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Abstract

In this article, the heat inverse two-dimensional quasilinear parabolic problem is examined. The stability
and numerical solution for the problem are discussed. Since the problem is not linear, Picard's successive
approximations theorem is used. In the numerical part, the solution is made with the finite difference and
linearization method.
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1. INTRODUCTION

Inverse problems are used to find an unknown character of a matter or a place. Especially inverse
problems are important for many calculations used in aircraft, missiles and submarines. In geophysics, the
inverse problem is finding subsurface inhomogeneities. When measuring the frequencies of a material, the
inverse problem is finding whether there is a defect (a hole in a metal) in that material. There may be a
tumor or some abnormalities in the human body in medicine. The inverse problem is examined [4], [5],[6].
It is used in many fields such as population, electrochemistry, engineering, chemistry. The problems with
nonlocal boundary conditions discussed in this article are not easy to study. Various boundary conditions
have been studied in this area [1],[2],[3].

2. MATERIAL AND METHODS
For the solution of this problem, the Fourier Method and Picard successive approximations method

were used, while the linearization method was used for the numeric solution. It was used implicit finite-
difference method for numeric problem.
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3. STABILITY OF SOLUTIONS

2
g: A (ot,B,7,V),

v(a,B,0) = @(a,ﬁ),a e[0,n].p e[0,7]

v(0,B,1) = v(m,B,7),B [O,TC],‘C € [O,T]
v(a,0,7) = v(a, 7, 1),0 € [O, n],r € [O,T]
v, (0,B,7)=v, (m,B,1),B e [O, n],r € [O,T]
v (0,0,17) = vy (a,m,1),00 € [0, n],r € [O,T]

k(t) = ﬁaBV(a, B,7)dady,t [0, T],

(1
2)

€)

4

where (1) is the inverse coefficient problem, (2) is the initial condition, (3) are the periodic boundary

conditions [8] and (4) is the integral overdetermination data (k(t) is heat diffusions) [7].

As known, in Fourier Method, we get the following structure:

V(OL B )_ O(T)

+ i Vo, (7)sin(2mat )cos(2np)

m,n=1

n i v, (t)sin(2ma)sin(2np ).

m,n=1
tnm

VoD =Vo(0)+— mh o, B, 7, v)dodpdr

7I[b(r)(2m)2+(2n)2}dr
VC]T]I] (’C) = chn (O)e O

t
.ﬂ:b(s)(2m) +(2n) }

izj.]i]i h(a,B, 7, v)cos(2ma)cos(2np )dadBdt

t
—J‘[b(r)(2m)2+(2n)2}dr
VCS]T]I] (T) = VCS]T]I] (0)e 0

t

j[b(r)(zm) +(2n) }

ij‘ﬁ h(a,B,1,V) cos(2moc)sin(2nB)dochdr
T 900
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t
—J‘[b(r)(2m)2+(2n)2}dr

VSle’l (T) = VSle’l (0)e 0

t

I[b(r)(zm) +(2n) }

ijﬁ h(a,B, 7, v)sin(2ma )cos(2nB )dodBdr
n 000

t
7I[b(r)(2m)2+(2n)2}dr

Vi (1) = Vg (O)

t

'ﬂb(r)(zm) +(2n) }

izjﬁ h(a,B,7,Vv) Sin(Zmoc)sin(ZnB)docdﬁdr

Then we obtain the solution:

v(a,B, 1) = i((po + izjho (T, V)d‘tj

t
.[ b(r)(2m)? +(2n)

o 4 t
2 Ot fe Cmm,v)dr
m,n=1 T 0
cos(2mat)cos(2np)
t
b(r)(2m)2 +(2n)
© 4 t J.
+ Z (Pcsmn _zj. f csmn(T V)dT
m,n=1 T 0
cos(2mat)sin(2np)
t
b(r)(2m)? +(2n)
© 4 t _[
+ 2 O+ e m(r v)dt
m,n=1 T 0
sin(2mat)cos(2np)
t
. 4 J.[b(r)(Zm)er(Zn)z}
+ —le - T,v)dt
mgl (Psmn TCz .([ smn( )
sin(2moc)sin(2n[3)

Here,
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®y = V,(0),
—j[b(r)(Zm)2+(2n)2}dr
Pemn = Vemn (0)€ ° ;
—j[b(r)(Zm)2+(2n)2}dr
Pegn = Vs (0)€ :
j[b(r)(Zm)2+(2n)2}dr
Peemn = Viemn (0) :
-j[b(r)(zm)%(zn)z}dr

(Psmn = Vsmn (0)e 0

Let's assume the following rules for the functions used in the problem:
(A1) k(t) e C'[0,T]
o(ct.B)eC" ([0, z]x [0.x]) -
(A2) 9(0,B) = o(m.B). 0, (0.B) = o, (m.B). | [aBo(ct.B)dadp = k(0),
@(a,0) = 9(at, 1), ¢, (a,0) = ¢, (at, ), *°
(A3) Let h(a,B,7t,v) have the following properties:

511((17 Ba T, ‘) 6h(a, Bﬁ 2 V) < 1(0( B T)‘V— V
—_ = s Mo ’
ah(a,B, T, V) Ell(C«,l > ) < l(a B ‘[)‘V— V
— Y s Mo >
6h(0t, '3, T, V) 6h(OL7ﬁ’ 2 ) T V
< l(a’ B’ )‘V— , Where 1((1, B, C) € Lz(D )’ I(C!"l > ) 2 2

(2) h(a,B,1,v) € C**°[0,n], T1€0,T],
(3) h(a.pB,t,v)|,_, =h(o.B. T V)| __,
h,(o.B, 7 v)_, =h,(o.B, T V)| _,
hy (oc, B, r,VXH =hg(a,B,7, V)‘B:n ,

h, (OL,B,I,V)LZO =h, (G,B,T,V)‘a:na
ho (0B, v)\B:0 = h (LB, v)\h .

rocBVt (a,B,7)dadB =k (1),0<t<T.

k (1) —;f;fxyh(oc,ﬁ,r, V)d(de—n;VB(n, 7)
b(1) =

3
T

—v_(m,t
5 o (T, 1)



Definition 1.

Show the set {V(r)} = {VO (1), Ve (1) Ve (05 Ve (05 Vi

[0, T] which satisfy the condition.

|Vo (T)|
max——
0<t<T 4
3" maxlv <f>| Vo 9] )
ma. (1:)| +maxy,,, (1:)|
|V0 (T)|
[v(e) = max—,—
i 1(;13?31? cmn (T)| + 1(;1'<la<)1§ csmn (T)|
+
mn=1| + 5122)% Vsemn (T)| + EISI?T( Vsmn (T)|

is called Banach norm.
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(r)}of continuous functions on

Theorem 1: According to (A1)-(A3), the solution of (1)-(4) is constantly dependent on the data.

Proof:

Let 6= {(p,k h} 0= (p,E E} and M, L,, 1=1,2 positive constant.

Moty <My, <M.

110

||(P||C3[O,n] = I’H(PH@[O,H] <L,

”k”Cl[O,T] < LZ’HEHCI[O,T] <L,

6= ikl oy +@lcrgo.y 2 1)
Vv = ((Po — @y )
4

t

. —J.[b(r)(Zm)2+(2n)2Jdr

+ D Pt

m,n=1

t

I b(r)(Zm) +(2n)

Zcpcmn i

m,n=1

t

—-ﬂ:b(r)(2m)2+(2n)2}dr
0
+ z(pcsmne ‘

m,n=1

cos(2mat)sin(2np)

cos(2ma)cos(2np)

cos(2m0c)cos(2nB)
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t

. - [B(r)(2m)2+(2n)2:|dr
+ ) P cos(2ma)sin(2nB)
m,n=1
t
. fj‘[b(r)(Zm)2+(2n)2}dr
+ Z(pscmne ‘ Sin(sz)COS(ZnB)
m,n=1
t
J. b(r)(2m) +(2n)
z Qemn© sm(2moc)cos(2nB)
m,n=1
t
. —J.[b(r)(Zm)z-v—(Zn)z}dr
+ Z(psmne N Sin(Zm(x)Sin(ZnB)
m,n=1

t
Jl b(r)(2m) +(2n)
T

sm(2ma)sin(2n[3)

+ Zcpsmn

m,n=1

NS
S S——
O 3

_T‘E[h(ot, B,t,v)—h(a,p, T,Q)]

AT
4 J.[B(r)(Zm) +(2n) }
e’ dadpdr
4 tnm
e [ [LICREAAY
T %00
t t
. J[b(r)(zm) +(2n) } —J.[E(r)(Zm) +(2n) }
+—||e " —e
4
dadpdt
tmm

j”[h(oc B,t,v)—h(a,B,t V)]

—I[B(r)(2m)2+(2n)2:|dr

e’ cos(2mat)cos(2nB )dadBdt

+



. iizmh(a, B.1.V)
00
—j[b(r)<2m>2+<2n>2}dr

_eT

[b(r)(Zm)z +(2n)2}dr

A —y

cos(2mat)cos(2nB )dadBde

tmm

o0 4 —
+ Z _zjjj[h(aa B) T, V) - h((l, B: T, V)]
mn=17TC" %%
t
—I[B(r)(2m)2+(2n)2:|dr
e - cos(2mat)sin(2np )dadBds
© 4 tmnm _
+> —2mh(a,s, V)
m,n=1 s 000
t t
—J.[b(r)(Zm)z +(2n)2}dr —J.[E(r)(Zm)z +(2n)2}dr
e " —e T

cos(2mat)sin(2npB )dadBdt

© 4 tnn _

; m;?m[[h(“’ B.7,v) — h(e Bt v))
j[b(r)(Zm)z +(2n)2}dr

e

sin(2ma )cos(2np )dodBde

tnm

o0
+> iz_[”h(oc,ﬁ,t,v)
m,nZITC 000
t t
—J.[b(r)(Zm)er(Zn)z}dr —I[B(r)(Zm)er(Zn)z}dr
e’ —e T

sin(2ma)cos(2np )dadBdt
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¥ Z m[h(aﬁrv) h(e.B.7,v)]

