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Abstract

In this paper, we consider generalized product type operators D"uCy and T, AR (51}
we provide several characterizations, as equivalent statements, for the boundedness and

compactness of these operators between Bloch type spaces B, (U), for all 0 < o < 0.
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1. Introduction

Let U ={w € €: |w| < 1} be the open unit disc in the complex plane € and the
space of all analytic functions on U denoted by H(U). Let 0 < a < oo, as usual, the
weighted type space H°(U), is a Banach space of bounded functions h € H(U), such that
sup,cy(l — |2[2)?|h(2)] < oo. Also W2(U), denoted the space of all analytic functions
h € H(U), whose

1R )lo = sup(1 — 2% h ()],

ze
be finite. These spaces become Banach spaces, under the following norm.

n—1
Rl wy = D [RO0)] + [0 (2)]la < oo
=0

For more information about W7 spaces, we refere to [17,19]. For n = 1,2, space W2 (U) is
called the Bloch type space B, (U) and the Zygmund type space Z,(U), respectively. More
information about the Bloch type and Zygmund type spaces can be found in [18,19,25,26].

Let 8 = §(U) be the class of all holomorphic self-maps of U. Then for a nonnegative
integer n, map ¢ € § and u € H(U), the generalized product type operator D"uCy is
given by

(n)
D"uCyh(z) = (u(z) ~ho qS(z)) , zel.
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For n = 0, we get the well-known weighted composition operator u-ho ¢ ( see [11-13,21]).
For n = 1, we have the derivative of the weighted composition operator which has been
studied between Bloch type space, by Hyvarinen and Nieminen in [6]. If n =1 and u = 1,
then D"uCy = DCy. Liand Stevic’ in [9], characterized the boundedness and compactness
of operator DCy between Bloch type spaces in term of the growth of the first and second
derivatives of ¢. Also In [23] Wu and Wulan investigated the compactness of operator
DCy between classical Bloch space B.

Operator uCyD™ which defines as uCyD"h(z) = u(2)h(™¢(z) is another generalization
for weighted composition operator. Recently there has been great interest in studing this
operator, see for example [10,19].

In this paper we also consider the following sum of operators, as the generalized Stevié-
Sharma operator

(n-1)
T wpoh i = D" 'y Cy(h) + usCy D" (h) = (ul ‘ho ¢) T ugh™ o ¢, (1.1)

when n = 1, then we have the well-known stevi¢-Sharma operator T, ., 4, We refere to
[14,20,24], for more information about the stevié-Sharma operators on spaces of analytic
functions.

The main concern of the present paper is to discuss the boundedness and compactness of
the generalized operator D"uCy between Bloch type space B, (U). We break this problem
to three different cases 0 < a < 1, @« = 1 and « > 1 and obtain several characterizations
in terms of the powers of ¢(™ and integral operators. We also investigate the boundedness
and compactness of the generalized operator T}, ¢ between Bloch type spaces.

For n, k € Ny, with condition k£ < n, the partial Bell polynomials are triangular

:Z n! 21 j1(@)j2.( Tn—k+1 )jnkarl

Bi(Ty, .y Ty — .
n (@1 n-kt1) g1lgoledn—gr! 117 2! (n—Fk+1)!

where the sum is taken over all sequences ji, jo, ..., jn—r+1 Of nonnegative integers such
that the following two conditions hold: j1 + jo + ... + ju—k+1 = k, and j1 +2j2 + ... + (n —
k+1)jp—k+1 = n. Also from the definition, we see that, for example

Boo(z1) =1, Bii(z1) =1
Bio(r1,22) =0, Bun(r1) = o7 (1.2)
Bn,0($17$2>"'7mn+1) :07 Bn,l(l'l,...,l'n) = Tn-

For more information about the Bell polynomials, see the standard references [3,8,16]. In
[17], Stevié applied the Bell polynomials for representing the n’th derivative of a compo-
sition operator on analytic function spaces, as follows

(ho¢)™(2) = h'(6(2))6™ (2) + Z h*) (¢ k(@ @TEID) (2) 4 RO (0(2)) (¢ (2)™
(1.3)

Later, in [19],by assuming that
Sh0 =Y (’Z) UV () B (), 0" (), . 60V (2)), (1)
I=1i

the n’th derivative of a weighted composition operator, by using (1.3), has been obtained
by Stevié¢ as follows:
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Lemma 1.1 ([19]). Let f,u € H(U) and ¢ € 8. Then for any n € Ny,
D(uCo(h(:)) = 3 ZZ (7)u<“—”<z>3l,z-<¢’<z>, ~g0D(2))

= Zsﬁf,i('d - Z +(CsD'N(z)). (1.5)
=0

After that, so many authors have used different forms of formula (1.3) and lemma 1.1,
in their studies. For example, Zhi-Jie Jiang in [7], by using lemma 1.1, characterized the
boundedness and compactness of product type operator D"CyM,, on Nevanlinna spaces.
In [1], lemma 1.1, has been used to characterize the boundedness and compactness of
operator uCy on weighted type spaces of analytic functions. We also use lemma 1.1, to
get our results.

