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ABSTRACT This paper examines dynamic behaviours of a two-species discrete fractional order predator-prey
system with functional response form of Ivlev along with Gompertz growth of prey population. A discretization
scheme is first applied to get Caputo fractional differential system for the prey-predator model. This study
identifies certain conditions for the local asymptotic stability at the fixed points of the proposed prey-predator
model. The existence and direction of the period-doubling bifurcation, Neimark-Sacker bifurcation, and Control
Chaos are examined for the discrete-time domain. As the bifurcation parameter increases, the system displays
chaotic behaviour. For various model parameters, bifurcation diagrams, phase portraits, and time graphs are
obtained. Theoretical predictions and long-term chaotic behaviour are supported by numerical simulations
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across a wide variety of parameters. This article aims to offer an OGY and state feedback strategy that can sions

stabilize chaotic orbits at a precarious equilibrium point.

Chaos control

INTRODUCTION

In the ecology, predation and prey behaviors are frequent occur-
rences. Since Volterra and Lotka developed the predator-prey
paradigm in the 20th century, several academics have expressed
worry about it. Numerous researchers have made significant ad-
justments to the system by including ecological elements such
functional responses, emigration and immigration (Kangalgil and
Isik 2022), time delays (Li et al. 2022b), diffussion (Sun et al. 2022),
and the Allee effect (Zhao and Du 2016) because this system has
disregarded many real-world scenarios. The study of the intri-
cate dynamical behaviors of predator-prey systems has recently
attracted growing interest (Atabaigi 2020; Din 2017; Isitk 2019; Kar-
tal 2014, 2017). In any prey-predator encounter, the functional
response in population dynamics is a key component as it refers
to the quantity of prey consumed by a predator based on the den-
sity of the prey in per unit of time. The Holling type II Holling
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(1965) is suitable for the majority of arthropod predators as the
functional response compare to others form Holling type L, III, IV.
In the first quadratic, these functional responses are uniformly
bounded functions in addition to being monotonically increasing.
Ivlev Ivlev (1961) proposed a different functional response, known
as the Ivlev functional response, to study the dynamical interaction
between prey and predator species: p(x) = b(1 — e~ ™)y, where
the maximal rate of predation and the decline in hunting drive are
represented by the positive constants b and a, respectively.

Numerous studies have been done to examine the predator-prey
relationship with Ivlev-type functional responses. The findings
suggested that Ivlev-type relation between the species have several
systems in ecological applications, including dynamics in predator-
prey systems (Cheng et al. 1982; Guo et al. 2013; Kooij and Zegeling
1996; Wang et al. 2010), host-parasite systems (Preedy ef al. 2007),
and animal coat patterns (Uriu and Iwasa 2007). The authors inves-
tigated the presence and uniqueness of limit cycles as well as the
numerical calculation of phase portraits in these empirical studies.
In a predator-prey system (Wei et al. 2023), this work examines
the dynamical balance and Markov-switching-induced stochastic
P-bifurcation.A theoretical foundation for comprehending the spa-
tiotemporal evolution characteristics of plant systems is provided
by the findings presented in (Li et al. 2022b; Sun et al. 2022).
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When a third party distracts their predators, prey can lessen
the burden of exploitation, such type prey-predator model is dis-
cussed in (Revilla and K¥ivan 2022). On the basis of the generalized
Klausmeier-Gray-Scott model, authors Li et al. (2022a) build an ex-
tended vegetation-water model with infiltration delay and discuss
dynamic behavior of this model. The long-term coevolution of the
giving-up rates of the model of reckless prey and patient predator
is studied by Cecilia B. et al. in (Berardo and Geritz 2021) using
adaptive dynamics. The majority of predator-prey systems with
various functional responses take into account the logistic growth
of the prey, according to academics.

Gompertz (1825) created a different prey birth rate interpreta-
tion similar to logistic growth to study the dynamics of a commu-
nity made up of populations of several interacting species. The
comparison of functional responses and growth curves are shown
in Figure 1. The Gompertz curve expands more rapidly than the
logistic curve, we discover. Moreover, the point of inflection for
the Gompertz curve occurs earlier than for the logistic curve, and
thus reaches carrying capacity a little bit early. Also, compared to
the Holling type II functional response, the predation rate reaches
its peak significantly earlier in the Ivlev-type functional response.
In terms of biology, this suggests that the predation rate is propor-
tionate to the prey population while the prey population is low
and saturates to a constant 1 when the prey population is high.

The concept of Gompertz growth on prey will be taken into
consideration with accounting of Ivlev functional response for the
formulation of the following predator-prey system (Rosenzweig
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1971):

k
v o— 1 7717 —ax
t=rxln_ (1—e™)

i M
y= 00—y —dy.

Here, prey and predator population densities are represented
by the time-dependent variables x(t) and y(t), respectively. The
carrying capacity is described by the parameter k. The value r
represents the growth rate of the prey and the death rate of the
predator is represented by the constant d. In this prey-predator
model, it is presumed that all variables and parameters are
non-negative real numbers.

Fractional calculus is the additional idea used in the creation
of our model. Fractional-order differential equations (FD) (Kil-
bas et al. 1993; Connolly 2004; Dzielinski et al. 2010) are the most
widely used because of their similarities to memory-based systems,
which are present in most biological systems (Elsadany and Ma-
touk 2015). In many disciplines, including science, engineering,
finance, economics, and epidemiology (Huang et al. 2017a, 2018,
2017b; M. et al. 2011), fractional-order differential equations can be
successfully explained. The description of phenomena that integer
order differential equations (IDEs) can’t fully simulate can be done
using fractional differential equations (Ichise et al. 1971).

A nonlinear fractional differential system exhibits the compli-
cated dynamics like a nonlinear differential system does in bi-
furcation and chaos analysis. It is fascinating to study chaos in
fractional-order dynamical systems (Elsadany and Matouk 2015;
Abdelaziz et al. 2018; Ahmad and Sprott 2003). There are various
methods for applying the differentiation notion to arbitrary or-
der. The frequently employed definitions are those proposed by
Caputo, Riemann-Liouville, and Griinwald-Letnikov (Podlubny
1999). Academics are interested in a variety of discrete models and
demonstrating dynamics of those systems through various bifur-
cations and chaotic attractors (Khan et al. 2022; Rana and Kulsum
2017; Rana 2019). Mathematical quantification of these events is
possible.

