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Abstract
The purpose of this paper is to introduce a new almost convergent sequence space by means
of a matrix involving Catalan and Motzkin numbers. It is demonstrated that this novel
sequence space and the space of all almost convergent sequences are linearly isomorphic
and the β−dual of this new space is deduced. In addition, by defining Catalan-Motzkin
core of a complex-valued sequence, certain inclusion relations are derived for it.
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1. Introduction and preliminaries
A sequence space is a linear subspace of the space ω of all real valued sequences. We

denote the spaces of all bounded, convergent, null and absolutely p−summable real valued
sequences by ℓ∞, c, c0 and ℓp, respectively. It is well known that these are Banach spaces
according to the following norms

∥z∥ℓ∞
= ∥z∥c = ∥z∥c0

= sup
k∈N

|zk|

and

∥z∥ℓp
=
( ∞∑

k=0
|zk|p

)1/p

.

For real entries tnk, if T = (tnk) is an infinite matrix and Tn is the sequence in the
nth row of the matrix T for each n ∈ N. Then, for a given z = (zk) ∈ ω the sequence
Tz = (Tz)n =

∑
k
tnkzk is referred as T−transform of z subject to the condition that the

convergence of series is satisfied for each n ∈ N. For brevity, in the sequel, the notation
∑
k

means that
∞∑

k=0
. T is named as a matrix mapping from a sequence space Λ to a sequence

space Ω if the sequence Tz exists and Tz ∈ Ω for all z ∈ Λ.Denote (Λ,Ω) as the collection of
all infinite matrices from Λ to Ω. If Tz converges to L, then, we say that z is T−summable
to L and so L is T−limit of z. Also, we say that T regularly maps Λ into Ω by writing
T ∈ (Λ,Ω)reg if T ∈ (Λ,Ω) and limn (Tz)n = limn zn for all z = (zn) ∈ Λ.
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Since Fast [24] and also Steinhaus [46] initiated the almost convergence as generalization
of convergence of a sequence, this concept has been widely discussed by researchers and
lots of substantial papers have been assigned.

A sequence z = (zn) is called as almost convergent to L iff

lim
r→∞

r∑
n=0

zm+n

r + 1
= L, uniformly in m.

and this is denoted by h′ − limn zn = L. By h′ and h′
0, we denote the spaces of all almost

convergent and almost null sequences, namely,

h′ =
{
z = (zm) ∈ ω : ∃L ∈ C ∋ lim

r→∞

r∑
n=0

zm+n

r + 1
= L uniformly in m

}
and

h′
0 =

{
z = (zm) ∈ ω : lim

r→∞

r∑
n=0

zm+n

r + 1
= 0 uniformly in m

}
,

respectively. Here, C denotes the set of all complex numbers.
The matrix domain hT of an infinite matrix T in the sequence space h is defined by

hT = {z ∈ ω : Tz ∈ h} ,

which is a sequence space. For recorded papers concerning almost convergence from the
point of view of matrix operators, one can suggest [4, 7, 8, 10–12, 23, 35, 38, 48], and cited
references therein.

The concept of Knopp Core (or in short K−core) of a sequence z = (zn) ∈ ω is the
intersection of allQn, the least convex closed region of complex plane containing zn, zn+1, ...
for n = 1, 2, ... (cf. [14, p. 137]). The following relation is established in [42]

K − core (z) = ∩u∈CMz (u) ,

where Mz (u) is the set given by

Mz (u) =
{
w ∈ C : |w − u| ≤ lim sup

n
|zn − u|

}
,

The notion of natural density of E ⊂ N, denoted as δ (E) can be defined by

δ (E) = lim
n

1
n

|k ≤ n : k ∈ E| ,

in which |A| is the number of elements of A. Given any ε > 0 such that

δ ({k : |zk − z0| ≥ ε}) = 0,

then, the sequence z = (zk) is referred as statistically convergent to z0. In this case, we
write sc − lim z = z0 (see [47]). We remark that the spaces of all statistically convergent
and statistically null convergent sequences will be denoted by sc and sc0, respectively.

Fridy and Orhan [25] presented the notion of the statistically core and derived the
following relation for any statistically bounded sequence z,

sc− core (z) = ∩u∈CDz (u) ,

where Dz (u) = {w ∈ C : |w − u| ≤ sc− lim supn |zn − u|} . Additional results concerning
with core theorems can be found in [13, 15–17] and cited references therein. As well,
investigating the monographs [5] and [40] and the papers [1, 9, 39, 41] will be useful for
comprehensive background in this research area.