Throughout this paper, if there exists a positive constant C' such that A < CB, then
we write A < B. Also the symbol A ~ B means that A < B < A.

2. Boundedness

In this section, we characterize the boundedness of operator D"uCy from Bloch type
space B, (U) into Bg(U). To this end, we consider the cases 0 < o < 1, a =1 and o > 1,
separately. We also investigate the boundedness of operator T} $° : Bo = Bg.

For our purpose, we need some lemmas as follows.

Lemma 2.1. Let a > 0 and h € B,(U). Then we have the following conditions:
(a) [h(2)| S lIhllB, ), for 0 <a <1 and 2z €U.

(b) 1A(2)] S “(’;”%lgug, fora =1 and z € U.
(c) |h(z)| S WWIHB W), fora>1and z € U.
(

d) |n™ (2 )\Sw%,forneN,a>0andzeU.

Proof. We refer the proof of parts (a), (¢) to Lemma 2.1 [22] and part (d) to [26]. Proof
of part (b), can also be found in the details of proof of proposition 2.1[1]. O

Lemma 2.2 ([25]). Let a > 1 then the space B, can be identified with the space of analytic
functions h with

sup(1 — ]2\2)0‘*1%(2)\ < oo.
zelU

In the sequel we deal with the two following integral operators for f € H(U) and z € U,

2) :/Ozh/(w)u(w)dw, and  Jyh(z / h(w

Next theorem, gives us a characterization for boundedness of operator DuCy between
Bloch type spaces, in term of the integral operators.

Theorem 2.3 ([6]). Letu e H(U), p €8, a>1and0 < 3 < oco. Then DuCy : By — By
s bounded if and only if

Hy g 7= 5upn® | Lugy (6"}, < oo,

Li: —S‘;P;”“ L (6") 4 gy (6" 1, < oo,
n

I, = sup nO | Ty (6" 1), < oc. (2.1)

Now we consider the case 0 < a < 1, and provide some characterizations for the
boundedness of generalized operator D"ucg from B, (U) into Bs(U).
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Theorem 2.4. Letn e N, 0 <a <1, >0, uc H(U) and ¢ € 8. Then the following
conditions are equivalent:

(a) Operator D"uCy : Bo(U) — Bg(U) is bounded.

(b) u e WZH and

1— 8|S
supzetu(( —’Z!‘d)z l’ )::C: 1)‘ < 00, for ie{l,..,n+1}

(c) ue Wg“ and operator D(S} 1 ;.Cg) : Bati(U) = Bpya(U) for anyi € {1,...,n+
1}, is bounded.
(d) u e \/\7"Jrl and for any i € {1,...,n + 1}, the quantities of ngzl e L'B+21 6 and
I,3+2
n+l 77
Proof. (a)==(b). If D"uCy : B, — Bg be bounded, then by putting Go(z) = 1 and
using (1.2), (1.4) and lemma (1.1), we obtain

(41 (2)] = sup(1 — [2%)7[81141 0 (2)] = sup(1 — |2*)? D" uCy G|
zeU zeU

» are finite, as they have been defined in (2.1).

sup(l — 12"’ |u
z€U

= Sug(l — [2)71(D"uCyGo)'| = | D"uCyGolls, < o0
zE€
Therefore, u € Wg“. Also by the details of the above relations,

ilelp( —121%)°18 nt1,0(2)] < oo (2.2)

In a similar way, for Gi(z) = z, we get that

Slelg(l = [22)%16(2) S 41,0(2) + Siy1.(2)] 2 [ D" uCyGhlls, < oo (2.3)

also, by an application the triangle inequality, we obtain

1S1,1 (2] < 1S541,1(2) + 0(2)Shp1,0(2)] + [€(2)S511.0(2)]- (2.4)

But we assumed that ¢ € 8, then |¢(z)| < 1 for any z € U. Therefore relations (2.2), (2.3)
and (2.4) give us

Sup(l — 27|85 11(2)] < Slelg(l — [2)21S311.1(2) + 6(2) S 11,0(2)] (2.5)

+Sup(1 — 217 1(2)]1S311.0(2)] < o0 (2.6)

Now, if we assume that sup, (1 — |2[2)%|S¥ ni1:(2)] < oo, for 1 <i < n+ 1. By applying
D"uCy to functions G; = 2J, we have that
n+1

sup(1 — [2[*)?|(¢ (2) S} 11 0(2 +Z (=i 1)(0(2) 8 4(2))]

zelU
= |]D"uC¢Gj|93ﬂ < 0.