In this work, we employ the Caputo fractional derivatives on
the continuous system (1) to theoretically explain the bifurcation
occurrences. Fractional derivatives are defined in many ways.
Among the most well-known definitions of fractional derivatives
is Caputo’s (Cermak et al. 2015; Abdeljawad 2011), which is widely
applied in practical contexts.

Consider

D (t) =K' *¢ (1), a>0

where ¢! denotes the /—order derivative of g(t), | = [a] is the
rounded nearest integer value of &, and K7 is the §— order operator
for the Riemann-Liouville integral.

t _
KIf(t) = Jo(t— Telzzq)lf(Te)dTE’

where I'(.) is the Euler gamma function. The “a—order Caputo
differential operator is expressed by D*.
The following is the model (1)’s fractional order form

qg>0

o _ k —ax
D*x(t) = rx(t) lnm — (1 —e Wy (1) °

Doy (t) = (1 —e W )y(t) — dy(t)
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There are many methods for converting the model (1) into dis-
crete form. The piecewise constant approximation (PCA) (Uddin
et al. 2023) is one among them. The model is discretized using PCA
method. Here are the steps:

Assume that model (2) initial conditions are x(0) = x¢,y(0) =
Yo. The discretized version of model (2) is given as:

Dex(t) = rx([ ]} In xﬂkéb ey )
Doy(t) = (1—e D[]~ ay((5)

Initially consider t € [0, p), so f) € [0,1). Then, we get
k
D*x(t) = rxgln — — (1 — e~ ™0
(1) = rsoln = = (1= ™)y o
Dy (t) = (1 —e")yo — dyo
The solution of (3) can be written as

00 =0+ 1 (rin 5o = (1=e )0
0

tlx k —ax
=x0+ —— rxolnx——(l—e yo |,

al () 0
y1(t) = yo+J* (1 —e™")yo — dyo)
" _
=Yoo+ aT(a) (1 —e™)yo —dyo) .
Then consider ¢ € [p,2p), so ﬁ € [1,2). Then
k
D*x(t) =rxpln — — (1 — e
() =rain -~ (1= )y, o
Dfy(t) = (1 — e )y1 —dy
which have the following solution
o« k —axy
() =x1(p) +Jp | raaln — — (1 —e"")y
X1
(t — P)“ ( k —ax )
=x + rxyln — — (1 —e™ ™ ,
1(P) OLF(D() 1in X ( )yl )
ya(t) = y1(o) + J§ (1 —e ™ )yy —dyy)
=)+ LB (- )
al(a) !
where J§ = ﬁ fpt(t — )% dt, a > 0. After repeating n

times, we get

a0 = 3 (p) + L (o) in

_(1 _ e_”xn<np> )yn (np)) p

() =) + L (1 e 00y ) = o)),

(6)
where t € [np, (n+1)p). For t — (n+ 1)p, model (6) becomes

Xp41 = Xp + " rxnlnﬁ —(1—e" ")y,
ot I(ax+1) X ’

o8 )
Yntl =Yn + Tat1) (@ —e ™ )yn —dyn) .
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In this context, p represents the step size, while & represents
the fractional order. Both parameter values are selected from the
interval (0, 1]. The remaining parameters have the same range and
meaning as defined in equation (1). The Fractional Order Predator-
Prey Model incorporating Gompertz growth on prey with Ivlev
functional response is a mathematical model designed to capture
the dynamics of predator-prey interactions in a more nuanced and
realistic way. Let’s break down the components and motivations
behind this model:

Fractional Order Dynamics: Traditional predator-prey models
often use ordinary differential equations (ODEs) with integer-order
derivatives. However, fractional calculus allows for the considera-
tion of non-integer order derivatives, offering a more flexible and
accurate representation of complex systems. Fractional order mod-
els are particularly useful in capturing long-term memory effects
and non-local interactions, making them suitable for describing
ecological systems with delayed responses.

Gompertz Growth on Prey: The Gompertz growth model is
commonly used to describe the growth of biological populations,
where the growth rate decreases exponentially over time. Incorpo-
rating Gompertz growth in the prey population allows the model
to account for the realistic limitation on prey population growth as
it reaches carrying capacity. This is especially relevant in ecological
systems where resources are finite.

Ivlev Functional Response: Motivation: The functional re-
sponse describes how the feeding rate of predators changes with
the abundance of prey. The Ivlev functional response is one of
the many functional response forms, and it considers the satu-
ration of a predator’s feeding rate as prey abundance increases.
This is crucial for capturing realistic predator-prey interactions,
where a predator’s feeding rate is not constant but saturates as
prey becomes more abundant.

Integration of Components: Motivation: By combining frac-
tional order dynamics, Gompertz growth on prey, and the Ivlev
functional response, the model aims to provide a more compre-
hensive representation of the complex and dynamic nature of
predator-prey interactions. This integration allows for a more re-
alistic portrayal of ecological systems by accounting for memory
effects, finite resources, and the nonlinear nature of predation.

In summary, the motivation behind the Fractional Order
Predator-Prey Model incorporating Gompertz growth on prey
with Ivlev functional response lies in the desire to create a more
accurate and nuanced mathematical representation of ecological
systems. By considering fractional order dynamics, realistic prey
growth dynamics, and a biologically relevant functional response,
the model aims to improve our understanding of the intricate
interplay between predators and prey in natural ecosystems.

While there may not be specific studies or examples explicitly
using the exact combination of a Fractional Order Predator-Prey
Model with Gompertz growth on prey and Ivlev functional re-
sponse, you can envision scenarios where such a model might find
application. Here are two hypothetical examples:

Fisheries Management: Consider a marine ecosystem where a
specific fish species (predator) preys on a population of smaller fish
(prey). The fractional order dynamics help account for historical
fishing pressures and the impact of environmental changes on
the predator-prey relationship. The Gompertz growth model is
applied to the prey population, considering resource limitations
and environmental factors. The Ivlev functional response reflects
the saturation of the predator’s feeding rate as the prey becomes
more abundant.
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Fisheries managers could use this model to predict the effects
of fishing quotas, environmental changes, or other interventions
on the stability and sustainability of the fishery. It provides a more
nuanced understanding of the dynamics involved, aiding in the
development of effective management strategies.