In recent years, construction of conservative matrix for the aim of discussion its matrix
domain in certain important sequence spaces has been considered with regard to spe-
cial numbers such as Catalan [27, 31, 34], Schröder [18–20], Bell [36], Fibonacci [32, 33],
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Tribonacci [49, 50], and some special functions [22, 26, 28–30]. Moreover, various remark-
able topologic properties including almost convergence and core theorems, special duals,
Hausdorff measure of noncompactness, matrix mappings, etc. have been studied.

Recall the properties of Catalan numbers, which are deeply studied in number theory
and combinatorics. Historically, one of the first interpretation given to the Catalan number
(Cn)n≥0 was through the number of ways to triangulate a regular n + 2-sided polygon,
known as Euler problem. Another example where this sequence appears is counting the
ways of constructing binary trees. In particular, Cn represents the number of ways to
construct a binary tree with n nodes (see [45]).

The Catalan numbers Cn are defined as Cn = 1
n+1

(2n
n

)
for n ≥ 0. These numbers can

also be written via Motzkin number Mn as

Cn+1 =
n∑

k=0

(
n

k

)
Mk. (1.1)

Besides, they possess the recurrence relations:

Cn+1 = 2 (2n+ 1)
n+ 2

Cn, C0 = 1

and
Cn =

n∑
k=0

CkCn−k, C0 = 1. (1.2)

By adopting the recurrence relation (1.2), the authors of [27, 34] dealt with the ma-
trix domain of a conservative matrix in famous sequence spaces. Besides, a number of
interesting and meaningful conclusions have been deduced therein.

Motivated by another representation of Catalan numbers, given by (1.1), Karakas and
Dağlı [37] presented a new conservative matrix C̃ = (c̃nk) as

c̃nk =


(
n

k

)
Mk

Cn+1
, if 0 ≤ k ≤ n;

0, if k > n;
(1.3)

and gave the spaces ℓp
(
C̃
)

and ℓ∞
(
C̃
)

as the domains of this conservative matrix. The
Schauder basis and the α−dual, β−dual and γ−dual of these spaces were determined.
Furthermore, the characterizations of some classes

(
ℓp
(
C̃
)
,Ω
)

for 1 ≤ p ≤ ∞ and Ω ∈
{c0, c, ℓ1, ℓ∞} were discussed and certain geometric properties were investigated.

The current paper concerns a novel almost convergent sequence space by means of the
matrix, given by (1.3). We provide that this new space is linearly isomorphic to almost
convergent sequence spaces and we give its β−dual. Furthermore, we define the Catalan-
Motzkin core of a complex-valued sequence and characterize the class of matrices for which
C̃ − core (Tz) ⊆ K − core (z) and C̃ − core (Tz) ⊆ sc− core (z) for all z ∈ ℓ∞.

2. New almost convergent sequence space
We devote this section to present the space of almost convergent Catalan-Motzkin se-

quence as well as its some properties.
Throughout this study, the sequence yn represents the C̃−transform of a sequence

z = (zk) as for all n ∈ N

yn =
(
C̃z
)

n
= 1
Cn+1

n∑
k=0

(
n

k

)
Mkzk,

while the relation

zk =
(
C̃−1z

)
k

=
k∑

j=0
(−1)k−j

(
k

j

)
Cj+1
Mk

yj (2.1)
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holds for all k ∈ N.
Define the almost convergent Catalan-Motzkin sequence space by

C ′
(
C̃
)

=
{
z = (zm) ∈ ω : ∃L ∈ C ∋ lim

r→∞

r∑
n=0

ym+n

r + 1
= L uniformly in m

}
.

Theorem 2.1. The sequence space C ′
(
C̃
)

is linearly isomorphic to h′.

Proof. Let the transformation ψ : C ′
(
C̃
)

→ h′ be given by ψz = C̃z. It is obvious that
ψ is linear. As well, we have z = θ while ψz = θ, thereby ψ is injective. For any sequence
y = (yn) ∈ h′, apply (2.1) to write that

1
Cn+j+1

n+j∑
k=0

(
n+ j

k

)
Mkzk

= 1
Cn+j+1

n+j∑
k=0

(
n+ j

k

)
Mk

k∑
i=0

(
(−1)k−i

(
k

i

)
Ci+1
Mk

)
yi

= 1
Cn+j+1

n+j∑
i=0

(
n+j−i∑

k=0

(
n+ j

k + i

)
(−1)k

)
Ci+1yi

= yn+j .

