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ABSTRACT. Frank matrix is one of the popular test matrices for eigenvalue
routines because it has well-conditioned and poorly conditioned eigenvalues.
In this paper, we investigate the bounds for the maximum eigenvalues of the
special cases of the generalized Frank matrices which are called Fibonacci-
Frank and Lucas-Frank matrices. Then, we obtain the Euclidean norms and
the upper bounds for the spectral norms of these matrices.

1. INTRODUCTION

The Fibonacci and Lucas number sequences which are the most famous integer
sequences, are defined by the recurrence relations (n > 1) [§]

Jnt1=Jfo+ o1 with fo=0,f1=1 (1)
and
ln+1 = ln + ln,1 with lo = 2, ll =1. (2)
The Binet formulas for the Fibonacci and Lucas number sequences are
a™ — g" n
fn:ﬁ and I, =a" + 8", (3)
1 1-—
respectively, where o = +T\/5 and g = T\/g [8]. Also, there are some summa-

tion formulas for these number sequences, for example [8}[22]
n n
Zfi:fn-i-Q_l’ Zfz?:fnfn-i-l (4)
i=1 i=1
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and N n
Z ll = ln+2 — 3, Z ZZQ = lnln+1 —2. (5)
i=1 i=1

Matrix theory plays an important role in mathematics, engineering and many other
sciences because the matrices are very useful tool to solve multidimensional equation
systems. A matrix may be assigned numerical items in various ways, for example
the determinant, trace, eigenvalues, singular values, spectral radius, matrix norm,
etc. Norms for matrices are used to measure the “sizes” of the matrices, have an
importance in the matrix theory. Due to the various applications of the Fibonacci
and Lucas number sequences, there have been many studies on the norms of the
special matrices with entries of the Fibonacci and Lucas numbers [1L[2}/7}/15}|17H20].
The Euclidean (Frobenius) and spectral norm of an m X n matrix A are defined as

1
m n 2
_ 2 _ (AH
4le = | o | and Al = [ 0 (A7), @
=1 j=
respectively, where A is the conjugate transpose of the matrix A and \; (AH A) ’s

are the eigenvalues of A A [6]. The maximum row length norm r; (A) and the
maximum column length norm ¢; (A) of any matrix A are defined by

= max \/ﬁ and ¢ (A) = maX \/m (7)
i)

respectively [6]. Moreover, for any m x n matrices A = [a; = [b;;] and C = [¢;4],
if A= Bo(C, then
[All2 <71 (B)er (O, (8)
where B o C' is the Hadamard product of the matrices B and C, which is defined
by BoC = [bijci;] [6].
Frank (3| defined the matrix of order n

n n—1 0 0 ... 00
n—1 n—-1 n—-2 0 ... 00
n—2 n—2 n—-2 n-3 ... 00
2 2 2 2 o201
1 1 1 1.1 1]
which is called Frank matrix. The elements of the Frank matrix F,, = [g;;] are

characterized by the formula

n+1—max(i,j), ¢>j—2
9ij = ) (10)
0, orherwise.
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Hake [5] investigated the determinant, inverse, LU-decomposition and character-
istic polynomials of the matrix Fj,,. Because of its well conditioned and poorly
conditioned eigenvalues, the Frank matrix is one of the popular test matrices for
eigenvalue routines. As a consequence of Sturm’s Theorem, all eigenvalues of the
matrix F,, are real and positive [5]. Varah [23] gave a generalization of the Frank
matrix and computed its eigensystem. The generalized Frank matrix F},, is defined
as

Ap  Ap_1 0 0 0 0
Gp—1 Qap—-1 Gp—2 0 0 0
p—2 Qap—2 Gp—-2 (ap-3 0 0
Fan = ) (11)
a2 a2 az a2 az @
ai a1 ai ai ay ax
where a = (aj,a2,as,...,a,) is a finite sequence with any a; real numbers [12].