Agricultural Pest Control: In an agricultural setting, consider a
scenario where a certain insect species (prey) is damaging crops,
and a predator species (such as a bird or insect) is introduced for
pest control. The fractional order dynamics capture the long-term
impact of past pest control measures on predator-prey interactions.
The Gompertz growth model represents the natural growth con-
straints of the pest population due to resource limitations. The
Ivlev functional response reflects the saturation in the predator’s
consumption rate as the pest population increases.

Farmers and pest control agencies could use this model to opti-
mize the introduction of natural predators for pest management.
By understanding how past interventions, environmental factors,
and prey-predator interactions interact, they can implement more
targeted and sustainable pest control strategies.

These examples illustrate how the combination of fractional
order dynamics, Gompertz growth on prey, and Ivlev functional
response could be applied in different ecological and management
contexts to gain insights and inform decision-making.

The remaining sections are arranged as follows. The presence
and stability of fixed points are discussed in Section 2. The con-
ditions for codimension-one bifurcations are established such as
Neimark-Sacker and period-doubling bifurcations in Section 3.
Section 4 presents the prerequisites for Marottos chaos to exist.
The results of numerical simulations are presented in Section 5 to
demonstrate new and rich dynamic behavior to validate the the-
oretical analysis. In Section 6, we employ the OGY (Edward et al.
(1990)) and state feedback control strategies to reduce the chaos of
the unmanaged system. Finally, Section 7 provides a conclusion to
this article.

EXISTENCE CONDITIONS AND FIXED POINT’S STABILITY
ANALYSIS

Existence of Fixed points
A quick algebraic calculation reveals that the proposed system (7)
has two fixed points for any value of the permitted parameters:

(i) The fixed point of the boundary E; (k,0). According to biol-
ogy, when there are no predators, the population of prey achieves
its carrying limit k.

(i) If 0 < d < 1, then the unique coexistence fixed

point E(x*,y*) exists, where x* = —%ln[l—d},y* =
rln[lfd]ln[flnﬁ%d]]
- ad .

Analysis of local stability for fixed points

At fixed points obtained in section 2.1, we examine the system’s
stability of the system (7). The magnitude of the eigenvalues
calculated at the fixed point E(x*,y*), it should be noted that
estimated eigenvalues affect the fixed point’s local stability.

Then
* % ]Il ]{2
J(x%y") =

ja j22
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where

~ o k o*
* ax
11 ——1—(r+aye —rln[—x*]) 71,( ,

a+1)
< —ax* pa
]12_< e )1"(a+1)’
S~ * —ax* plx
P =aye T Ty

43
o 4 _ ,—axt 4
=1+ (1 d—e ) Pt
The Jacobian Matrix’s characteristic polynomial can be ex-
pressed as follows:

F(A) = A% + Peo(%, Y)A + Fee(2,y) = 0 ©)
where Peo(x,y) = —(ju1 +j22) and Gee(x,y) = j11j22 — ji2j21-
The following stability conditions of fixed points are stated based

on the concept of the Jury’s criterion.
The Jacobian matrix (8) at E1(k,0) can be found as

1(Ey) = 1- "1"(57:-1) (=14 eiﬂk) r(,fj_l) (10)
0 14+ (1—d—e )
The eigenvalues are Ay = 1 —7r (pH) and A, = 1+
<1 —d— e*“k) 1,(57:1)

The following topological categorization is valid for the
predator-free equilibrium point E; (k, 0):
(a) ifd > (1 —e~%) then E;(k,0) is

1

(it T +a) '}

— source if p > max{( 2T (1 + «) —2 _T(1+a))"}
()’ (rgiemio0)

— non-hyperbolic if p = (%F(1+a))“ or p =

(aemT+0)

(b) if d < (1 — e~%) then the fixed point E; (k,0) is

1

fsinkif0<p<min{( 1+zx)
1

mgv

1
'3

— source if p > < (1 +a))
~ saddleif p < (2T (1+oc))l

1
— non-hyperbolic if p = (%T(l + Dc)) '

(c) if d = (1 —e %) then the fixed point Ei(k,0) is non-
hyperbolic

Naturally, one of the eigenvalues of the above mentioned ja-
cobian matrix is —1, and the remaining eigenvalues are different

1 1

from +1 when p = (%F(l + uc)) “orp= (ml‘(l + a)) "
—1

Therefore, if parameters change in a limited area around PDFp,

—2
or PDF,, a flip bifurcation may happen.

P/D\FE1 ={(r,a,k,d,p,a) € (0,+00):p= (%F(l—i—a)); ,
o ()" d > (1-e™)
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or

7

1
> M(1+a) \*
PDFEl = {(T‘, ﬂ,k, d,p,ﬂ() € (0, +00) o= (ﬁ_ei)ﬂk))

,d > (1—e %))

,y*), the characteristic equation can be written as

o # (2ra+w)’
At EQ(X*

Z\/I\SE2 = {(r,a,k,d,p,a) ip = (1“(14—0()2;6) =pns, £ < 0},
e

Let p* is the perturbation of p where |p*| <« 1. Therefore, the
model perturbation is