Thus,
1

r + 1
r∑

j=0

1
Cn+j+1

n+j∑
k=0

(
n+ j

k

)
Mkzk = 1

r + 1
r∑

j=0
yn+j ,

which implies that the following limit exists uniformly in n:

lim
r→∞

1
r + 1

r∑
j=0

(
C̃z
)

n+j
= lim

r→∞
1

r + 1
r∑

j=0
yn+j .

So that, z ∈ C ′
(
C̃
)

and ψz = y. Consequently, ψ is surjective. Hereby, we have established

the existence of a linear bijection between the spaces C ′
(
C̃
)

and h′. The proof is complete.
□

The multiplier space of Λ and Ω is the set S (Λ,Ω) defined by
S (Λ,Ω) = {u ∈ ω : zu ∈ Ω for all z ∈ Λ} .

Adopting this notation, the β−dual of a sequence space Λ is defined as Λβ = S (Λ, cs),
where cs denotes the space of convergent series.

Let us mention a lemma, which we use as our favorable tool for the presentation of
β−dual of the space C ′

(
C̃
)
.

Lemma 2.2 ([43]). T = (tnk) ∈ (h′, c) if and only if
sup
n∈N

∑
k

|tnk| < ∞

is valid and there exists λk ∈ R and λ ∈ R such that
lim

n→∞
tnk = λk

for each k ∈ N and
lim

n→∞

∑
k
tnk = λ

and
lim

n→∞

∑
k

|∆ (tnk − λk)| = 0, (for each k ∈ N)

where ∆ (tnk − λk) = tnk − λk − (tn,k+1 − λk+1) .
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Theorem 2.3. Define the sets ξ1, ξ2, ξ3, ξ4 and ξ5 as

ξ1 =
{
b = (bk) ∈ ω : sup

r∈N

r∑
m=0

∣∣∣∣∣ r∑
k=m

(−1)k−m

(
k

m

)
Cm+1
Mk

bk

∣∣∣∣∣ < ∞
}
,

ξ2 =
{
b = (bk) ∈ ω : lim

r→∞

r∑
k=m

(−1)k−m

(
k

m

)
Cm+1
Mk

bk exists
}
,

ξ3 =
{
b = (bk) ∈ ω : lim

r→∞

r∑
m=0

(
r∑

k=m
(−1)k−m

(
k

m

)
Cm+1
Mk

bk

)
exists

}
,

ξ4 =
{
b = (bk) ∈ ω : lim

r→∞

r∑
m=0

∣∣∣∣∣ r∑
k=m

(−1)k−m

(
k

m

)
Cm+1
Mk

bk

∣∣∣∣∣ = 0
}

and

ξ5 =
{
b = (bk) ∈ ω : lim

r→∞

∑
m

∣∣∣∣∣∆
(

r∑
k=m

(−1)k−m

(
k

m

)
Cm+1
Mk

bk − λm

)∣∣∣∣∣ = 0
}
.

Then, we have
(
C ′
(
C̃
))β

= ξ1 ∩ ξ2 ∩ ξ3 ∩ ξ4 ∩ ξ5.

Proof. For any b = (bn) ∈ ω and for all r ∈ N , it follows from (2.1) that
r∑

m=0
bmzm =

r∑
m=0

bm

(
m∑

n=0
(−1)m−n

(
m

n

)
Cn+1
Mm

yn

)

=
r∑

m=0

(
r∑

n=m
(−1)n−m

(
n

m

)
Cm+1
Mn

bn

)
ym = (Ay)r ,

where A = (arm) is the matrix, defined by

arm =


r∑

n=m
(−1)n−m

(
n

m

)
Cm+1
Mn

bn, if 0 ≤ m ≤ r;

0, otherwise;

for all r,m ∈ N. So, we disclose that bz = (bmzm) ∈ cs when z = (zm) ∈ C ′
(
C̃
)

iff Ay ∈ c

for all y = (ym) ∈ h′. Therefore, b = (bm) ∈
(
C ′
(
C̃
))β

if and only if A ∈ (h′, c) . If we
apply Lemma 2.2, we conclude the proof. □

3. The Catalan-Motzkin core
The aim of this final section is to offer Catalan-Motzkin core (or in short C̃− core) of a

complex valued sequence and to compute certain characterizations of the class of matrices
with C̃ − core (Tz) ⊆ K − core (z) and C̃ − core (Tz) ⊆ sc − core (z) for all bounded
sequences z.