So by the triangle inequality, we get that sup,cy(1— |z[2)5\5’ﬁ+17n+1(z)\ < 0o. In this way,
we have shown that for ¢ = 1,2,...,n + 1,

sup(1 — |2[%)7] S} 41,:(2)] < oo,
zeU

Therefore, for any arbitrary a € U and i € {1,...,n + 1},

(1~ [, (o) )
|¢(Sa1)l|p§% (1 — |(a)2)iteT = |¢(Sa‘)1|f;l(1 la*)?|S ni1i(a)] < oo. (2.7)

2
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Now, for a fix 0 # a € U and m € {1,2,...,n + 2}, define the analytic functions

(L —fa[*)™
HY (7)= ——_14 )
m,a( ) (1 . aZ:)erozfl
we see that H', ) (2) = (m +a — 1)é(a )H%‘;l(a)(z). So Hp 4, € B, (U), for each
m € {1,...,n + 2}. Then similar to the proof of Theoreml [27], we can consider analytic
functions K, 4(a) € Ba(U), such that

(2.8)

nl CHHE o (2)
Km,d)(a)(z) = Z o)

(2.9)

j=1 G+ a—-1+p)
for m € {0,...,n+ 1}. Therefore,
gy .
Kx)‘ﬁ(a) (¢(a)) = ((1—‘¢(a)‘2)t+o¢717 t=m
| 0, t #m.

Then the boundedness of D"uCy on B, (U), implies that sup,cp, || D"uCyHS, (a) 3, < oo.
Hence, if ¢(a) # 0, by applying (1.4) and lemmal.1, we get

— lal?)8 m
PO i, g, ol

<Z

where ¢’ are independent of the choice of a. Therefore, for i € {1,....,n + 1},

j
(PPt
@1 (1—[8(a )[)ire-t

8

So (2.7) and (2.10), imply that sup,cy (1(1‘ ||¢22)‘|S{)‘#;(1)‘ < oo, forie{l,...,n+1}.

(b)== (a). Suppose that h € B,, by using lemma 1.1 and relation (1.4), we obtain
n+1

(1= 122D uCs f) ()] = (1 = |2) \Zf’) ))Sp41,i(2)]

!CZ\

sup D"uCyH B < 00,

(2.10)

But Boo(¢'(2)) = 1 and for p € N, Bp70(¢/(2),...¢(p+1 (2)) = 0, therefore, Sy 4 o(2) =
u(™*t1)(z). Then applying lemma2.1, gives us

n+1

(1= 22 |(D"uCy ) (2)] < (1= [22) (1£(&(2))[ul™ D (2)] + Z FO@DNIS s 14(2)])
il (1 o >ﬂ| e
< Wl by + Wl 3~ grmyieact - (21D
Also for each j € {1,...,n+ 1}, we have
(DIuCyh)(0)] = | f © $(0)][u) r+|2f O (4 (0)]
J
= Wi O+ 11, 3 50 (2.12)

Therefore (2.11) and (2.12) along with the assumptions in part
ness of operator D"uCy from Bloch type space B, into Bg.

Ji
7 (1= [p(0)P)r+et
(b

), give us the bounded-
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(b)<= (c). According to lemma 2.2, we get that spaces Bgi; and HF are norm-
equivalent. Also Dh € By, if and only if A € Bg41. So operator D(S};H,iC(i,) : Boti —
B2 is bounded if and only if operator S;,;,;Cy : Bati — HEF be bounded. On the
other hand, the space B, can be identified by HZ%, ;. Hence we get the boundedness
of operator Sy ,Cy : Ho7y, ¢ — HF and it is straightforward to see that it happens, if

. (121?152, ;(2)]
and only if sup, (1—|¢(z)|2);i’i*1 < 00.

(c)<=(d). It is clear, by applying theorem 2.3. O

In the two next theorems, we consider the cases @ = 1 and « > 1. Proofs are similar to
theorem (2.4), so we skip the details.

Theorem 2.5. Letn € N, a =1, 8 > 0, u € H(U) and ¢ € 8. Then the following
conditions are equivalent:

(a) Operator D"uCy : B(U) — Bg(U) is bounded.

