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Abstract
We present the novel concept of graphical bipolar metric-type space in this article, which
combines the notions of graph theory with fixed point theory. We prove that every bipolar
metric space is a graphical bipolar metric space but the converse is not true in general.
Various concepts like covariant mapping, contravariant mapping, and Cauchy bisequence
are also discussed within the context of graphical bipolar metric-type spaces. Furthermore,
in this study, we show that fixed point results exist in graphical structures of bipolar metric
spaces and a series of examples are provided to support the main results within the realm
of the graph structure.
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1. Introduction
In the literature of fixed point theory, the Banach contraction principle is very signifi-

cant. Many authors have generalized this concept by utilizing various kinds of contraction
mappings in several metric spaces (see, e.g., [1, 3, 5, 12, 18, 21, 25]). In 2016, Mutlu and
Gürdal [13] introduced the notion of bipolar metric space, a sort of partial distance, as
well as the relationship between metric spaces and bipolar metric spaces. Mutlu et al.
[14] developed a generalization of coupled fixed point theorems in bipolar metric spaces
in 2017. Fixed point methods for multivalued mappings in such spaces were recently pro-
posed by Mutlu et al. [15]. For more synthesis on bipolar metric spaces one can refer to
[11,27].

In recent years, graph theory has become increasingly relevant in the study of fixed
point theory. Many scientists are working on graphical fixed point theory, and its applica-
tions, e.g., [2, 8, 9, 16, 17, 20, 22–24]. Recently, Chuensupantharat et al. [2] generalized the
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notion of graphical metric spaces [19] and introduced graphical b-metric spaces along with
suitable graphs. Most recently in 2019, Younis et al. [22] introduced graphical rectangular
b-metric spaces, which extend the concepts given in ([2,6]). For a detailed summary of the
graphical structures, we refer the reader to the informative article [7]. In 2019, Younis et
al. [22, 23] introduced the notion of graphical rectangular b-metric spaces with an appli-
cation related to engineering field. Recently, in 2021, Younis et al [26] graphical structure
of extended b-metric space with an application of homogeneous bar. Mutlu and Gürdal
[13], on the other hand, pioneered the idea of bipolar metric space as a sort of partial
distance. The authors analyzed the relationship between metric spaces and bipolar metric
spaces, and in particular, they proved for completeness and the unfolding of several of the
well-known fixed-point theorems.

Keeping in view the applicability of the above mentioned theory, and motivated by the
innovative work done in [4,13,14,22,23,26], in this paper, we aim to introduce the notion of
graphical structure of bipolar metric spaces, which is the generalization of bipolar metric
spaces and graphical metric spaces. Appropriate example equipped with suitable graphs
are provided to endorse the validity of our findings.

2. Preliminaries
In this section, we present some basic facts and primary definitions which are essential

for the further analysis of the article.
Jachymski [10] presents the following statement, let X be a nonempty set and ∆ be the
diagonal of X×X. Also let G = (V (G), E(G)) be a directed graph without parallel edges,
where V (G) is vertex set of G such that it coincides with the set X and E(G) is the edge
set of G such that it contains all the loops of G, that is ∆ ⊆ E(G). Also, we denote
by G−1 the graph obtained by reversing the direction of E(G). If the graph G contains
symmetric edges, then it is denoted by the symbol Ğ, that is,

E(Ğ) = E(G−1) ∪ E(G).

Let v and w be the vertices of the directed graph G. A path in G is defined to be a sequence
{vj}m

j=0 containing (m+1) vertices such that v0 = v, vm = w with (vj−1, vj) ∈E(G), where
j = 1, 2, . . . ,m. A graph G is said to be a connected graph if there exists a path between
every pair of its vertices. If the graph G is undirected and there is a path between its
every two vertices, then we say G is weakly connected. A graph H = (V (H), E(H)) is
called a subgraph of G = (V (G), E(G)) if V (H)⊆V (G) and E(H)⊆E(G).
Shukla [19] presents the notations [v]lG={w ∈X : there exists a directed path from v to w
in the graph G possessing length l} and a relation P on X is such that (vPw)G if there
exists a path directing from v to w in G and w ∈ (vPw)G if w lies in the path (vPw)G.
Further, a sequence {vm} ⊂ X is said to be G-termwise connected (G-TWC) if (vmPvm+1)G

for all m ∈ N. Henceforth, we consider all the graphs under consideration as directed un-
less otherwise stated.
Recently in [13], the authors introduced the bipolar metric space as follow:

Definition 2.1 ([13]). A bipolar metric space is triple (X,Y, d) such that X,Y are non
empty sets and d : X × Y → R+, is a function satisfying the properties

(1) If d(x, y) = 0, then x = y, for all (x, y) ∈ X × Y .
(2) If x = y, then d(x, y) = 0, for all (x, y) ∈ X × Y .
(3) d(x, y) = d(y, x), for all x, y ∈ X ∩ Y.
(4) d(x1, y2) ≤ d(x1, y1) + d(x2, y1) + d(x2, y2),

for all x1, x2 ∈ X , y1, y2 ∈ Y and R+ is set of all nonnegative real numbers. Then d is
called a bipolar metric on the pair (X,Y ).
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3. Graphical bipolar metric spaces
We introduce the notion of graphical bipolar metric space and related fixed point the-

orems in this section.