)\ k
Xn+1 Xn + (lf(:i 1)) ("xn In ;” - (1 - 7””) yn) = f(xm ynrp*)r (12)
Fo(A) = A* — (2+ Mapie)A + (14 Mapie + Nopie?) =0 (11) o = gt <p(:£ 1)> (L= ™) gy = dyn) = g (X Yorp).
where If uy = xp —x*, vy = yu —y*, then equilibrium is E; (x*, y*)
5 o~ becomes the origin , and by using Taylor series at (u#,,,v,) = (0,0)
fe=Tro1) @+1) expanding f and g to the third order, the model (12) becomes
- . N k
M;=e™ (-1—e™ (=14+d+7r)—ay*) +rin[-
’ ( ( ) ) a1 Ups1 = @1l &0 + 61105 + K1l 0y + 62205 + a111145 $13)
Ny =e ™ (r — e r(1—d) +ady* — (1+ (=1 +d)e™ )rin [§]> 112UV + 0120100 + 822005 + O((Jun] + [oa])*),
U1 = Pittn + Bavn + P11ty + Protin¥n + P2avy + Pr11tty +
So F.(1) = Myjie> > 0and F.(—1) = 4 + 2Mgjie + Nyji,>. Re- W20, 4 Bronttn @2 & B ® + O((l1ty] & [0 )4
garding the stability criterion of E,, we state the following lemma. Praztiyon + Prazitn®is + P20 (o] + o)),
The fixed point E; with any arbitrary selection of parameter where
values is a —ak
(i) source if = d —dren oy (ac+1) +r r(a+1) (d—(-14+d)In[l—d])In [ln [1,,1]]
~ ~ ~ ~ 2 ~ 1 = ,
(i) M,” — 4N, > O and fi, > ~Met VN =N . d
-~ ~ 7 ! o
(i.if) Muz —4N,; < 0and i, > 7]\17\4“ ay = *dm,
(ii) sink if _ak
— d+(—=1+d)In[1 —dPIn | -7°
VNN, 7 NG ( In[1—d]
(ii.i) M,> —4N, > 0and e < = N, = Ain[i—d ,
(ii.if) Ma — 4N, < 0and ji, < M” o*
R Na K1 = {Z(—l + d)‘ ’
(iii) non hyperbohc if T(a+1)
(ifi.i) M,? —4N, > 0and e W;ﬂg £ ;72, ]\_714 ap = 0,
(iii.if) My” — 4N, < 0 and i, = 7 2 (1 - In [ m])
(iv) saddle if otherwise N _ Flat1)
Let, e In[1—d]? '
1
— = ~ 2 o a (44
PD- — a,k,dp,a):p = | “MEVM—ANi (g =04, 2 _
E {(Tﬂ p,0):p ( N, (I+a) P+ X112 a( 1+d)1"(4x+1)’
with M,2 — 4N, > 0, e ;712, ]\*74 a1y = 0,
The system (7) at Ep undergoes a flip bifurcation, when the pa- axy = 0,
rameters (r,a,k,d, p, «) fluctuate within a narrow region of ﬁBEz' (—1+d)rg ln [1—d]In [ —ak ]
— ( In[1—d]
Also, let B = 7 ,
1
T M, \ & -2 ~
Nse, = {(ak dpia) sp = (L + 0 f)" = s, M2 4N <0f g2 = 1,
If the parameters (r,a,k, d, p, &) vary around the set NS, system a(=1+d)rg (,Hl) In1—-d]ln [ﬁ]
(7) will suffer an NS bifurcation at that point. pn = - q ,
BIFURCATION ANALYSIS P = O
. - | (1 + d)rgfy o1 — d)In [ty
This section introduces to investigate the Neimark-Sacker (NS) Bi11 = 7 ,
bifurcation and Period-Doubling (PD) bifurcation at the equilib- N
rium point Ep (x*,y*) of the system taking p as the parameter of Bz = a*(—=1+d) pi,
bifurcation for this study. I(a+1)
Bin = 0,
Neimark-Sacker bifurcation Bry = 0.

For the formulated predator-prey system (7) in discrete fractional,
the bifurcation analysis of the research of Gompertz growth on prey
with exposure to Ivlev functional response has been conducted
through the NS bifurcation. For the parameters that fall under the
following set:
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The characteristic equation of the model (13) is A2 + p(p*)A +
q(p*) =0,

where
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o Al B (d— (—14d) In [1-d]) In [ 7]
p(p*) = — a ’
and
(p+p*)* (p+p*)® (p+p*)* —ak
a(o") = d(—r G )+ G ) (d+( 1+d;( 14+a G ) nf1- d]) n [y ] .

The roots of the characteristic equation are Aj,(p*)

—plp*)Eiv/4q(0*) = (p(0*))*
5 .
where
49(p*) — (p(p"))? (15)
- 4(d7dr(%"+l)) +rie) (d+( 1+d)(71+d({3&ﬂr1)))ln[l—d])ln{iln[’lff‘d]})
- d
*\a H\0 2
(d@ - r &) + r G (@ = (“14d) In 1 - d)) In [ 5% ])

a2

For0<d <1,4q(0*) — (p(p*))? is always less than zero.

From |A12(p*)| = 1,and p* = 0, we have |A1(0*)| = [9(p*)]2
and

r= [

r(7d+(d+(71+d)( 1424 25) In [1-d]) In [1 S D

X
Zd\/d—dr% (/X+1) (d+( 1+d)(1+d (P 1y)inl1- dj)l [mukd]]
]

£0.

Additionally, it is necessary that when p* = 0, NLZ #1,i=
1,2,3,4, which is equivalent to p(0) # £2,0,1.

For normal form study, let ¢ = Im(A12) and § = Re(A1). We

define T = , and using the transformation

v 0

X
T , the model (13) becomes

= X — 7Y, + f11(*n,Y,), 17)

Yxn + 07, + 811 (Fn, Tyy)s

Xn+1

yn+1

where the variables (X;,7,) with the order at least two are
denoted the terms in the model (17) by the functions f1 and g1,
respectively.

The following discriminatory amount () must be nonzero in
order to undergo NSB:

(1—20)A

Q= —Re 1611620] — ~|én — |Zol* + Re(Aéa),
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(16)

where
J .
Go0 = 3 (2B — doegy — wyp + dyann + 1 (dyayy — 200 — 28027))
+ Y+ ,312 O — 2P + 839y — 62By — 6%a15 + 6B12

4 4
1 2
tig (471322 + 277 — 20(11)
1
(B2 — da) + i (YPagy + a1y + daqo + 0%an)

n B11 — Saqy + 612 — 82aqp — 202 By + 263
2y ’

_
51172

1 1
Coo = 1’7(250622 + a2+ Ba2) + 11(1312 +20B2p — 20a12 — a11)
) 5B1p — 6%a1p + 6% By — Bu 1.
P11 —da11 +6PB1p — 6“agp + 6Pm 2 4 L ity = 362),
4y 4
3 2 352 4
& = gﬁzzz(’rz +6%) + ﬁnz + 406112 + 13122 + 06122(Z3 t5 - 1)
. .30
+ gt T igt’ézzz(’y + 252) + i%éalzz - §,3122'Yl - l%ﬁzzz
_ ;3B — 3wy 30Buz — 362wy 1-352[3122 — 381
8y 8y 8y
_ i353l3222 — 35*ay,
8 '

The following theorem can be used to demonstrate the direction
and stability of the NS bifurcation in light of the explanation above.