(b) For eachic{l,..,n+ 1},

_14]2)8 (n+1) 1—1212)2|8% . .
I IO e i P
v (L=1e(2))?) zeu (1—[o(2)]?)*e
(c) Foranyi€ {1,...,n+1}, operator D(Sy 1 ;.Cp) : B14i(U) = Bgi2(U) is bounded,

also

— 12]2)8 (n+1)
aup (L= RV @]

v (1=16(2)P)

(d) Forie€ {1,....,n+ 1}, the quantities of Hg;flym, Lgﬁl,ﬂi’ and Ig;{fl,i’gs are finite.
Also

(1= [2[*)P[u(z) "]
sup < 00.
v (L=18(2)]?)
Theorem 2.6. Leta>1,0< < oo, u € H(U) and ¢ € 8. Then we have the following
equivalent conditions:

(a) Operator D"uCy : By — Bg is bounded.
(b) For each i€ {0,1,...,n + 1}, we have that

(1= [21)°1S81,4(2)]
sup NiraT
ze (1 —|o(z)[?)+e
(¢) Foranyi € {0,...,n+1}, operator D(Sy; .1 ;.Cs) : Bati(U) = Bgi2(U) ds bounded.
(d) For each i € {0,...,n + 1}, the quantities of Hggfw(ﬁ, ngfl,i»qﬁ and Ig§f1,¢v¢ are
finite.

Corollary 2.7. Let 0 < o, 0 < 8 < o0, ¢ € 8§ and u € H(U). Then the following
statements are equivalent:

(a) Operator uCyD" : By — By is bounded.

b) Operator DuCy : Baosyn — Bgyy is bounded.
o B+

(c) The quantities of AY, A%, AY are finite, when

b AT (1 )0 (R)0 ) +ud ()
M= e A2 =5 1= o))t ’

e (- [P u(2)e()
A = sup g Byate
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Proof. (a) <= (b). It is clear by applying f € B, (U) if and only if ™ € B, ,(U).
(b) <=(c). It is a result of theorem (2.6) in case n = 1. Since by putting n = 1 and
i =0,1,2 in definition of S, ;, we get that

2
Sto =3 (f)u@—”(zwl,o(w(z), ()

u"(2)Bo,o(¢'(2)) + 2u'(2) B1,o(¢'(2), 8" (2)) + u(2) B2,o(¢'(2), ¢"(2), 8" (2))
=u"(2) -1+ 2u(2) - 0+ u(z) - 0=1u"(2),

S51=> (?)u@”(z)Bl,lw’(z), -0t (2))

O

Example 2.8. Let a = =1, u(z) = z—2 and ¢(z) = %, for every z € U. Then ¢ € 8,
u € H(U), also we have that u/(z) = 1,¢/(z) = 1,u”(2) = 0 and ¢”(z) = 0. Now if we
consider the case n = 1 in corollary 2.7, simple calculations give us

(1-1[2[*) (1= [2[*)(= = 2)(1/4)

A} =0, AY=sup———-7<= =00, AY=sup — = 0

! 2 eu (1—|5P) = N R

Therefore, according to corollary 2.7, we can conclude that operators uCyD : B — B and
DuCy : By — By are not bounded .

By applying the definition of Bloch type and Zygmund type spaces and using theorem
2.5 in the case of n = 1, we get the following corollary.

Corollary 2.9. Let ¢ € § and u € H(U). Then the following statements are equivalent:

(a) Operator DuCy : B — B is bounded.

(b) Operator uCy : B — Z is bounded.

(c) Operator uCyD : Z +— Z is bounded.

(d) The quantities of L1, Lo, L3 are finite, when

P, (- P )
R T vy ) R s S G (5 3 R
0 EPRYREE) +u2)d ()
Ly :=sup T [6()P |

The equivalency between parts (b) and (d) of the above corollary, shows that in the
case n = 1, our results reduce to the ones obtained by Colona and Li in [2]. Also by
the equivalency between parts (¢) and (d) of the above consequence, we have the results
obtained by the authors in [5].

Theorem 2.10. Let 0 < o < 1, 0 < f < o0, ¢ € 8, u € H(U) and A}* < oo, for
i € {1,2,3}. Then the following statements are equivalent:

(a) Operator T} .. 4 Ba > Bg is bounded.
(1_‘Z|2)6+1|SZ.14_172'(Z)|

(b) uy € WL and for any i € {1,....,n + 1}, sup.cy TP e~ <

(c) u1 € WL and for any i € {1,...,n + 1}, the quantities of Hf:r;’, Lgﬁ’) and If;r(‘;’
are finite.
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Proof. (a)=(b). Let T} . = D" 'y Cy + uaCyD™ : B, +— BP be bounded. By

assuming that A;? < oo for ¢ € {1,2,3}, according to theorem (2.7), we have the bound-
edness of operator uoCy D" : B, — Bg. But

ID" 'urCyllm, = 1D Tuy, uz, pD™||m, + |u2Cy D" ||,

so we get the boundedness of D"*1u10¢ : Bo — Bg which is equivalent to boundedness
of oprator D"u1Cy : By — Bgyi1. Therefore, theorem (2.4), give us the desired result.