The elements of the generalized Frank matrix F, = [( fa) ij} are characterized by

an—i—l—max %,7) v > ] -2
(fa)ij = { (9

. (12)
0, otherwise.

It is clear that for a; = 4,(i = 1,2,...n) the generalized Frank matrix turns into
the well-known Frank matrix. The authors investigated some properties of the
matrix F, and presented that the set of all n x n generalized Frank matrices is an
n-dimensional vector space. They obtained the characteristic polynomials of the
matrix F, as

P, ()\) = ()\ — ay + an_l) P,_1 ()\) — Qp_1AP,_o ()\) R
with the initial conditions
Pr(A)=X—a; and Py(\) =X\ — (a1 +a2) A\ +ajas — a3,

The Sturm’s Theorem gives the exact number of zeros in an interval for any
polynomial without multiple zeros, is used for computing the eigenvalues of sym-
metric or tridiagonal matrices [44(01/16}211/24]. According to the Sturm’s Theorem, if
the sequence Py (z), Py (x),..., P, () has the Sturm sequence properties on (a, b)
and «a, 8 (a < ) are any numbers in (a,b), then P, (z) has exactly ¢(8) — ¢ ()
different zeros in the interval (a, 3), where ¢ (a)) denotes the number of changes in
sign of consecutive members of the sequence Py (), P (a), ..., P, () [4]. Mersin
and Bahsgi [11] showed that the characteristic polynomial of the generalized Frank
matrix Fy,, is the form of the Strum sequence for the positive and strictly increasing
(or negative and strictly decreasing) sequence {a,,}. They obtained all eigenvalues
of the matrix F,_ are different and positive, also the eigenvalues of the matrices
F,, and F,, , are interlaced for 1 < ¢ < n, by considering the Sturm’s Theorem.

(13)
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Moreover, as a conclusion of the Sturm’s Theorem, for the positive and strictly
increasing sequence {a, }, the inequalities

Ap<ap and a, <M\ (14)

are hold, where A\, and A; are the minimum and the maximum eigenvalues of Fj,
for n > 2, respectively [11].

As the special forms of the generalized Frank matrices, Fibonacci-Frank matrix
Fy, and Lucas-Frank matrix Fj, are defined as

[ fn fn—l 0 0 0 0
fn—l fn—l fn—2 0 0 0
fn72 fn72 fn72 fn73 0 0
Fr,=1| . ) . . (15)
P f2 P! for . fo N1
L f1 fi fi fi ... fi fi]
and ~ _
Y 0 0 ... 0 0
ln—l ln—l ln—2 0 0 0
ln—o lp_o lpno ln3 ... 0 O
la lo Iy lo ... 1o L
I T OV A

where f,, and l,, are the ordinary Fibonacci and Lucas numbers [10]. The elements
of the matrices Fy, = [f;;] and F, = [I;;] are

fij = Jnt1—max(ij), ©>J —.2 and ;= Inf1—max(i,j)s &> —.2 17)
0, otherwise 0, otherwise.
Since the determinant of the matrix in equation is zero, Fibonacci-Frank matrix
Fy. is used as

_fn+1 fn 0 0 ... 0 O
fn fn fn—l 0 0 0
fn—l fn—l fn—l .fn—2 o 0 0
Fy = . . . ) . . (18)
I3 I3 I3 s o [z fa
L o e fa fo o f2 S

in [10].
We note that Fy, will represent the matrix given by , throughout the paper.
The determinants, inverses, LU-decompositions and characteristic polynomials of
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the matrices Fy, and Fj, are examined in [10]. The characteristic polynomial of
the Fibonacci-Frank matrix FY, is obtained from equation as

P, ()‘) = (fn—l - )‘) P, (/\) - fn/\Pn—Z (/\) s (19)

with the initial conditions Py (\) =1, P, (\) = 1=\, Po(A\) = A> =3\ +1, and the
characteristic polynomial of the Lucas-Frank matrix Fj is

@n (1) = (ln—2 = p) @n—1 (1) = ln—111@Qn—2 (1) , (20)
with Qo (1) =1, Q1 (1) =1 — p, Q2 (1) = p? — 4u + 2. The characteristic polyno-
mials in equations and have the properties of the Sturm sequences [11].

