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SHARP COEFFICIENT ESTIMATES FOR J-SPIRALLIKE
FUNCTIONS INVOLVING GENERALIZED ¢-INTEGRAL
OPERATOR

Tugba YAVUZ! and Sahsene ALTINKAYA?
L2Department of Mathematics, Istanbul Beykent University, Istanbul, TURKIYE

ABSTRACT. The aim of this article is to identify a new subfamily of spirallike
functions and then to demonstrate necessary and sufficient conditions, sharp
coefficients estimates for functions in this subfamily.

1. INTRODUCTION

Stand by A the family of functions f(¢) = ¢+ e, ar¢* analytic in the open unit
disk D ={¢ € C: |¢| < 1} with the normalization condition f(0) =0 = f/(0) — 1.
A function f € A is named univalent in D provided that it does not take the same
value twice. Stand by S the subfamily of A involving univalent functions. For
analytic functions f; and f; in D, we ensure that f; is subordinate to fs, expressed
by fi1 < fa, for a Schwarz function

A(Q)=> riC" (A(0)=0,|A(Q)| < 1),
k=1

analytic in D such that f; (¢) = f2 (A (()) (¢ € D).

Now, we shall deal with a subfamily of S which is of special interest in its own
right, namely the spirallike functions.

For —oco <t < oo and ¥ € (—%, %), the logarithmic ¥-spiral curve is expressed
by w = wg exp(—e~"t), where wy is a nonzero complex number. We must mention
here that O-spirals are radial half-lines. For an analytic function, we can call it
J-spirallike provided that its range is ¥J-spirallike. Stand by Sy the family of ¥-
spirallike functions. Analytically, f € A belongs to the family Sy iff
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R <610M> > 0 |17]. Libera |10] used this approach to ¥-spirallike functions of

Q)
order o
R <e“9 Cff(g)> > gcosV

and asserted by Sy(o). Clearly, Sy(0) C Sy. Further, the general coefficient bounds
for functions in Sy(o) was proved:

—0) e~ cos ]
|ak|<H<’2 < j+1 19+j‘> (ke N\ {1}, N={1,2,---}).

This result is sharp. Finding sharp results for functions belonging to the differ-
ent families of analytic functions is of special interest because of the geometric
properties of such functions [12], [14], [20], [21].

The age of quantum calculus (g-calculus) is as old as calculus and because of
its applications to wider disciplines from physical sciences to social sciences, it was
revived during the last three decades. The first study on the g-calculus dates back
to 1908 [8]. On the other hand, g-calculus is connection with function theory.
The study of g-calculus in Geometric Function Theory was partially provided by
Srivastava [18]. This application is still among the most popular subject of many
mathematicians today [1], [2], [3], [5], |7], [15], [19].

In the course of the paper, suppose 0 < ¢ < 1 and the definitions deal with the
complex-valued function f.

The g¢-derivative of f expressed by [§]:

£(0) - £(a0)
= (#0

D) =4 e . (1)
£(0), ¢=0

If f is differentiable at ¢, then lim,_,;- Dqf(¢) = f/(¢)-
The g-integral of f expressed by [9]:

C o0
| f@dau=ca -3 ¢ 1cab)
0 k=0

provided the series converges.
Next, the g-gamma function is expressed by

L oo 1— qk+1
Lo(u) =1 —¢q) " H = (u>0),
k=0

which has the following properties
Po(u+1) = [ulgTq(u), Tqlu+1)=lulg, (2)
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where © € N and

If we set ¢ — 17, we find T'y(u) — T'(u) [8].
The ¢-beta function

(u, s) (/g“l qQ) M dgC, (u, s> 0) (3)
is the g-analogue of Euler’s formula [9] with
Ly (u)ly(s)
B = 1 4
q('LL,S) Fq(u+8) ) ( )

Next, the ¢g-binomial coefficients are expressed by [6]

@ B [n]q'gi]q—'nh' (5)

In a recent study [11], the generalized g-integral operator X34 f A — Aisexpressed
by

0= ("5 5)[2“}3 / C (1- "g‘) B (g (a> 0,8 > ~1). (6)

From (2)), (3). and (5), they arrive

+ +8+1
Xao <+§j §+g+7§§“ </3+1§ ac”. (7)

For some special values, we find the following integral operators previously
known.