(b)=(a). If we suppose (b), then according to theorem (2.4), we have the boundedness
of D"u1Cy : B, — Bpy1 . Hence operator D”*1u10¢ : By + Bg is bounded. Since
we also assume that AY? for ¢ € {1,2,3} are finite, then by theorem (2.7), we have the
boundedness of uaCy D" : B, — Bg. Therefore by the triangle inequality we get that
T?Z,Uz@ = D”_1u10¢ +u2Cy D™ is bounded form B, into BB

(b)<=(c). It is clear, by theorem (2.4). O

The above theorem, can be obtained in the cases of @ = 1 and « > 1, with similar
proofs.

3. Compactness

In this section, we obtain some estimates for compactness of the generalized product-
type operator D"uCy, from the Bloch type space B,, into the Bloch type space Bg. Again
we consider the cases 0 < a < 1, = 1 and « > 1 separately. As an application, we
investigate the compactness of generalized operator T <1> between Bloch-type spaces.
Recall that the essential norm || P|. of a bounded operator P between Banach spaces X
and Y is defined as the distance from P to the compact operators, that is

|P|le =inf{||P — k|| : kis compact}.

Notice that ||P||e = 0 if and only if P is compact. Similar to the proof of proposition 3.11
[4], we get the following characterization for the compactness of a bounded linear operator
between Bloch type spaces.

Lemma 3.1. Suppose that 0 < o, < oo and P be a bounded linear operator from B,
into Bg. Then P is compact if and only if for any bounded sequence {h,}§° in By, which
convergences to 0 uniformly on any compact subset of U, we have that || P(hy)|s, — 0 as
n — oo.

Next lemma form [13], gives us a characterization for compactness of a weighted com-
position operator uCy between weighted type spaces.

Lemma 3.2. Let 1 < a, f > 0, u € H(U) and ¢ € 8. Then the bounded weighted
composition operator uCy : He% ;1 — HEF is compact if and only if

o (1= =) ()
T T g (1= [g(2) 2o

Theorem 3.3 ([6]). Let 1 <o, B> 0, u € H(U) and ¢ € 8. Then DuCy : By — Bg is

compact if and only if the quantities of Eg’f = Fg’f = Og’g =0, when
1 e

”qu) =0.

Eaﬁ = a+1 li o I, n
U 3(3a+4)20‘(2(a—|—1)) im sup n [ Lug (6" |35,
1 e
FCWB = V1 a+1 I/ n J , n—1
U, (9a2+24a+14)2a+1(2a) l?gris;pn |1, (") +n ud (¢ )HB;%
1 e 1 B -
00675 = (e l a—1 J/ n—1 ] 31
wo = S 13023 Ba—2)  Hmswnt (¢, (3.1)
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In the following theorem, we give equivalent characterizations for compactness of oper-
ator D"uCy between Bloch type spaces, in the case of 0 < o < 1.

Theorem 3.4. Suppose thatn € N, 0 < a <1, >0, u € H(U), ¢ € § and D"uCy :
By — Bg be bounded. Then the following statements are equivalent:

(a) Operator D"uCy : B, — Bg is compact.
(b) Forie{1,..,n+1},

= 0.

Jim sup (1= 238188, :(2)]
lb(x) =1 (1= [p(2)[2)ite1

(c) Operator D(S},, 1 ;.Cy) : Biva = Bpgya, for any i € {1,...,n + 1} is compact.

(d) Eaﬂlﬁdﬁi = Fgfl’ﬁjj = OO‘H’lB:; =0, as they have been defined in (3.1).
n+ ’ n+ ’ 77'+

Proof. (a)<=-(b). We will show that

1-— |z
[D"uC|leBo—ms = max {limsup( 2P n1(2)]

|5
. 3.2
i€{1, 1} |g(2)| =1 (1_ |¢( )| )z+a 1 } ( )

But it is enough to prove(3.2) just in the case sup,cy [¢(2)| = 1. So we assume that {a;}
be a sequence in U, such that $|¢(a;)| — 1 as j — co. Since we have defined Kn,g(a;) In
(2.9), such that they are bounded and converges to zero uniformly on compact subsets of
U, if j — oo. Then by applying lemma (3.1), for any compact operator E : B, — Bg, we
get lim; o0 ”EKm,¢>(aj)H%5 = 0. Hence, for each i € {0,1,...,n + 1}, we obtain

[D"uCy — El|p, 3, = hm sup [(D"uCy — E) (K g(a;)) |55
> hHLSUp (||Dnuc¢( m,é(a;) )HB,B HE(Km,gi)(aj))”'Bﬁ)
j—o0
s (L7 Y160 15140
T oo (1= [¢p(aj) )P~