In this paper, firstly we obtain the number of the eigenvalues of the matrices F,
and Fy,, in the interval (0,1). We examine the bounds for the maximum eigenvalues
of the matrices Iy, and Fj,. Then, we present the Euclidean norm and the upper
bounds for the spectral norms of these matrices. Additionally, we give an example
to illustrate our results.

2. MAIN RESULTS

Lemma 1. Let the characteristic polynomials of the Fibonacci-Frank matriz Fy,
and Lucas-Frank matriz Fy, be P, (A) and Qy, (1), respectively. Then, for the value
of A =pu =1, we have

(i) P, (1) < 2P,—1 (1), forn > 6,

(il) Qn (1) > 3Qn—1 (1), for n > 3.

Proof. (i) We use the induction method on n. Since Fs (1) =0 < 2P5 (1) = 12,
the result is true for n = 6. Suppose that the result is true for n = k > 6.
Then,
Pe(1) < 2P 1 (1). (21)
Hence, we have
0>P;(1)>Ps(1)>PFPy(1)>...>Pr_1(1). (22)
Forn=Fk+1,

Peyr (1) =2Pc (1) = (fe = 1) Pe (1) = fug1Pr—1 (1) — 2P, (1)
= fuPs (1) =3P, (1) — (fi + fr—1) Pe—1 (1)
= fi (Px (1) = P11 (1)) = fr—1Pr—1 (1) =3P (1)
< fuPi-1 (1) = fro—1Pp—1 (1) — 3P (1)
= fr—2Pr—1(1) =3P (1)
< fr—2Pr—1(1) —6P,_1 (1)
< (fr—2 —6) Pr1 (1)
< 0.

Hence,
Pey1 (1) <2P (1). (23)
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(ii) The proof is similar to the proof of ().
O

Theorem 1. The number of the eigenvalues of the Fibonacci-Frank matriz Fy, in
the interval (0,1) is three forn > 7.

Proof. Considering the Sturm’s Theorem, we must show that ¢ (1) — ¢(0) = 3,
where ¢ (z) denotes the number of changes in sign of consecutive members of the
sequence in equation , for n > 7.

TABLE 1. The number of sign changes of Pi<7 (A) for A\=0, A =1

Characteristic polynomials P; () for ¢ <7 Sl%;lro/{ f é)\) Sl%;lro/\f f 1()\)
Po(N) =1 ¥ x
Pi(A)=1-2)\ + 0
Po(A\) =X -3\ +1 + -
Ps(A) = =23 +6)2 — 61+ 1 + 0
Pr(A) =2 — 1103 42702 — 16\ + 2 + +
Ps(A) = =A% +19X* — 903 + 12702 — 55\ + 6 + +
Ps(\) = X5 — 32)\°% 4 2730* — 793X 4 818\ — + 0
297\ + 30

Pr(A) = —=AT 4+53X% — 77675 +4147)\* — 881313 + + -
TT56A% — 2484\ + 240

Number of sign changes ¢z (0) =0 cr (1) =3

From Table 1, we have ¢; (0) = 0 and ¢; (1) = 3. Then, P;()\) has ¢; (1) —
c7 (0) = 3 eigenvalues in the interval (0,1). The eigenvalues of the matrix Fp,
are A1 = 33.108, Ao = 11.495, A3 = 4.834, \s = 2.083, A5 = 0.882, \¢ = 0.433,
A7 = 0.164. Then, the eigenvalues in the interval (0,1) are A5, A\¢ and A7, so it is
clear that our result is correct for n = 7. As it seen in Table 1, Pr (1) < 0. From
Lemma [I] we have P, (1) < 2P,_1 (1), then P, (1) < 0 for n > 7. That is, there is
no sign change of P, (1) for n > 7. Hence, ¢, (1) = 3 is true for n > 7. To complete
the proof we must show that ¢, (0) = 0 is true for n > 7. From the initial condition
of the recurrence relation in equation , we have P; (0) = 1. Considering the
recurrence relation in equation , we have

Pn (O) :fnflpnfl (0)
= fa—1fn—2Pn—2(0)

.: fnflfnf2fn*3 te flPl (0)

> 0.

