ £(s)d's)
Thus, the equation (3.2) satisfies the equation (3.3). Consequently, the velocity vector of curve 7y is :
v = cosh(p (s))W + sinh(¢ (s))KW, 3.3)

anfr€R, k=1,....n (3.2)

where
W—ia i+i,8 9 W#0
=1 ‘o =1 “oyi .
There are two cases according to whether the W and KW vectors are linearly dependent and linearly independent.

Case 1. Assume that the vectors W and KW are linear dependent. This means that the vector W is a constant lightlike

vector of the form W = )7, oy (% + s%), where € = 1. Hence, the velocity vector of y can be expressed as

v = (cosh(p (s)) + £sinh(¢ (5))W

and using the velocity vector of this y , we can write the curve 7y as follows:

y(s) = yo + (f cosh(p (s))ds) + sfsinh(ga (s))ds)W.

Then, we have the following two cases:
1.i: Fore = 1:

x(s) = xp + (fe“’(s),O, )}

¥(s) = yo + ([ €/9,0,...,0).
1.ii: For e = —1:

x(s) = xo + ([[€7%9,0, ...,0)

¥(s) = yo + ([ €¢9,0,..., 0).
Case 2. Assume that the vectors W and KW are linear independent. Thus, these vectors are orthogonal. Hence, we
have the following equation:

6 = g(7,7) = cosh®(¢ ()g(W, W) + sinh* (¢ (5)g(KW, KW) = g(W, W).

2.i: For 6 = 1: Without breaking the generality, we can get the vectors W and KW as follows: W =&, = (0,...,0;1,0,...

Eﬁ" and KW = ¢, = (1,0,...,0;0,...,0) € Eﬁ”. If we write the velocity vector of the curve y in terms of the vectors
W and KW given, we get
¥(s) = sinh(g (s))e1 + cosh(p (s))ei,
where the curve v is a spacelike hyperbola:
{ x(s) = xo + ([ sinh(¢ ()),0,...,0)
y(s) = yo + (| cosh(p (s)),0,...,0).

2.ii: For § = —1: Assume that W = ¢; = (1,0,...,0;0,...,0) € Eﬁ” and KW=¢,=(0,...,0;1,0,...,0) € Eﬁ". If we
write the velocity of the curve y in terms of the vectors W and KW given, we get

¥(s) = cosh(y (s))e; + sinh(p (s))e1,
where the curve v is a timelike hyperbola:

{ x(5) = xo + ([ cosh(¢ (5)),0,...,0)
y(s) = yo + (f sinh(¢ (5)),0,...,0).

,0) e
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Now, let’s concretize our work with a few examples below:

Example 3.2. If we take it as £(s) = <, s # 0, the curve will be as follows:

Case 1. Suppose that the vectors W and KW are linear dependent. Hence, we can express the velocity vector of the
curve y with the following equation:

V= cosh(f éds)W + sinh(f éds)KW. (3.4)

From the equation (3.4), we have

v(s) = yo + (fcosh(f lgds)ds) +8fsinh(f éds)ds)W.

Then, the curve vy is written as follows.
1.i: Fore = 1: R
{ x(s) = xp +(?,0,...,0)
y(s) =yo +(5,0,...,0).
L.ii: For e = —1:
{ x(s) = x¢ + (In(s), 0, ...,0)
y(s) = yo + (In(s), 0, ..., 0).

Case 2. Suppose that the vectors W and KW are linear independent.

2.i: For 6 = 1: We can get the vectors W and KW as follows. W =&, = (0,...,0;1,0,...,0) € Eﬁ" and KW =¢| =
(1,0,...,0;0,...,0) € Eﬁ” . If we write the velocity vector of the curve in terms of the vectors W and KW given, we
have

1 1
7(s) = sinh( f ~ds)e; + cosh( f ~ds)ei,
s s
where the curve v is a spacelike hyperbola:

{x(s)—x0+(———1n(s)0 ,0)
y(s) =y + (S4 5 In(s),0, ..., 0).
2.ii: For&:—l:AssumethatW:el=(1,0,...,0;0,...,0)eEﬁ”andKW =(0,...,0;1,0,. .,O)GEﬁ". If we

write the velocity vector of the curve y in terms of the vectors W and KW given, we have

1 1
y(s) = cosh(f —ds)e; + sinh(f —ds)ey,
s s
where the curve v is a timelike hyperbola:
{ x(s) = X0 + (ﬁ Ln(s),0, ..., 0)
y(s) =yo+ (— - 31n(s),0,. )

Example 3.3. If we take it as &(s) = *ﬁ’ s > 0, the curve will be as follows:

Case 1. Suppose that the vectors W and KW are linear dependent. Hence, we can express the velocity vector of the
curve y with the following equation:

= cosh(f —ds)W+smh(f —ds)KW 3.5)

From the equation (3.5), we have the following equation:

y(s) = yo + (fcosh(f —ds)ds) +8fsmh(f —ds)ds)W

such that the curve 7y is written as follows:
1.i: Fore = 1:
{ x(5) = xo + (2e V' s — 2¢ V7,0, ..., 0)
y(s) = yo + e V5 \Js — 2¢ V5,0, ..., 0).
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1.ii: For e = —1:
x(5) = xo + (2e” VS /s +2¢ V5,0, ...,0)
y(s) = yo + e~ V3 /s + 25,0, ..., 0).

Case 2. Suppose that the vectors W and KW are linear independent.

2.i: For 6 = 1: We can get W and KW as follows. W = ¢, = (0,...,0;1,0,...,0) € Eﬁ” and KW = ¢; =
(1,0,...,0;0,...,0) € Eﬁ" . If we write the velocity vector of the curve y in terms of the vectors W and KW given, we

have : .
y(s) = sinh(f Z_ﬁdS)el + COSh(f z—ﬁds)él,

where the curve vy is a spacelike hyperbola:

x(s) = xo + (Vs — eV = X 0, 0)

W) = yo + (¥ V5 -Vt + Lo, 0).

2.ii: For 6 = —1: Assume W = ¢; = (1,0,...,0;0,...,0) € E2" and KW = &; = (0,...,0;1,0,...,0) € E>". If we
write the velocity vector of the curve 7y in terms of the vectors W and KW given, it is easily seen that

o 1 . I
y(s) = cosh(fz\/gds)el +s1nh(f2\/gds)el,

where the curve vy is a timelike hyperbola:

x(s) = xo + (VP Vs — eV + L0, 0)
Y(s) =yo+ (e s —e Vo -

sl o, .., 0).
Example 3.4. If we take £(s) = ¢, where ¢ € R*, then we can obtain the paper [9].

eVs
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