The concept of Knopp Core Theorem [14, p. 138] clarifies that K − core (Tz) ⊆ K −
core (z) for a positive matrix T ∈ (c, c)reg and all real valued sequences z. The reader can
refer to the monograph [5] which contains the chapter entitled Core of a Sequence, and
the recent papers [2, 3, 6] of this research area.

The C̃ − core of z is defined by
C̃ − core (z) = ∩∞

n=1Hn,

where Hn denotes the least closed convex hull containing
(
C̃z
)

n
,
(
C̃z
)

n+1
, .... The fol-

lowing relation between C̃− core of z and K− core of the sequence
(
C̃z
)

n
is valid for any

p ∈ C
C̃ − core (z) = ∩p∈CVz (p) , (for z ∈ ℓ∞),
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where
Vz (p) =

{
w ∈ C : |w − p| ≤ lim sup

n

∣∣∣(C̃z)
n

− p
∣∣∣} .

Consider the following matrix T̃ =
(
t̃nk

)
via T = (tnk) by

t̃nk = 1
Cn+1

n∑
k=0

(
n

k

)
Mktnk, for all n, k ∈ N.

By c0
(
C̃
)

and c
(
C̃
)
, we denote all sequences whose C̃−transforms are in the spaces c0

and c, respectively. We need some lemmas so as to reach the proofs of the conclusions.

Lemma 3.1. T = (tnk) ∈
(
ℓ∞, c

(
C̃
))

iff∥∥∥T̃∥∥∥ = sup
n

∑
k

∣∣t̃nk

∣∣ < ∞, (3.1)

lim
n
t̃nk = τk, for each k ∈ N (3.2)

and
lim

n

∑
k

∣∣t̃nk − τk

∣∣ = 0. (3.3)

Lemma 3.2. T = (tnk) ∈
(
c, c

(
C̃
))

reg
iff (3.1) is satisfied and (3.2) is also satisfied with

τk = 0 for all k ∈ N and the following limit is valid:
lim

n

∑
k
t̃nk = 1. (3.4)

Lemma 3.3. T = (tnk) ∈
(
sc ∩ ℓ∞, c

(
C̃
))

reg
if and only if T ∈

(
c, c

(
C̃
))

reg
and

lim
n

∑
k∈E, δ(E)=0

∣∣t̃nk

∣∣ = 0. (3.5)

Proof. From the fact c ⊂ sc ∩ ℓ∞, we have T ∈
(
c, c

(
C̃
))

reg
. Given any z ∈ ℓ∞ and

E ⊂ N with δ (E) = 0, let us take the sequence z̃ = (z̃k) such that

z̃k =
{
zk, if k ∈ E;
0, if k /∈ E.

Observe that if z̃ ∈ sc0 then T z̃ ∈ c0
(
C̃
)
. Also, we conclude from the relation∑

k
t̃nkz̃k =

∑
k∈E

t̃nkzk,

that the matrix W = (Wnk) belongs to the class
(
ℓ∞, c

(
C̃
))
, where Wnk = t̃nk if k ∈ E

and Wnk = 0 if k /∈ E. So, using Lemma 3.1 yields (3.5).
Conversely, if z ∈ sc ∩ ℓ∞ and sc− lim z = χ, then, we have for any ε > 0,

δ (E) = δ ({k : |zk − χ| ≥ ε}) = 0.
Now, let ∑

k
t̃nkzk =

∑
k
t̃nk (zk − χ) + χ

∑
k
t̃nk. (3.6)

Then, in the light of the inequality∑
k
t̃nk (zk − χ) ≤ ∥z∥

∑
k∈E

∣∣t̃nk

∣∣+ ε
∥∥∥T̃∥∥∥ ,

passing the limit n → ∞ in (3.6), and using (3.4) and (3.5) give that
lim

n

∑
k
t̃nkzk = χ,
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from which we get T ∈
(
sc ∩ ℓ∞, c

(
C̃
))

reg
, as desired. So, the proof is complete. □

Lemma 3.4 ([44]). Let T = (tnk) be a matrix, satisfying that
∑
k

|tnk| < ∞ and limn tnk =

0. Then, there exists z ∈ ℓ∞ with ∥z∥ ≤ 1 such that

lim sup
n

∑
k
tnkzk = lim sup

n

∑
k

|tnk| .