That is, there is no sign change of P, (0) for any positive integer n. Thus, ¢, (0) =0
for n > 1. Hence, we have ¢y, (1) — ¢, (0) = 3 for n > 7. That is, the number of
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the eigenvalues of the Fibonacci-Frank matrix F, in the interval (0, 1) is three for
n > 7, as desired. ([

Theorem 2. The number of the eigenvalues of the Lucas-Frank matrixz Fy, in the
interval (0,1) is two for n > 4.

Proof. The proof is similar to the proof of Theorem [} O

Lemma 2. The equalities for the Fibonacci-Frank matriz Fy,

(i) trFy, = fats — 2,
(i) trF? =3 (faforr — 1)+ f211,

n

L tTFf" 2 _ _ 2 _ _ 2
(lll> Z /\Z n 3 (fnfn+1 1) + fn+1 (fn+3 2)

1
i=1 n
are valid and also the equalities for the Lucas-Frank matriz Fy,
() trEy, =lnyo — 3,
(i) trF? =3 (lnlpt1 —2) — 212,

(i) Zn: _trh, 2 = 3 (Il —2) — 202 — 1 (Inss — 3)
iii W - =3 (lnlnt n o Unt2

i=1
are hold, where \;’s and p;’s (i=1,2,...,n) are the eigenvalues of the matrices
Fy. and Fy,, respectively.
Proof. (i) For the Fibonacci-Frank matrix Fy, = [f;;], we have
n+1 n
trFp, =Y fi= fit fosr = F1 = fara+ fas1 — 2= fays — 2.
i=2 i=1

ii) For the matrix F? = f@ , we have
f’Vl

(3

trF} = Zfi(iz) = Z ( fikfki)-
k=1

i=1 i=1 =

From the following equalities
fir = Jn+2—max (i,k)» i>k—2
' 0, otherwise

and
Fri = Sn+2—max (k,i)> k> z -2
0, otherwise,
we can say that if | ¢ — k |< 2, then firfri # 0, otherwise firfr; = 0.
|i—k|<2yieldsi =k, i=k—1andi=k+1for 1< i< n. Since,
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i = f2+ 2 and fun® = f3 + f3, we have

n n—1 i+1
T O I RN ( > fmfm) MR
i=1

i=2 \k=i—1
n—1
= Z (2favomi + favisi) + foa + [+ 25
i=2

n—1
= 22f5+2 it Zf;gl A AR e )

—2(f2+f31+ +f3) (F2 42+ 43+ 13)

Hfn At fae + 203
= 2§:f2 + ZF + fa
=3 (fnfn+1 - 1) + fn+1
(iii) By using (i) and (ii), we get

t’f’an 2
> (v -)

i=1

2 t?"Ff " - tTFf 2
Q)T —2—= ) N —
ot =2 S e 3 (M

i=1

\2 2
()\,)2_2@”’1"")2 ton (TES
! n n

(fnfn+1 - ]-) + f2+1 - % (fn+3 - 2)2 .