If O # 0, the system undergoes NS bifurcation at E; for the
parameter p varies in neighborhood of NS E-IfQ <0(Q>0),
then there is a smooth closed invariant curve that can bifurcate
from the positive fixed point Ey, and the bifurcation is sub-critical
(resp. super-critical).

Period-Doubling bifurcation

The one eigenvalue is Ag —1 of the positive fixed point
Ep (x*,y*), and the other one (A;) neither 1 nor —1, if the fol-
lowing set contains the model’s parameters

1
ﬁgz = {(r,a,k,d,p,zx) ip = (I‘(l+zx)%ﬂ‘/§)“ =p+, L2 0}.

Here, we address the PD bifurcation of the system at E; (x*, y*)
when a limited fluctuation of parameters in the area of @Ez' The
parameter (p) is utilized to analyze the NS bifurcation.

Let p* (Jp*| << 1,) is the perturbation of p and taking a model
perturbation like this

_ (p+p)" ko ey, ) = :
Ypp1 = Xt Ta1) " In o 1—e ™)y, | = f(xu,yn,p*), (18)
+ e~ 1xn — *
Y1 g+ o0 ((L=e™) yu —dyn) = g(xu, Y, p").-

T(a+1)
If u, = x, — x*,v, = yn —y*, then equilibrium E, (x*,y*) is be-

comes the origin, and by using Taylor series about (1, v,,) = (0,0)

expanding to the third order of f and g, the model (18) becomes

el = @qln + 020 + 81115 + K12Un Ty + K13Un0" + 19)
w2300" + 111105, + 01121500 + A113U50° +
w123t 0np" + O((|ttn] + [0a] + [0*])*),

U1 = PBitn + Bavn + P11ty + Pratin¥n + B2avy + Prsitnp” +

Boavno® + Bty + Br1ation + Br13uze® + Br1ostnvnp* +
Ba23vap* + O((|un| + |vu| + [0*)*),
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where
r@+{—d+&4+dﬂnﬂ—ﬂ)mLJﬁﬂD 1ot

f3 =~ d Tat1)

o apzxfl
0(23 - dr(lX"‘ 1)/

2 —ak
" (4+ (-1+d) 1 —dPIn [p55]) ot
dln[1—d] T(a+1)

L ae1eay et

“123 - ll( 1+d)r(lx+1)’
(~1+d)rin[l—d)in |55 ] e
Pz = d T(a+1)
Bz = 0,
a(~1+d)rin[l —d]In [ﬁ] a1

fs = = d T(a+1)

B B “pzxfl
Bz = a(l d)F(zx—s- 0’
Bz = 0.

(20)
4% 1%)
We define T = which is invertible. Now,
—-1—- 15} /\2 — K1
applying the transformation =T , the system (19)
Un yn

becomes

_y}’l +fll(ul’lrvnr b*)/
Ay, + 811 (un, vn, b),

Y1 =

where the variables (X, 7, ) having the order at least two are
denoted the terms in the model (21) by the functions f11 and g1,
respectively.

Using the center manifold theorem, it can be derived that the
system (21) has a center manifold W¢(0,0,0) at (0,0) in a very
closed neighbourhood of p* = 0, which may roughly be stated as
follows:

We(0,0,0) = {(Xu, ¥, p*) €R® 1§, 1 = B1X% + BpXpp*
+O((1%n| + [0*1)%) }

wp[(1+ar)ary +aaBn] | Poa(l+a1)*

] =

1-A3 1-A3
(1+aq) (@12 (1 + a1) + a0
1-A3 ’
T = (14 a1)[a3(1+ 1) +azfos] (14 a1)ass + azp13)
a2 (1+A)? (1+42)2 '

The center manifold W¢(0, 0, 0) restricted the model (21) has the
following form:

Tugl = —Xn + X5 + hoXpp* + h3%20* + hyXyp*? 4 hsxo +
O(([] + |0*1)*) = F(zn,0*)
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where

DA —T)an —®Pu]  Po(l+7)*
14+ A, 14+ Ay
(14@1)[(A2 — & )arp — B P12
14+ Ay
By — M2 —@)arz —@ofiz  (1+@)[(A2 —&)ags — @]
2 1+A; an (1 + /\2) !
(A2 —aq)wyagz — aoBiz | [(Ax — ap)aos — anBos] (A2 — aq)ay
14+ Ay /%) (1 + )Lz)
(14 a1)[(A2 — &1)a13 — &2B123] n a[(A2 — q)ag13 — @oP113)
1+ A, 1+ Ay
200 (A2 —w)ary —a2f11] 2@ (1+aq)(A2 —a1)
1+ A, 14+ Ay
Boos(1+a1)* | @l(Ar —ay)agn — axPip) (A — 1 —2ay)
1+ A, 14+ Ay !
wp[(A2 — 1)ay3 — azPB13] + [(A2 — a1)azs — azB23] (A2 — &1)@2 n

h =

7

hy =

+

hy =

1+ A ay (1+Ap)
20007 (A2 — a1) 11 — w2 B11] + 2Btz (1 +a1) (A2 — 1)
1+ A, 14+ A,
W [(Ap — 1)agp — apBr0) (A — 1 — 2a1)
14+ Ay
_ 2mp00 [(Ag — a1 )a11 — o]
14+ A,
(1 + a1)[(A2 — a1)a112 — a2B112]
1+ Ay
n [(A2 —a1)arr — apfur](A2 — 1 —2ap)@y
1+ A, '

Jr

n 2By (Ay —ap) (14 )
1+ Ay

n @3[(Ax — 1)1 — 211
1+ A,

hs

For PD bifurcation, the two differentiating quantities ¢; and ¢»
be nonzero,

_ 9°F | 1 0F &F _
¢1 = (ayap* + jﬁﬁ) ‘(0,0) and ¢ =
188 (120)?) |
6 % 2 9%2 (0,0) -

The following theorem contains a succinct statement of the
previously discussed topic.