(A [2P)PS, ya(ay)]
1
= S T e E) e

Which follows that, for each i € {1,...,n + 1}

(3.3)

(1= [2*)°1Sh 1.4 (2)
D"uClp|le.3., = inf | D"uCy — E||s,, >  max lim sup : .
17 uColleama = ID"Co = Blmamsny =m0 T Jo@pyret
(3.4)

On the other hand, if we consider operator E; for ¢t € [0, 1), such that E;h(z) = h(tz) =
hi(z), for h € B,. Then, FE; is a compact operator on B¢, with [|E[|s, 5, < 1(see
[11]). Also hy — h uniformly on compact subsets of U as ¢t — 1. Now suppose a sequence
{t;} € (0,1), such that t; — 1 as j — oo. Then operator D"uCyE;, : By +— Bp is
compact. Hence,

[D"uCylle,,—3, = limsup [[D"uCy(I — Et;)||5,—5,- (3.5)
j—o0
Now if we show that, for ¢ € {1,...,n + 1},

(3.6)

11msup\|D"uC¢(I Et])”%_)% < lim sup (11218 +—i1(1)|
gm0 6(x)—1 (1= o(z)]2)+e
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Then we get our desired result. But for h € B,, when ||h|s, < 1, we have

n t n+1
= ZO | Z_O<h = )™ (9(0))S¢ (0)] + sup(1 - 12[2)7] Z_O<h — h,)™($(2))SY 1 (2)]
<3S (= )PSO S (L YA b )G SEo(2)
t=0 m=0 + e
+ sup (1= 227 (h — hey)(6(2))S%4.0(2)]
|p(2)|>rN
A3
n+1
+osup (1= [2DP) S0 (B — hey) ™ (6(2))S 4y n(2)]
|p(2)|<rNn m=1
Ay
204 n+1 ( )
+|¢(§;}gm<1—\zl ) rmz:lw—m» (6(2)) St 1 m(2)], .
As

where t; > % for j > K and K € N. But for every z € U and each h € B, (U),

E

1 1
h(z) = h(ty2)| = | [ o o] < [ B )1 = v du
2

1
< ||h / ——————dw. 3.8
= H HBa ” (1 _ w2|Z|2)a ( )

Then, we can see that sup|, <, [h(2) — h(t;z)| < HhHBa(l;#)a(l —t;j). Therefore, when
J = 00,

”
Az < ullygrer sup [f(2) = f(t;2)] < [lullygna ﬁ(l —tj) — 0. (3.9)

|2|<rn

For As, in the case that 0 < o < 1, we have

/1 I € S 71 1) il € Sl 1) S €2 I
¢, (1 —wl|z]) 1—« - l-a

i
and relation (3.7), gives us

(1—t)™

T — 0, asj— oo. (3.10)

Az < |ullygn+

Also for m € N, the sequence (h — h(tj))(m) — 0, uniformly on compact subsets of U, as
j — 00. So we get that

limsup A; = limsup 44 = 0. (3.11)

Jj—00 Jj—00
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On the other hand,
n+1
As < Z sup (1 — \Z|2)B|h(m)(¢(2))||Sz+1,m(z)|

T S1le() >y

M
n+1
+ > sup (1= [z R (456(2)) 1S (2)] -
m=18(2)|>rn

Ny
But, for m € {1,...,n + 1}, applying relation (2.10) and lemma 2.1 yields
L [6(2) )™ "1k 1
P ) o i L OV | L O AP
16(2)[>r |p(2)] (1—1é(2)?)
1— |2]?)P|Sy
s>y (1= 1[6(2)[%)
So by taking the limit, when N — oo in the last inequality, we obtain

(L= 27185 1,m(2)]

lim sup M, < lim sup o (3.12)
j—o0 o)1 (1= lo(z))™
In a similar way, we get
(L= 12)1Sh 1 m(2)]
lim sup N, < lim sup —— (3.13)
oo o) =1 (1= p(z)[2)mtet
Therefore, relations (3.9), (3.10), (3.11), (3.12) and (3.13), imply that
1—[z[*)%| 5
lim sup | D"uCy(I — Ey )z, < timsup ) Snim(2)] (3.14)

o0 T ez)—1 (1—]g(z)[2)mtemt
Hence (3.4), (3.5) and (3.14), give us

(1 =[Sk 14(2)]
D"uCylles, -8, & max _limsup — .
| leipaszs i€{l, 1} g(z) -1 (1= |@(2)[2)ira!
Now the fact that, ||D"uC¢H673a_>BB = 0 if and only if D"uCy : B, — Bg be compact,
gives us the desired result.
(b)=(c). Suppose that for any i € {1,...,n+ 1},
o =PI (2)]
p(z)=1 (1= |p(z)[2)x+i!
Then according to lemma 3.2, we get that operator Sy, ,Cy: H3G, 1 — HZ® is compact

for any i € {1,...,n +1}. But a 4+ > 0, and the spaces B,; and H%, ; are norm-
equivalent, hence

=0.