The proofs of (i’), (ii’) and (iii’) are similar to the proofs of (i), (ii) and (iii),
respectively. (I

s s.
i M:n M:
—_ [

Theorem 3. There are the following inequalities for the Fibonacci-Frank matriz
Fy. and Lucas-Frank matriz Iy, whose eigenvalues are ordered as Ay > Ay > -+ >
An and pu; > piy > -+ >, , respectively

(i> fn+1 < )‘1 < \/(1 - ,rll> (3 (fnfn+1 - 1) +f7%+1 - % (fn+3 - 2)2)

2 (s =),

1 1
(i) I, < py < \/<1 - n> (3 (lnlpy1 —2) — 21,2 — ~ (Iny2 - 3)2)

Proof. (i) The equation

(lni2 — 3).

S|

n

tTFf tTFf
Ay — —In — ,E )\i _ 17 Jn
! n < n ) (24)

=2
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is clearly holds for the Fibonacci-Frank matrix F,. Then, we can write
the inequality

trky - trEy
A ——2| < Ap — —.
O R
By means of [13,|14], we have for the sequence of positive real numbers
g = (g;) and the sequences of non-negative real numbers with similar
monocity a = (a;) and b= (b;), (i =1,2,...,m)

Z(Iiz%aibi > ZQiaiZQibio (26)
=1 i=1

=1 =1

(25)

Moreover, if a = (a;) and b = (b;) has opposite monocity, then the sense of
the inequality in (26)) reverses [13}[14].
If equation (26]) is applied to the right hand side of the inequality

trF
fn |, then we get

1
byusingasai:Wandbi:qiﬂ i — ~
| A — — |

tT’an " f’/’an - t’l"an 2
DI LR N ICESID PP

=2 =2

Hence, we have

trFy \°
()
n X
t?“Ff 2 - trFf 2
A — - ANi— ——= ],
(n-m) = p (-

tTan

AN
—
S
\

L
S~—"
SV
Ingb
VR
ke
\

-
5
e
N——
[
\
7N
>
>
\
~
=3
s
N——
)
N—————

IA

AL —

INA
7N
=
\
S|
N———
ngb
7N\
&

\
-
-
s |
N——
[

Then, by using Lemma [2 (iii),

A1 < \/(1 - ;) (3 (fafnir =)+ 2 — % (frts — 2)2> + % (fn4s —2)

(i)

as desired. Considering equation , we have f,,11 < A1. This completes
the proof.
The proof is similar to the proof of (i).

O
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Theorem 4. The Euclidean (Frobenius) norms of the Fibonacci-Frank matric Fy,
and Lucas-Frank matriz Fy are

. 1 1 n
() [1E [l = \/5 (Blon+1 +l2n) + fipr —n =5 (=1)" +5),

1 n
) 1Fi e = 2l + b+ 20— (51" 5 11),

where f, and l,, are the ordinary Fibonacci and Lucas numbers, respectively.

Proof. (i) By using the Binet formulas for the Fibonacci numbers, we have
n—1
1E 17 = Z (n—i+2) fz+1 + fn+1
= n—1
= Z(”+2)f12+1 - ZZ 2+ o
i=1 i=1
n—1 . n—1
n+2 i it1\2 ¢ i i1y 2
i e DICREET DD DICRSE s I
i=1 i=1
—1
n —|— 2 i i
_ ( o?)'+ g2 () —2(-1)"")

—42( () + 87 (82) = 2(-1)""") + f2.0.

Using the well known equalities

n—1 n—1
;A" —« .. a—na"+(n—1)a™!
Za =7 and Zza = (a—(1)2 ) ) (27)
i=1 i=1
we have
pr () L) S
Foz=" 2 2 9 1)
150 = <a R Al = uED M
2 2\ " . o\ n+1
1 a2 n(a?)" + (n—1) (a?)
5 (a2 —1)°




430 E.O MERSIN, M. BAHSI

_ NT-FQ <<a2n+1 +62n+1) _ (a3 _,_ﬁB) — (=)™ + 1))
L@ 8 (a8 4 (a1 4 )
1+(2n-1) (—1)n> 4 g2

2 n+1
L 1) — L (s =l + (1 — 1) o) —
=75 2n+1 3 5 2 — Nlan n 2n+2 B)
2n+ 3
1 9 1 n
= g (312n+1 + lQn) + fn+1 - n— 5 ((_1) + 5) .