If {1 # 0and ¢ # 0 then the system undergoes PD bifurcation
at E; (x*,y*) for varies of p in a small neighborhood of bppg. Fur-
ther, the period-two orbits for & > 0 (&, < 0) that bifurcate from
Ep (x*,y*) is stable (unstable).

EXISTENCE OF MAROTTOS CHAOS

This section presents the condition under which the system (7) will
be chaotic in the sense of Marotto (1978, 2005). Fixed point z of
system f is repelling if all of the eigenvalues of Df(z) are greater
than 1. A repelling fixed point z is snap-back repeller of system
f if there is a point xg # z in the repelling vicinity of z, such that
xp = zand det(Df(x)) # 0 for 1 < k < M, where x; = f¥(xq).
A snap-back repeller indicates that system f is chaotic.

E (x*,y*) is an repelling fixed point of F(X,) if p? (x*,y*) —
4g9 (x*,y*) <O0and g (x*,y*) —1>0

pia L - _ paXy
For map F(X,) — Xy + T(a+1) (rxn In xn (1 e ) yn)
v+ iy (1= ™) yu —dyn)

Xn = (xn ]/n)T

The eigenvalues that match the fixed point E; (x*, y*) are given

by /\1,2 — —p(x*y )£ ﬁzgx*/y*)—‘iﬁ(x*/y*)’ where
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o

P(y) = —(2— 1Bgy) — arihe (@ — (=1 +d)Inf1
d])ln[ln[l d]]
é\( 'Y ) = ( 1- r(,rerl)) + dl"(zx+1) (d + (71 + d)(f

F(ochl 7)Infl —d])In [lnﬁtﬁ{d]} '
As a result, the fixed point Ep (x*,y*) has two complex eigen-
values, and their norm is greater than unity if
p?(x*,y*) —4q (x*,y*) <O0and g (x*,y*) =1 >0
As a result, we can assert the following inference.
E; (x*,y*) is a snap-back repeller of F(X,) if [DF?(E
#0.
Let E (xo,y0) # Ez (x*,y*) be a point in a repelling neighbor-
hood of E; (x*,y*), such that F2(E (xg,y0)) = Ea (x*,y*).
Therefore

(xofl/o))\

p" k -
X1 = Xo + F(T—f—l) (T’XO In ; — (1 — ﬂJCQ) y()) and

0
n=vot ol (e ™)y —dy) ()
F'(a+1)
and
* PIX E_ _ p,axy
x _x1+71“(a—|—1) (rxllnx1 (1—e )yl) and
V= s (1) g dy). (23)
F(a+1)

We will calculate the value of xy and yg by solving equations
(22) and (23)
By simple calculations, we get

[DF2(E (x0,40))| = IDF(E (x0,%0))| IDF(F(E (x0,%0)))|

14+{1—-d—r—(1+aB)e ™ +rln a
:(CHfDG) { ( ) A}FD(H

+{d(r+aBe’“Afrln )—r(l—e ) (1—In%)} N il)

where A = xg + F(a+1) (rxo lnxi0 — (1 ﬂzxo) ]/0) B = yo+

r(£+1) (1 —e ™) yo — dyo),
C = 1 - r([fiil)(r+ayoe*“"0—rln%>, D =

r(¢f+1) (=14e7m0),

= % (ayoe ™), H =1+ F(zx+1) (1—d—e ™).

Therefore E; (x*,y*) is a snap-back repeller of F(X,) when
|DF?(E (x0,0))| # 0 Further, the following inference can claim
as a result of the chaotic nature. F(X,) is chaotic under the
condition p? (x*,y*) — 4q (x*,y*) < 0, q(x*,y*) —1 > 0 and
|DF2(E (x0,0))| # 0.  Since F(Xy) has a repelling fixed point
Ep (x*,y*) if p? (x*,y*) —4q (x*,y*) < 0, q(x*,y*) —1 > 0, and
further from Theorem-5, the same fixed point E; (x*, y*) is a snap-
back repeller if | DF2(E (x,y9))| # 0.
Therefore F(X,) is chaotic.

NUMERICAL SIMULATIONS

The Lyapunov exponent, bifurcation diagram, phase por-
trait and fractal dimension are shown for various parameter
values in this section to illustrate the qualitative dynamical
characteristic of the discrete fractional system. To support
our theoretical conclusions for the system (7), we shall
run numerical simulations. These parameter values were
picked: ¥ = 12, k = 15, a = 05, « = 075, d = 0.1 and
p varies between 1.9 < p < 2.73. We locate a fixed point

CHAOS Theory and Applications

E(x*,y*) = (1.02165,3.36309) and assess the bifurcation point
for the system (7) at p— = 2.08616. The eigenvalues are
A2 = —1,0.937016.

The system trajectory is shown in Figure 2 as changing from a
fixed point to a Flip bifurcation and finally to a chaotic attractor.
The computed MLEs and FDs associated with Figure 2(a-b) are
shown in Figure 2 (c-d). In reference of the bifurcation Figure 2,
the phase portraits are displayed in Figure 3, which effectively
illustrates the bifurcation of a smooth, invariant closed curve into
a chaotic attractor from a stable fixed point.
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Figure 2 Flip Bifurcation diagram, MLEs and FDs for varying parameter
0
\\
~
! \
3 .
S
S ) \.\;‘\11
N \\

Figure 3 Phase picture for varying p with matching to Figure 2 a,b. Blue
* is the fixed point Ej.

In Figure 4, the orbit diagram of the prey and predator popula-
tions is shown together with other fixed parameter values are r =
12,k =15,a =1.0,a = 0.5,d = 0.4 and p varies between 2.5 <
o < 3.25. We establish a fixed point E(x*, y*) = (0.510826,3.30154)
and assess the bifurcation point for the system (7) at pjys = 2.65984.
The eigenvalues are Aj, = —0.0173315 & 0.99985i. This figure
showing transition of trajectory from a fixed point to NSB and
finally to chaotic attractor. The phase portrait, MLEs and FD of
Figure 4 (a-b) are shown in Figure 5 and Figure 4 (c-d) respectively.
All bifurcation processes for both prey and predator have three
distinct periodic windows.
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Figure 4 Visual representation of NS Bifurcation, MLEs and FDs of
species for varying parameter p
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Figure 5 Phase picture for changing input of p matching to Figure 4 a,b.
Red * is the fixed point Eg.