HS;LLJFL?;C‘bHGVBa-&-i_’BBH ~ ”SZ+1JC¢5H6¥HZOM—1_’}EEO =0,

then we get the compactness of operator S; ., ,Cs @ Bayi — Bpi1. On the other
hand, it is easy to see that operator Sy, ,Cs : Bati — Bpy1 is compact if and only
if DSy 1,0y Bayi > Bpio is compact. So we obtain the desired result.

(c)=(b) Let DS}, ;Cy : Bati — Bpgy2 be compact, then we easily get that Sy, ,Cy :
Ba+i v Bprris compact and so [|Sp 1 ;Cslles oy -8, = 0. But 1S5, ,Colle,rimBy,, =
||Sg+17ic¢||e7j{20+i71*>}(20. Therefore, operator S;, . ;Co + HZ%,; 4 + HF is compact and
lemma 3.2 completes the proof.

(c)<=(d). It is clear by applying theorem 3.3 O
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If we consider the case @ = 1, by applying lemma 2.1 for any f € B,, |h(¢(z))] <

%. Then by defining A3 as in the proof of theorem 3.4, we get that

Az=sup (1= [2[)|(h = he,)(é(2))Sps1,0(2)]

[¢(2)|>rN
< sup (1= 2P)P[(A(s(2)u™ D (2)[ +  sup (1= [2*)|(h(t;d(2))u" V) (2)]
[(2)|>rN |6(2)|>r N

sl G bl u ) (2)
S0t S s s T O o Rl s e o)

9(2)[>rN l¢(2)[>rn

In the last inequality let N — oo, then we have

1 — [2]2)B]y(n+D)
lim sup Az < limsup( [2[°)" |u ; (2)]
j—voo sl (L= [0(2)]?)

(3.15)

Therefore, by applying theorem 2.5 and lemma 3.1, in the same way as in the proof of
theorem 3.4 we can prove the following theorem, just use (3.15) instead of (3.10).

Theorem 3.5. Suppose thatn € N, a =1, >0, u € H(U), ¢ € § and D"uCy : By —
Bg be bounded. Then the following statements are equivalent:
(a) Operator D"uC’¢ : Bo > Bg is compact.
(b) For anyic€ {1,..,n+ 1},
(1—[2»)” \ n1i(2)] (1= [[)P[u"+D(2)]
lim sup =0, and limsup
6(x)|—»1 (1= |p(z)2)iret l6(2)| =1 (1—19(2)?)

(c) Foranyi € {1,....,n+ 1}, operator D(S;,,1;.Cy) : Bira = Bpia is compact and
: (1~ [2[)P[u+D ()]
lim sup =
-1 1= 10(2))?)

(d) Eg“ B2 FC“J”’BJr2 Og:jf:; = 0( as they have been defined in (3.1)), and

mr1e® T Shi1e®
: (1 = [2[)P D ()|
lim sup
o) -1 (1—=[6(2)%)

In the case of a > 1, by applying part (c) of lemma 2.1 and using theorem 2.6 and
lemma 3.1, similar to the proof of theorems 3.4 and 3.5, we obtain the following result.

=0.

=0.

Theorem 3.6. Suppose thatn € N, a > 1, >0, u € H(U), ¢ € 8 and D"uCy : B,
Bg be bounded. Then the following statements are equivalent:

(a) Operator D"uCy : By — Bg is compact.
(A—=1)?1Sh 11,4 (2)]
(b) For any i€ {0,1,....,n+ 1}, imsup|g.) 1 =EOk );:—la — = 0.
)
) E

(c) Operator D(Sy .4 ;. C’¢) Bita = Bpia, for any i € {0,1,...,n+ 1} is compact.

B2 _ portift2 _ gatift2 _ g (46 they have been defined in (3.1)), and
su o= Far s Sty o (as they have been defined in (3.1)), an

(d

— 14]2)B g (nt1)
i sup (L= D (2)

l6(2)| =1 (1—le(2)?)

The next consequence, can be obtained by using corollary 2.7 and theorem 3.6

=0.

Corollary 3.7. Let 0 < o, 0 < B < 00, ¢ € 8, u € H(U) and uCyD™ : B, — Bg is
bounded. Then the following statements are equivalent:

(a) Operator uCyD"™ : B, — Bg is compact.

(b) Operator DuCy : Boyn — Bpy1 is compact.