—J-[B(r)(Zm) +(2n) }dr

e’ sin(2mat)sin(2np )dadpdt

+ Z j”h(a B,1,Vv)

t
—ﬂb(r)@m)z +(2n)? }dr —J.[B(r)(Zm)2+(2n)2}dr

e’ -e "

sin(2moc)sin(2nﬁ)docdﬁdt

1,127
4

+ H(Pcsmn - (Pcsmn H

o = @] [0 = 0]

J—3JE+16 3JE+16

i, B, )|| v(r)—?(r)u +T( i, B, )|| MHb(r)—B(erhere

-2

+ H(pcsmn - (pcsmn H

+ H(Pscmn - (PSle’l H + (Psmn - (Psmn H'

Hb(t) - B(T)H < ch(r) - G(T)HB

C[0,T]

S ICHE)

™ Ly (D)

e G

where C =

7, 52070 x



1

(\/—(3\/_“6)”1( -

For 6 — 6 then v — v. Hence b —> b.

D_

)|+ MC]
Ly(T)
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4. NUMERIC METHOD FOR THE PROBLEM

Let's linearize it for the nonlinear data in the problem:

u™ =b(vuy +uly) +h(o,p,r,u"™"), (a,p,1)el

u™ (a,B,0) = o(ct, ), € [0,7]. B € [0, 7],

u™(0,B,7)=u™(n,B,1),p [O,TE],’E IS [O,T],
u™(a,0,7) =u"™ (o, 7, 7),0 € [0, TE],’E IS [O,T],

(n)(o B, T):u(“)(ﬂ; y,t),B e [O TE] tG[O T]
ul” (0,0,7) = uf (o, m,7),0 € [0, 1] T € [0, T}

Letus u™ (a,B,1) = v(at,B,7) ve h(a,B,7,u")=h(a,p,1).

v, =b(t)v, +v,, +f(a.p,1), (B r)el

v(a,B,0) = g(a,B), o € [0,7], p € [0, ]
v(0,B,1) = v(m,B,7),B [O,n],r IS [O,T]
v(a,0,7) = v(a, T, 1), 0 € [0, n],r € [O,T]

v, (0,B,7)=v, (n,B,1),B e [O, n],r € [O,T]
vy (0,0,7) = vy (a, T, 1),B e [0,7:],1 IS [O,T]

[0,7[]2 X [O,T] is divided to an M*x N mesh with the step sizes & =7/M, r=T/N .

Let’s take v*

i,j2
respectively.

fY, ¢, and b* that instead of v(a;,B;,7,), h(a;,B;,7,), ¢(c;,B;) and b(t,),

Then we examine implicit finite-difference method for the last problem :



1

k+1 k
—(v,.j Vi, )
7 Vi .

k|, k+1 k+1 k+1
1|0 ("i—l,j —2v,; +Vi+1,j)

2 k+1 k+1 Je+1
h™ |+ (Vi,j—l - 2Vi,j + vi,j+1)

0 _

vi,j = o

k _ .k k y
Voi = Va0 V) )

ko k ko _YiaTVim
Vio = Vim+sVim+

If we take integral to x and y from 0 to 7 , we get,

b(1) =

3

T
—v (7,7
5 L (1,7)

ka _ !!kk+2 _kk !/T!

(n;vx(n, r)j

_ (Jonjonxyh((x, B, r)docdﬁjk

(n; v, (m, r)j

- (n—;vy (m,7))"

where k* =k(t,), k=0,1,...,N.

k'(t) - L”L”xy h(o, B, 7)doudp — “23 v, (m,7) |
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Here, Simpson's central difference scheme is applied. »**, vi’f;” of b*, Vzk ; at the s -th iteration step.



1
A ks k+1(s))
(v,.,j Vij
k(s+1)( K+1(sH) Ay ke(s+) k+1(s+1))
1 b Vi) 2vi,j t Vi,
T2 k+1(s+1) k+1(s+1) k+1(s+1))
h |+ (vi,j_1 2v 1T v
k+1
+hs
0 _
Vii = s
PRI R
k+(s) | k+(s) L k+(s) — YL M,
Vo, Vv, Vu,; 5
o PRI k)
() — h+1(s) [ k+l(s) — il iM
Vio Viv o Vips 5

v, 71D is found.
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5. CONCLUSION

The inverse problem of defining thermal dissipation and the heat in the semi-linear two-dimensional
parabolic equation with periodic boundary and integral conditions is investigated. The problem has been
studied both theoretically and numerically. In this article, periodic boundary conditions are studied.

Nonlocal Periodic boundary conditions for heat inverse coefficient problems are more difficult than local
boundary conditions. In this study, the results were obtained by using the Fourier method and the finite

difference method.
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