We have also investigated NS bifurcation by varying the frac-
tional order a in the range 0.65 < « < 0.985 and fixed all other
parameter discussed above for Figure 4 with p = 2.65984. The
visual representation of Figure 6 is displayed in Figure 7.

The prey-predator model may behave more dynamically in the
Neimark-Sacker bifurcation diagram as other parameter values
vary (for example, parameter 2). When the parameter values are
setasr =12, k=15, a =0.75, d = 0.4 with p = 2.65984 and a
range between 0.5 < a < 1.33, as illustrated in Figure 8 (a-b), anew
Neimark-Sacker bifurcation diagram is produced. Ata = ays =
1.0, the system encounters a Neimark-Sacker bifurcation. Figures 9
and 8 (c-d) illustrate, respectively, the phase portrait, MLEs, and FD
of Figure 8(a-b). Figure 10 (a) shows the 3D bifurcation diagrams
in (p, b, x)-space. The plot of the maximal Lyapunov exponents is
shown in Figure 10 (b) for two control parameters through a 2D
projection onto the (p, 2) plane.
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Figure 6 Diagram of NS Bifurcation in (a) («, x) plane, (b) («,y) plane,
(c) MLEs, (d) FDs
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Figure 7 Phase picture for different inputs of « matching to Figure 6 a,b.
Red  is the fixed point E;.
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Figure 8 Diagram of NS Bifurcation in (a) (4, x) plane, (b) (a,y) plane,
(c) MLEs, (d) FDs

Fractal Dimension

To determine chaotic attractors of a system, the fractal dimensions
(FD) measurement is used and is defined by Cartwright (1999)
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Figure 9 Phase picture for different inputs of a matching to Figure 8 a,b.
Red * is the fixed point E;.

Figure 10 (a) 3D Bifurcation diagram in (p, b, x) space (b) Maximum
Lyapunov exponents projected in two dimensions onto the (p, 2) plane

YK ot
Dep = k+
|ty

(24)

where the largest integer is k such that Z;‘:l tt; > 0 and

Zkﬂ tt; < 0and t;’s are Lyapunov exponenets.

Now, the system s fractal dimensions (7) have the following
structure: "

Drp=2+—L 25

o )

It is certain that the dynamics of the fractional order prey-predator

system become unstable as the value of the parameter p rises since

the chaotic dynamics of the system (7) (ref. Figure 5) are quantified

with the sign of FD (ref. Figure 4 (d)).

CHAOS CONTROL

Dynamical systems are thought to be optimal in reference to a per-
formance criterion and will avert chaos. Chaotic behavior is inves-
tigated in physics, biology, ecology, telecommunications, and other
domains. Additionally, useful chaos management approaches can
be used to a wide range of sectors, including communication sys-
tems, physics labs, biochemistry, turbulence, and cardiology. The
challenge of regulating chaos dynamics in discrete-time systems
has recently piqued the interest of many academics.

CHAOS Theory and Applications

The four approaches for researching chaos control in discrete-
time models most frequently referenced to take the challenge of
controlling chaos are the state feedback method, pole-placement
methodology, OGY technique, and hybrid control approach. We
introduce OGY (Edward et al. 1990) and state feedback (Lynch
2007) for managing chaos in the fractional order prey-predator
model. We are unable to use p as a control parameter in the OGY
technique. To implement the OGY approach, a serves as a control
parameter.

To apply the OGY approach, we can rewrite the system (7) as
shown below.

i k B -
Xp41 = Xn + ﬁ (rx,, In P (1-e ax")yn) = fa(x,y,a),
14

Yol = Y + = ] (L= ™)yn — dyn) = fer(x,y,0)

Ia+1

(26)
where 7 is the parameter for chaos control. Additionally, let us
assume that the chaotic regions are defined by |a — ay| < 7, where
7 > 0 and gy symbolizes the nominal parameter. Our stabilizing
feedback control system steers the trajectory toward the desired
orbit. If the system (7) has an unstable fixed point at (x*, ") in
a chaotic zone created by the development of a Neimark-Sacker
bifurcation, the following linear map can represent the system (26)
in the vicinity of the unstable fixed point at (x*,y™).

Xpa1 — X1 - xp — xT -
ntl =~ Aee ! + Bee [a - ‘10] (27)
Yn+1 — er Yn — er
where
) afel( y8)  Afu(xya)
Aee = ox _ %
af(’2< ,y, a)  Ofe(xya)
Y

147, (—1 +1In x% - aR}l) (—1+e ™),

~ ~ _ +
arfle Ry 1+g,(1—d—e )
and
Ofer (x,y, -
B fel E?ay ) B _ReZ
ee — . -
ofer(x,y,a ~
fZgay ) ReZ
— e xtIn Tﬁ“fd]
For convenience, here we let (a )= = i, R
—axt
e rxt ya In & [1 d]

and Ry =
The system’s (26) controllability matrix, is therefore defined as
follows:

Cee = [B:m : AeeB;f]

—2axt . +2 —ak P L axt
g e rxT%In n[i-d d(jie+e (=14 (=1+r)pie)—de™ " rIn + V+arxt e In i [1 d]
—Re2

— 42

—_2axt 2 - N +
N 62007yt n [1‘1—kd] <d(yg+f“ (=14 (=147 pie) +arxt i In n ['l d] )
ReZ 2

It is then clear to determine that the rank of Cp is 2. Assume
where Ko, = [051 03], then

system (26) becomes
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Xpp1 — X _ S Xp— X k 3
i ~ [Aee — BeeKee] " Xpi1 = Xn + _r repIn— — (1—e " )yy | + tee
N N T(a+1) Xn
Yn1—Y Yn—Y o

P —ax (30)

gt L (1= )y, —d
Additionally, (7) offers the appropriate controlled system. Yns1 =Yn+ T(a+1) (1= ™)y —dyn)
} o Uee = _kl(xn_x+)_k2(yn_y+)
Xpt1 = Xn + e (rx,, In xk — (1 — ¢ (0—dalxn—x )—Uez(yn—y*))xn)yn>

" where the nonnegative equilibrium point of the system (7) is

Yni1 = Yn + He ((1 — e (00 (xn=x") ==y Nxn )y, dyn) represented by (x*,y™). The feedback gains are represented by
28) the numbers k; and k.