1390 S. Nasresfahani, E. Abbasi

W (A-[s)" () _
(C) Al = lim sup|¢(z)|—>1 (1— |¢(QZ)AQ)1a+n 0
R (11227 2/ ()0 () s () _
A$ = limsupjg(z)| 1 AT =0

~ . —12]2)8+1y, 12,
A = timsuppy oy U =

_1
Example 3.8. Let « = =1, u(z) =1 — z, and ¢(z) = i—g, for every z € U. Then
2

¢ € 8,u € H(U) and also v/(z) = —1,¢'(2) = ﬁ,u"(z) =0and ¢"(2) = ﬁ, for
2 2

every z € U. Next, consider the case n = 1 in corollary 3.7. Then by simple calculations,

we get that

- 14122

Al =0, A“ = lim sup (1 2% =0,
[#(2) )2(1 — %)3

Agzlimsup 9(1_"2‘1) (1_2) =0

[6(2)1=1 16(1 — | =2

2)3(1 — 2)4

Hence, according to corollary 2.7 and corollary 3.7, operators uCyD : B — B and DuCj :
Bs +— By are bounded and also compact.

As a corollary of theorem 3.5 and by applying corollary 2.9, the next result is obtained
which is similar to theorem 6 in [2].

Corollary 3.9. Let ¢ € 8, u € H(U) and DuCy : B — B is bounded. Then the following
statements are equivalent:
(a) Operator DuCy : B — B is compact.
(b) Operator uCy : B — Z is compact.
(c) Operator uCyD : Z +— Z is compact.
)

. —|z 2 u// 2 . —|z 2 ulz / 2z 2

() limsupyg(ey 1 UGl =0, limsupy RS =0,
- (A=) 2w ()6 (2) +u(2)8" ()] _
thUP|¢(z)|—>1 lf‘d)(z)lg 21— 0.

The following lemma, which gives a characterization for compactness of the weighted
composition operator between Bloch type spaces, will help us to get our next result.

Lemma 3.10 ([15]). Let1 < a, 8 >0, u € H(U), ¢ € 8 and suppose that uCy : By — By
is bounded. Then uCy maps B, compactly into Bg , if and only if the following conditions
hold

: 1 — |w]?)? : (1 —Jw?)?

lim  |u/(w ( =0, lim |Ju(w)|——"—"5"—
e T g R = O i MO a1 =
Theorem 3.11. Suppose that 0 < a <1, 0< <00, ¢ €8, ur,ug € H(U) and also

. —|22)8 . 212)8
12y o1 [ (2) i = 1oy o1 [u2(2) | o) [#/(2)] = 0. Then the

following statements are equivalent:

(a) Operator T}, ., 4 Ba > Bg is compact.
(b) For any i € {1 sn+1},

= PP ()
B (= [Pt

(c) ECH'Z ’8+:;’ Fgﬂ’ﬁf Oa+z’6+§’) 0, as they have been defined in (3.1).
n+1 &7 nt1,¢ n+1 &’

Proof. (a)=(b). Let T}, ,: Ba — Bg be compact, then || . lle .5, = 0. Also,
operator ugsCy D" : B, + Bg is compact if and only if uaCy : Boypn = Bg is compact.
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But we have supposed that

: 1—[2[*)” : (1— 27
lim |ubh(z ( = lim J|us(2)|—-—7—
o T TR = it I E e
and lemma 3.10, gives us the compactness of operator usCy : Boypn + Bg. So uaCy D™ :
B, + Bg is compact. Then by the triangle inequality we get that

|#'(2)] =0,

D" uiCplleamss = T iz illeBamsss + [02C D" |3, 3, = 0.

Therefore D”_1u10¢ : Bo — Bp is compact. Then we get the compactness of D"u1Cy :
By — Bpyi1. Now using theorem 3.4, gives us the statement in part (b).
(121284 L (2)]

(b)==(a). Let limg.y 1 T emiract— = 0, fori € {1,...,n + 1}, then by theorem
3.4, we have the compactness of operator D"u1Cy : B, +— Bgyi. Therefore, operator
D"_1u10¢ : By = Bp is compact. We also assumed that
1— 2%’ : CEER

ub(z ( =0, lim |us(z

T gpeT =0 B e T e
So by lemma 3.10, we have the compactness of operator usCy : Boipn — Bg. Hence similar
to the proof of part (a) to (b), uaCy D™ : B, — B is compact. Then the triangle inequality
together with lemma 3.1, imply the compactness of T}/, 6= D”_1u10¢ + u2Cy D™ form
B, into Bg.

(b)<=> (c). It is clear by applying theorem 3.4. O

|#'(2)] = 0.

lim
|p(2)|—1
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