Thus, desired result is obtained.
(ii) The proof is similar to the proof of (i).
O

Theorem 5. There are the following upper bounds for the spectral norms of the
Fibonacci-Frank matriz Fy, and Lucas-Frank matriz Fy

() I1Fs, 2 < /(200 + 1) (240 —1),
(i) 1Bl < /@2 +1) (B +n—1),

where f77 and l,, are the ordmary Fibonacci and Lucas numbers, respectively.

Proof. (i) By using the Hadamard product, the matrix F, can be written as
[ g1 1 0 0 ... 0 01 [1 fn 0 0 . 0 0]

fn fn 1 0O ... 0 0 11 fua 0 ... 00

fom1 fao1 fur 1 ..o 00 1 1 1 fr—2 ... 0 0

Fy, = ) : . . A TN ) ) . ..
f3 f3 fs fs ... f3 1 1 1 1 1 R B
L 2 I2 fo fo oo f2 fo] |21 1 1 ... 1 1]

A B

Considering the inequality 2f2 < f2 11, which can be proven by the math-
ematical induction method, we have the maximum row length norm of the
matrix A = [a;;] and maximum column length norm of the matrix B = [b;;]

as
1 (A) = max D ay P=/f20+1, (28)
J
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1 (B) =max [ |by [*=+/f2+n—1, (29)
J ,
respectively. Then, by using equation , we have
1Fsll2 < 1 (A)er (B) =/ (F20 +1) (f2 40— 1), (30)

(ii) The proof is similar to the proof of (i).

Now, we give the following example to illustrate our results:

Example 1. Consider the Fibonacci-Frank and Lucas-Frank matrices for n = 8.
Then, the matrices are

34 21 0 0 0 0 0 O 47 20 0 0 0 0 0 O
21 21 13 0 0 0 0 O 20 29 18 0 0 0 0 O
13 13 13 8 0 0 0 0 18 18 18 11 0 0 0 0
po_|8 8 885000 . (11 11 11 11 7 0 0 0
Fs=15 5 5 5 5 3 0 0 5= \7 7 7 7 7 400
3 3 3 33320 4 4 4 4 4 4 3 0
2 2 2 2 2 2 21 3 3 3 3 33 31
11 1 111 11 11 1 1 11 1 1}

The characteristic polynomials of the matrices Fy, and Fj, are

Ps(A) =A% —87A" +2137A% — 19968\° + 79377A* — 139303\% + 106949)\?
—33162) + 3120,

Qs (1) = p® — 12007 + 40545 — 517925 + 278231 p* — 64774013
46525662 — 268188 + 33264

and the eigenvalues of the matrices Fy, and Fi, are

A1 = 53.563, [y = 74.018,
Ao = 18.591, 115 = 25.689,
A3 = 7.889, 115 = 10.920,
A4 = 3.753, [, = 5.232,
\s = 1.756, 115 = 2.300,
X6 = 0.851, 11 = 1.009,
A7 = 0.432, 117 = 0.618,
\s = 0.164, 1ig = 0.214.

It is clear that X¢, A7 and Ag are in the interval (0,1), then the matriz Fy, has three
eigenvalues in the interval (0,1). Similarly, since p, and pg are in the interval
(0,1), the matriz Fi, has two eigenvalues in the interval (0,1).