(i) If o =1, the ¢g-Bernardi integral operator Jg, qf is obtained [13]

[+l € S+l
Inaf©) = B "0 g - > g

(ii) If « = 1,¢ — 17, the Bernardi integral operator is obtained [4]

JsH(Q) = 1:/3 [t fan =30
k=1

(iii) fa=1,8=0,9g — 17, the Alexander integral operator is obtained [16]

S flu >
©= [ Mau-c+y Tacn
0 k=2




1204 T. YAVUZ, §. ALTINKAYA

2. MAIN RESULTS

Firstly, we introduce the new subfamily SC§ (o,v) of ¥—spirallike functions
inserting the function x3 , f-

Definition 1. A function f € A is in SC§ , (o,v) if
¢ (xfé,qf(C)y
v (x5,7(Q)) + (1= 0)x3,/(0)

where W] < 5, 0<o<1l,a>0, >—-1, 0<v<1.

R eiz?

> 0 cos,

Note that

1) Letting ¢ — 17 and o = 1 in Definition |1} we arrive the class SC§ , (0,v) :=
SCpg (0, v) involving Bernardi integral operator given in (ii).

2) Letting ¢ — 17, @ = 1 and 8 = 0 in Definition we arrive the class
SCg , (o,v) :=SC (o,v) involving Alexander integral operator given in (iii).

This paper deals with the new class SC§ | (0,v) of ¥—spirallike functions involv-
ing a generalized ¢—integral operator and its several properties.

Next, we get coefficient conditions and sharp bounds for functions in SCg , (o, v).

Theorem 1. Assume Xg)qf(C) #0 for ( € D\ {0}. Then, f is in scs, (o,v) if
and only if
i [(k — 1)(1+€e*)(1 — ov +i(1 — v)tand)
k=2

+2(1 = 0)e®? — (k= 1)(1 — *?)(1 - M « LaB+R)g(a+ 5 +1)

k
Tylat B+ WhyB+ 1™ 70

Proof. Let us put

A() = x5, /() =¢+ > X" (CeD),

k=2
where X,, = Ezgii]g)fg)(?;gﬂgak with X; = 1. Now, consider the function
CA'(Q) > 9 .
e"sect) — itand — o
e (@ oam
(©) = o)/ .

is an analytic, ¥(0) = 1 and ®X(¢) > 0, then f € SCF (o, v) iff
1— €2i19

1+ 2

%(0) #
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or, equivalently

e secICA(C) — (o + itand)(vCA'(C) + (1 — v) A(C)) e 220
(1 =) (CA(Q) + (1 =) A(C)) 1+ e

Now, from the series expansion of A((), we arrive

ry [(k = D)(1 = ov +i(1 — v)tand) + (1 — 0)] XiC" 2 1= 20
(1—0) >0, (1 + (k— 1)) X" 1+ e2i0’

which yields for ¢ # 0

oo

[(k—1)(1+ ) (1 — ov +i(1 — v)tand) + 2(1 — 0)e*™
k=2
— (k= 1)(1 = e*)(1 - o)v] X" # 0.

Theorem 2. Let x3 ,f(C) # 0 for ¢ € D\ {0}. If f is in SC§ , (o,v), then

Fq(a + 0+ k)Fq(B + 1)

|ax| < F—1
LB+ kTg(a+B+1)(k—1)!(1-v)
k—2
X H i1 —v)+2(1 - o)e?cos?(1 + vj)l
§=0

where k € N\ {1} with ay = 1. This result is sharp.

Proof. Since f € SCg , (0,v), we can use a Schwarz function A(() such that

¢ (347€) e sect — itang = T L= 20)JAO)
v (X5, F(0) + (1= )xG, (O 1= A(Q)
If we put the function A(¢), we find
Sooe ) [ketsect — (1 + itand) (1 + (k — 1)v)] Xp¢*
- (z;‘; | [ket?sect + (1 — 20 — itand)(1 + (k — 1)v)] ng’f) A(Q).
Now, for k € N, we can write

Sty [ke?sect — (1 + itand) (1 + (k — 1)v)] XpC* + 300,00 buC”

= ( km:_ll [kemsecﬂ + (1 =20 —itan?)(1 + (k — 1)1/)} Xkck) A(Q).

