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ABSTRACT. In this note, we show that any epimorphism originating at a von
Neumann regular ring (not necessary commutative) is a universal localiza-
tion. As an application, we prove that the Telescope Conjecture holds for the
unbounded derived categories of von Neumann regular rings (not necessary
commutative).
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In this note, R is a ring with unit and D(R) denotes the unbounded derived cate-
gory of R. The Telescope Conjecture in triangulated category began from Bousfield
[2] and Ravenel [7] for the stable homotopy category in algebraic topology and it
has been formulated in a more general setting of compactly generated triangulated
category as follows (see [8]).

Telescope Conjecture for Triangulated Categories: Every smashing lo-
calizing subcategory of a compactly generated triangulated category is generated
by compact objects.

In 1992, Neeman [6] showed that the Telescope Conjecture holds for unbounded
derived category of commutative noetherian rings, essentially by classifying all the
localizing subcategories by prime ideals. Since then, the conjecture has drawn lots
of attention of many algebraists. In 2010, Krause et al. [5] showed the Telescope
Conjecture also holds for derived category of all hereditary rings via Ext-orthogonal
pairs. However, Keller [4] gave an example of a valuation domain where the con-
jecture does not hold in 1994. In order to get a more accurate conclusion, Bazzoni
and Sfovicek gave a simple discrimination for the commutative rings of weak global
dimension at most one in [1] recently. In that paper, for a commutative ring R
of weak global dimension at most one, the Telescope Conjecture holds for D(R) if

and only if there is no p € Spec(R) such that pR, is a non-zero idempotent ideal
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in R,. Consequently, the Telescope Conjecture holds for all commutative von Neu-
mann regular rings. In this note, we prove the Telescope Conjecture holds for all
von Neumann regular rings (commutative or non-commutative) by classifying their

epimorphisms. For unexplained conceptions, see [1].

1. The main result

Firstly, we recall two theorems from [1], which provide a direction to prove the

main result.

Theorem 1.1. ([1, Theorem 3.10]) Let R be an algebra of weak global dimension

at most one over a commutative ring k, then the assignment:
f—{X € D(R)|X ®% S =0}

is a bijection between

(1) equivalence classes of homological epimorphisms f : R — S originating at
R, and
(2) smashing localizing subcategories X C D(R).

Theorem 1.2. ([1, Theorem 4.5]) Let R be a right semihereditary ring, then the

assignment:
f—{X € D(R)|X &% S =0}
restricts to a bijection between

(1) equivalence classes of universal localizations f : R — S originating at R,
and

(2) compactly generated localizing subcategories X C D(R).

According to these two theorems, we have the following discrimination methods
for the Telescope Conjecture for unbounded derived categories of right semiheredi-

tary rings.

Corollary 1.3. Let R be a right semihereditary ring, the Telescope Conjecture
holds for D(R) if and only if every homological epimorphism from R is a universal

localization.

We characterize the epimorphisms originating at a von Neumann regular ring

(commutative or non-commutative).

Lemma 1.4. FEvery epimorphism originating at a von Neumann regular ring is

surjective.
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Proof. Let R be a von Neumann regular ring, f : R — S an epimorphism and

I =ker(f). Consider the following natural commutative diagram,

f

N

R/I.

R S

Then R/I is a von Neumann regular ring and A is an epimorphism. To show h is
an isomorphism, we just need to prove h is surjective. Let b € S, then b is in the
dominion of f. That is, there exist matrices X € M1xm(S5),Y € M,,xn(R) and
z € My, «(S) such that s = X f(Y)Z by [1, Theorem 5.11]. By adding zeros, we can
assume f(Y) is a k = max(m,n)-square matrix. Because My, (R) is also a von
Neumann regular ring, f(Y) = f(Y)Tf(Y) for some T € My xr(R). Consequently,
b=XfY)Z=[XfY)|T[f(Y)Z] € R/I and f is surjective. O

Proposition 1.5. Let R be a von Neumann reqular ring, every epimorphism orig-

inating at R is a universal localization.

Proof. Let f : R - R/I be an epimorphism. It is well known that I can be
written as a direct union of a family {Ix|A € A} of finitely generated ideals. We

obtain the following commutative diagram

0 S

0 I R R/Iy —> 0
{1
0 I -2~ RS- R/I 0

Since I is finitely generated and R is a von Neumann regular ring, 6, is a splitting
monomorphism by [3, Theorem 1.11]. Let Jy = R/I, such that I\ & Jx = R, o :
Jx = R a homomorphism such that syoy = Id;, and ¢y : R — I a homomorphism
such that 30, = Idr,. Let ¥ = {ox|\ € A}, we prove f is equivalent to the
universal localization R — Ry.

Firstly, we show that o) ®g R/I is an isomorphism for each A € A. Let 0 —
Jy — R — In — 0 be the split short exact sequence. We obtain that the short
exact sequence 0 = Jy ®r R/I - R®r R/I — I\ ®r R/I — 0 is split. Since R/I
is flat and I, C I, we get I, ®g R/I = I\R/I = 0. Consequently, oy ®g R/I is an
isomorphism.

Secondly, let g : R — S be any ring homomorphism such that o) ®g S is an
S-isomorphism for any oy € 3. We will show that g factors uniquely through
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o. Similar to the proof of the first part, we have I, ®g S = 0, thus g6(I) <

IS =1®rS =1limI, ®r S = 0. Consequently, there is a unique homomorphism
—

h: R/I — S such that the following diagram commutes,

S

/A
Al
0 I

o

0 I R R/T 0. m

As an application, we get the following main result.

Theorem 1.6. Let R be a von Neumann regular ring (commutative or non-commutative),
then the Telescope Conjecture holds for D(R).

Proof. By Proposition 1.5, every homological epimorphism is a universal localiza-

tion. Subsequently, the Telescope Conjecture holds for D(R) by Corollary 1.3. O
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