432 E.O MERSIN, M. BAHSI

There are the following bounds for the mazimum eigenvalues of the matrices Ffp,
and Fy, from Theorem [3

f9§>\1é\/<1—;> <3(f8f9_1)+f92_;(f11_2)2>+;(f11_2>7

34 < A\ = 53.563 < 56.210

and

1 1 1
l8</~L1<\/<1_8> (3(l8l9_2)_2182_8(110_3)2>+8(110_3)»

47 < py = 74.018 < 77.694.
Considering Theorem[J], the Euclidean norms of the matrices Fy, and Fy, are

1 1
| Fpsllr = \/5 (8hi7 + i) + f3 8~ ((—1)8 + 5) — 61.065

and

1
Bl = \/2l15 +he+E 165 (5 (1) + 11) — 84.380.

By using Theorem [5] we have the following upper bounds for the spectral norms of
the matrices Fy, and Fy,

[ Fysll2 = 56.911 < \/(fg +1) (f2+7) = 719.955

and
|1 Eigll2 = 78.643 < (l% +1) (l? +7) = 1368.970.

In Example [1, we gave our results for Fibonacci-Frank matrix Fy, and Lucas-
Frank matrix Fj, for n=8. The bounds we have obtained for the maximum eigen-
values of these matrices for increasing values of n obtained from Theorem [3] are
given in the following tables:
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TABLE 2. The bounds for the maximum eigenvalues of the matrix
F, according to the increasing values of n.

n=2 |2<\ = 2618< 2618
n=3 |3<\ =4.791 < 4.828

n=4 |5<\ =7.796 < 8.095

n=05 |8<A\ = 12654 < 13.130

n=06 | 13 <A1 = 20.455 < 21.337

n=7 |21 <A = 33.108 < 34.654

n=28 | 34< A\ =53.563 < 56.210

n=9 |55<A —86672<091.153

n =10 | 89 < A\; = 140.235 < 147.760

n =20 | 10946 < \; = 17247.848 < 18340.237

n =30 | 1346269 < \; = 2121345.008 < 2262287.634

n =40 | 165580141 < A\; = 260908188.115 < 278631218.037

n =50 | 20365011074 < A; = 32089585793.157 < 34297378604.5

TABLE 3. The bounds for the maximum eigenvalues of the matrix
F; according to the increasing values of n.

n=2 | 3<pu =3414<3.414

n=3 | 4<pu, =6.702<6.722

n=4 | 7<p =10.761 <11.034

n=5 | 11<p, =17.512 < 18.186

n=6 |18 <y =28.258 < 29.494

n=7 |29 < p =45.762 < 47.918

n=28 | 47 <, = 74.018 < 77.694

n=9 | 76 < p, =119.780 < 125.988

n =10 | 123 < p; = 193.798 < 204.213

n =20 | 15127 < pq = 23835.939 < 25345.591

n =30 | 1860498 < ;1; — 2931626.699 < 3126404.622

n =40 | 228826127 < p, = 360566248.032 < 385058873.003
n =50 | 28143753123 < p1; = 44346716881.237 < 47397811506.4

According to Table 2] and Table [3] the bounds are quite close to the exact values
of the maximum eigenvalues of the matrices Fy, and Fj,. Also, the upper bounds
are closer to the maximum eigenvalues than the lower bounds. Additionally, we
give the following figures to better illustrate this result.
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FicURE 1. The graph of the maximum eigenvalues of the matrix
F¢. and their lower and upper bounds for n = 2,3,4,...,10.

In Figure 1, the horizontal axis contains the values of n from 2 to 10, and the
vertical axis contains the maximum eigenvalues of the matrix Fy, corresponding to
these values of n, as well as the values of its lower and upper bounds.
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F1GURE 2. The graph of the maximum eigenvalues of the matrix
F;. and their lower and upper bounds for n = 2,3,4, ..., 10.

n
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Similarly, in Figure 2, the values of n between 2 and 10 are on the horizontal axis,
and the maximum eigenvalue of the matrix F; corresponding to these n values and
their lower and upper bounds are on the horizontal axis.

As indicated by the graphs in Figures 1 and 2, the lower and upper bounds
are very close to the maximum eigenvalues of the matrices Fy, and Fj, for small
values of n. As the value of n increases, the distance between these bounds and the
maximum eigenvalues widens. In this case, it is observed that the upper bounds
remain closer to the maximum eigenvalues than the lower bounds.
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