Additionally, the fixed point (x*,y™") is locally asymptotically Example: To implement the feedback control OGY mech-

stable iff both eigenvalues (Age — BeeKee) of the matrix are situated anism for the system (7), we utilize (ag, 7k d,a,p) =

inside an open unit disk. (1.33,1.2,1.5,0.4,0.75,2.65984). In this situation, the unstable

Also, system (7) has a single non-negative fixed point (x*,y*) =

Ao — Boploe = (0.384079,1.56978). Then, based on these parametric values, we

offer the controlled system below.

~ o ~ ~ —axt ~ v ~
1+ i, (rln % —arRy — r) + Rpon (67 —1)f, + R0z
Xns1 = X +2.2662 (sz” In 15 (1- o~ (133=037 (¥ —0.384079) —05 (yn —1.56978))xn )yn) ,
X

arR}l — R;z(fél 1+ (d — Eiax+ — 1)}?3 — R~32(7;2 n
Also Yns1 = Y + 22662 ((1 _ (13303 (xu—0384079) —03 (yn —1.56978))xn Yu — 0. 4y"> )
€2y
A2 (2 (= d— e )4 f(rin xé R + (Roachs — R;2U22)> " where the gain matrix is K = [07;  0%]. We also get,

p—ax t

g (el = 1)+ e (L (U= d = r = (1= ) . —0.85338  —0.90648

1 p— k4 s ee =
+E (dryt ln—(e —(l1—¢ (17d)))) + 2 83883 1
e—axJr —ak k

<rx+ﬁp In n[i—d (apl, —a+xt (1 —diie)dn — xT (1= rile + rfle In — )UL2)> =0.
(29) - —0.819801

The lines of marginal stability can then be obtained by solving ee =

the equations A,y = +1 and A, A, = 1. Furthermore, these 0.819801

restrictions ensure that the open unit disc has both eigenvalues.

Let us consider Ay Ay = 1 and from (29), we get
—0.819801 —0.0435314

Lo = e g, (40— r,) —de™ (1-d i(1—d e =
a = e e (40 i) — e (1= d—r (1= d)) 0.819801  —1.50747

=1 .+ + + +

+7€ T (drln (=™ (1 —e™ +de™ ))) — B
Consequently, it is easy to confirm that the matrix’s Ce rank

is 2. As a result, it is possible to control the system (31), and the

Jacobian matrix of its controlled system is given by.

e—nﬂ'

ak k
7 — <rx lnﬁ(afudﬂe+x (17d;4c)1761+x+(17rye+ryeln )1732)>

Next, if we assume that A,y = 1, we obtain

Lo = 3" (=24 ) +de"™" (4+ 247, — 2411, — i (2 + 1l — drii.)))

—0.85338 + 0.81980107;  —0.90648 + 0.8198010%;

1,
i . -
1 Aee — BeeKee =
d

—axt (drﬂe lni(mz"rr —i(1— erxt 7deax+))> n
2.83883 — 0.8198010% 1 — 0.8198010%,

(—2a + adpr, + x* (2 — dji.) o + x* (=2 + 1jl. — il In %)cﬂz)) .

%e’”ﬁ (rx He ln [ d]
The lines L1, L,» and L3 are offered by for marginal stability.

Also, if A, = —1, then
Ly = 0.719959 + 0.076667707 — 1.6276705; = 0

—axt 22
Lo=2THe <d<e"~** —de™" —1+ (14 (-1+d)e™ ) In % —ax’In ﬁ)) Lo = 2.86658 + 0.89646807;1 — 2.4474705 = 0

N %e,ﬂ Pn [;ai{d] 2 (da;l (14 %fez)) 4 Leg = —2.57334 4 0.7431330%; + 0.8078690%; = 0
For a given parametric value, the stable eigenvalues are located The controlled system(31)’s stable triangular region is defined
in the triangle in the 031, 0% plane encircled by the straight lines by the marginal lines L1, L, and L,3, which are shown in Figure
Le1, Le, Les- 11.

Chaos is stabilized at the point where the system’s (7) unstable To investigate the operation of the applied feedback control
trajectories through a technique known as state feedback control. influence as a controller of chaos in an unstable condition, we
By introducing a feedback control law as the control force u,., and performed numerical simulations (see Figure 11). The parameter
using the following formula, the system (7) may be made to take values will be the same as the OGY method that we select. The
on a controlled form. chosen feedback increases are k1 = —0.3 and k, = —0.25.
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CONCLUSION

The present study investigates the dynamics of a model system
and identifies two equilibrium points under specific parametric
conditions. Our work provides a comprehensive stability analysis
of these equilibrium points, which is presented in detail in the
paper. In addition, we demonstrate the occurrence of a flip bifurca-
tion and a Neimark-Sacker bifurcation in the model system, both
analytically and numerically, under certain conditions. Notably,
our results indicate that increasing values of the parameters p and
a destabilize the system, resulting in a transition from a stable
state to chaotic behavior via bifurcation. We observe the resulting
chaotic behavior in the models. However, we also demonstrate
that the OGY technique can be used to control the chaotic behavior,
both numerically and analytically.

Furthermore, our main finding is that the degree of memory
represented by the parameter « plays a crucial role in determining
the system’s behavior. Specifically, our results indicate that strong
memory, corresponding to a approaching zero, stabilizes the sys-
tem, while weak memory, corresponding to a approaching one,
leads to chaotic behavior. These findings highlight the importance
of memory in the dynamics of the model system.

In summary, this study presents a comprehensive analysis of
the dynamics of a model system and demonstrates the occurrence
of bifurcations and chaos under specific parametric conditions.
Additionally, we show the effectiveness of the OGY technique
in controlling the chaotic behavior and highlight the impact of
memory on the system’s behavior. Our work contributes to a
better understanding of the dynamics of the model system and
provides insights into the role of memory in the system’s behavior.
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