Now, let us present some inclusion theorems.

Theorem 3.5. Assume that T ∈
(
c, c

(
C̃
))

reg
. For all z ∈ ℓ∞, the relation C̃−core (Tz) ⊆

K − core (z) holds iff
lim

n

∑
k

∣∣t̃nk

∣∣ = 1. (3.7)

Proof. Since the matrix satisfy the conditions of Lemma 3.4, there exists z ∈ ℓ∞ with
∥z∥ ≤ 1 such that{

l ∈ C : |l| ≤ lim sup
n

∑
k
t̃nkzk

}
=
{
l ∈ C : |l| ≤ lim sup

n

∑
k

∣∣t̃nk

∣∣} .
Also, since K − core (z) ⊂ T1 (0) , by{

l ∈ C : |l| ≤ lim sup
n

∑
k

∣∣t̃nk

∣∣} ⊆ T1 (0) = {l ∈ C : |l| ≤ 1} ,

which yields (3.7). On the contrary, for l ∈ K − core (Tz) , one arrives the inequality

|l − p| ≤ lim sup
n

∣∣∣C̃n (Tz) − p
∣∣∣

= lim sup
n

∣∣∣∣p−
∑
k
t̃nkzk

∣∣∣∣
≤ lim sup

n

∣∣∣∣∑
k
t̃nk (p− zk)

∣∣∣∣+ lim sup
n

|p|
∣∣∣∣1 −

∑
k
t̃nk

∣∣∣∣
= lim sup

n

∣∣∣∣∑
k
t̃nk (p− zk)

∣∣∣∣ , (for p ∈ C). (3.8)

Now, let lim supk |zk − p| = χ. Then, can write for any ε > 0 that |zk − p| ≤ χ + ε for
k ≥ k0. Hence, one finds that∣∣∣∣∑

k
t̃nk (p− zk)

∣∣∣∣ =
∣∣∣∣∣ ∑k<k0

t̃nk (p− zk) +
∑

k≥k0

t̃nk (p− zk)
∣∣∣∣∣

≤ sup
k

|p− zk|
∑

k<k0

∣∣t̃nk

∣∣+ (χ+ ε)
∑

k≥k0

∣∣t̃nk

∣∣
≤ sup

k
|p− zk|

∑
k<k0

∣∣t̃nk

∣∣+ (χ+ ε)
∑
k

∣∣t̃nk

∣∣ . (3.9)

If we gather (3.8) and (3.9), then, we have

|l − p| ≤ lim sup
n

∣∣∣∣∑
k
t̃nk (p− zk)

∣∣∣∣ ≤ χ+ ε,

from which we conclude that l ∈ K − core (z) . Thus, the proof is complete. □

Theorem 3.6. Assume that T ∈
(
sc ∩ ℓ∞, c

(
C̃
))

reg
. Then, C̃−core (Tz) ⊆ sc−core (z)

for all z ∈ ℓ∞ if and only if (3.7) holds.
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Proof. Since sc− core (z) ⊆ K− core (z) , it follows from our previous theorem that (3.7)
holds. Conversely, consider l ∈ C̃−core (Tz) . It is aware from [21] that δ ({k : |zk − p| > χ′ + ε}) =
0 if sc− lim sup |zk − p| = χ′. Thus,∣∣∣∣∑

k
t̃nk (p− zk)

∣∣∣∣
=
∣∣∣∣∣ ∑k∈E

t̃nk (p− zk) +
∑

k /∈E
t̃nk (p− zk)

∣∣∣∣∣
≤ sup

k
|p− zk|

∑
k∈E

∣∣t̃nk

∣∣+ (
χ′ + ε

) ∑
k /∈E

∣∣t̃nk

∣∣
≤ sup

k
|p− zk|

∑
k∈E

∣∣t̃nk

∣∣+ (
χ′ + ε

)∑
k

∣∣t̃nk

∣∣ .
Apply (3.5) and (3.7) to reach that

lim sup
n

∣∣∣∣∑
k
t̃nk (p− zk)

∣∣∣∣ ≤ χ′ + ε (3.10)

and thus gather (3.8) and (3.10) to get

|l − p| ≤ sc− lim sup
k

|zk − p| .

Consequently, we have l ∈ sc− core (z) , as desired. □
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