1205

9)
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For m = 2,3,---, the LHS of (9) is convergent in D. Since [A(¢)| < 1, it is easy to
get by appealing to Parseval’s Theorem that

mo ke secd + (1 — 20 — itand) (1 + (k — 1)) | X,

> Yt |nesectd — (14 itand) (1 + (k — 1)u)|2 | X5 |?

or
m—1 2 2
kz::l 40— o)1+ (k= 1)) (k — o (1 + (k — Do) | Xe* > isglﬁ Y Xl
(10)
where X7 = 1. Now, we claim that
1 k—2 )
| Xx| < ) H li(1—v)+2(1- o)e? cosd(1 + vj)l. (11)

(k—1D!'Q—-v)"" iy
For k = 2, we find from
2(1 — o)cosv
1—-v 7

which is equivalent to . The equation is found for larger k from by
the principle of the mathematical induction.
Fix k,k > 3 and let the equation holds for n = 2,3,....,k — 1. From , we

arrive

4(1 — 0)cos®d = )

|Xk|2§2{1—0+ZX(n,370) ; (12)
(k—1)2(1-v) oyt

| Xo| <

where

1 _1 n—2 )

X(n,j,0) = (L+ (= Dr)in - (n V) H ’j(l—I/)—‘,—2(1—0’)6“9608’(9(1—|—l/j)|2.
a7 L

Now, we will indicate that the square of RSH of is equal to RSH of (12)), that

is

)

|] (1—-v)+ 2(1 —0)e™cost(1 + 1/])|
H EETTERE

B 4(170)003219 .
TS {1 +ZX e } "

for k = 3,4, --. After further calculations, we indicate that is true for k =3
and prove the claim. Assume the equation is valid for all n, 3 <n < (k —1).



SHARP COEFFICIENT ESTIMATES FOR ¢¥-SPIRALLIKE FUNCTIONS 1207

From @D and , we find

4(1 — o0)cos®V =
X4 < G- {1—U+ZX(n7j,U)+X(k— 1,]}0)}

(k—1)2(1 n—2
4(1 — o)cos*9 l—o Hv)(n—o(n—1)v)
<G +§: BTt
X H |j(1 —v) +2(1 — 0)e”cos?I(1 + I/j)‘Q
3=0

1+ (k- 2w)(k —1— ok — 2)v)
+ k—2
(k=21 (1— )" )2
k—3

X H lj(1—v)+2(1 - o)e'?cost(1 + uj)‘2 }

Jj=0

Hf;g’ 7(1=v) +2(1 = 0)ecost(1 + l/j)|2
(k=21 =)' 722
(k—2)2 41 —o0)cos®I(1+ (k—2v)(k—1—o(k —2)v)
V=12 " (k—1)2(1—v)° }
Hf;g |j(1 —v) +2(1 —0)e™cosd(1 + l/j)|2
(k=11 —p)*71)2
x {(k —22(1—=0v)? +4(1 — 0)cos*I(1 + (k —2)w)(k — 1 — o (k — Q)V)}

yields
k—2
1
| X5| < H|j (1—v)+2(1—0)e cosﬁ(l—&-z/j)f :
(k=111 =)"12 55
Since

L(8+ Mly(a+ S +1)
T a+B+kI,(B+1)"

we obtain the desired result.
To prove the estimate is sharp, we need following equality

¢
3 f(C) = 2 1)e—i0 cosd
o (14 K¢) 2ot

Xy =

(X1 =1),

where K = (1 —v) — 2v(1 — o)e~ " cosd. O
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3. CONCLUSIONS

It is obvious that the link between g¢-calculus and Geometric Function Theory
presents original and interesting results. Hence, in the present work, we use a gen-
eralized g-integral operator to establish a new subfamily SC§ (o,v) of ¥-spiralike
functions. We also derive sharp upper bounds for Taylor Maclaurin coefficients of
functions in this family.

Letting @ = 1, we have coefficients bounds for functions defined by ¢-Bernardi
integral operator.

Corollary 1. Let Jz ,f(¢) #0 for ¢ € D\ {0}. If f is in SCp 4 (0,v), then

5+ K], o
ol = [B4+1], (k=11 - jHob Fm )20 o) Renntll + 5]

where k € N\ {1} with a; = 1. This result is sharp.

Letting « = 1 and ¢ — 17, we obtain following coefficients bounds for functions
given by Bernardi integral operator.

Corollary 2. Let J3f(¢) # 0 for ( € D\ {0}. If f is in SCg (o,v), then

(ﬁ+k
lak| < (1—v)+2(1 — 0)e?cost(1 + vj)
BRI ’“H :

where k € N\ {1} with ax = 1. This result is sharp.

Ifa=1,5=0and ¢ — 17, we have following result for functions given in terms
of Alexander integral operator.

Corollary 3. Let Jof(¢) # 0 for ¢ € D\ {0}. If f is in SC (o, v), then
I k—2
(1 —v) +2(1 —0)e™cosd(1 + vj
o % s L0 =) 21 = e omiti 40|

where k € N\ {1} with ay = 1. This result is sharp.

Our consequences are also applicable for various subfamilies of analytic functions.
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