Definition 3.1. Let (X,Y, dG) be a graphical bipolar metric space if X,Y are non empty
sets and equipped with a graph G. Let dG : X × Y → R+, (R+ is set of all nonnegative
real numbers) is said to be graphical bipolar metric space for all x1, x2 ∈ X , y1, y2 ∈ Y
and (x, y) ∈ X × Y if satisfying:

(1) If dG(x, y) = 0, then x = y.
(2) If x = y, then dG(x, y) = 0.
(3) dG(x, y) = dG(y, x), for all x, y ∈ X ∩ Y.
(4) (x1Py2)G, x2, y1 ∈ (x1Py2)G ⇒ dG(x1, y2) ≤ dG(x1, y1) + dG(x2, y1) + dG(x2, y2).

Remark 3.2. It is to notify that a graphical bipolar metric space (X,Y, dG) is a proper
generalization of bipolar metric space (X,Y, d).

Example 3.3. Every bipolar metric space is graphical bipolar metric space
(X,Y, dG).
Let X = {0, 1, 2, 3, 4}, Y = {3, 4, 5, 6, 7} and the function dG : X × Y → R+ is defined in
the following table.

dG 0 1 2 3 4 5 6 7
0 0 2

3
3
4

4
5

5
6

6
7

7
8

8
9

1 2
3 0 6

7
7
8

4
5

5
6

10
11

11
12

2 3
4

6
7 0 12

13
13
14

14
15

15
16

16
17

3 4
5

7
8

12
13 0 8

9
7
8

6
7

5
6

4 5
6

4
5

13
14

8
9 0 3

4
5
6

4
5

5 6
7

5
6

14
15

7
8

3
4 0 12

13
13
14

6 7
8

10
11

15
16

6
7

5
6

12
13 0 17

18
7 8

9
11
12

16
17

5
6

4
5

13
14

17
18 0

It is easy to show that (X,Y, d) is bipolar metric space. Now we have to show that bipolar
metric space (X,Y, d) is graphical bipolar metric space (X,Y, dG). For this, we inspect
the graph G with vertex set V (G) = X ∪ Y = {0, 1, 2, 3, 4, 5, 6, 7} and edge set obtained
from V (G) as follows:

E(G) = △ ∪


{(0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (0, 7),
(1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (1, 7), (2, 3),
(2, 4), (2, 5), (2, 6), (2, 7), (3, 4), (3, 5), (3, 6),
(3, 7), (4, 5), (4, 6), (4, 7), (5, 6), (5, 7), (6, 7)

 ,

then (X,Y, dG) is graphical bipolar metric space as shown in Figure (1).

Example 3.4. Graphical bipolar metric space (X,Y, dG) is not necessarily bipolar
metric space.
Let X = {1, 2, 3, 4, 5}, Y = {2, 3, 4, 5, 6} and the function dG : X × Y → R+ is defined as

dG(x, y) =
{

0, when x = y,

|x− y|2 , otherwise,

for all x ∈ X, y ∈ Y and equipped with graph G. The graph G = (V (G), E(G)), having
V (G) = X ∪ Y = {1, 2, 3, 4, 5, 6} be the set of vertices and E(G) be the set of edges as
shown in Figure (2). It is easy to verify that (X,Y, dG) is graphical bipolar metric space.
Now, observe that

dG(1, 6) = 25 > dG(1, 3) + dG(3, 5) + dG(5, 6) = 9
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Figure 1. Graph associated with bipolar metric space

Figure 2. Graphical bipolar metric space

Hence, we conclude that graphical bipolar metric space is not necessarily bipolar metric
space.

Now, we discuss Cauchy, complete, covariant and contravariant mappings as follows:

Definition 3.5. Let T : X1 ∪ Y1 → X2 ∪ Y2 be a function on pairs of sets (X1, Y1) and
(X2, Y2). If T (X1) ⊆ X2 and T (Y1) ⊆ Y2, is known as covariant mapping from (X1, Y1) to
(X2, Y2) and denoted as

T : (X1, Y1) ⇒ (X2, Y2).
If T (X1) ⊆ Y2 and T (Y1) ⊆ X2, is known as contravariant mapping from (X1, Y1) to
(X2, Y2) and denoted as

T : (X1, Y1) ⇄ (X2, Y2).
If dG1 and dG1 are graphical bipolar metric spaces on (X1, Y1) and (X2, Y2) respectively.
Then we use the notions as

T : (X1, Y1, dG1) ⇒ (X2, Y2, dG2), (covariant mapping)
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and
T : (X1, Y1, dG1) ⇄ (X2, Y2, dG2), (contravariant mapping).

Definition 3.6. Let (X,Y, dG) be a graphical bipolar metric space:

(i): A point z ∈ X ∪Y, is left point if z ∈ X, right point if z ∈ Y and a central point
if z ∈ X ∩ Y.

(ii): A sequence (xn) on X is left sequence and (yn) on Y is right sequence. A left
or right sequence is simply a sequence in (X,Y, dG). A sequence (zn) is said to be
convergent to a point z, iff (zn) is left sequence and z as right point then

lim
n→∞

dG(zn, z) = 0.

Similarly, (zn) is right sequence and z as left point then
lim

n→∞
dG(z, zn) = 0.

(iii): A sequence (xn, yn) ∈ X × Y, is said to be bisequence on (X,Y, dG). If both
sequences (xn) and (yn) converges then the bisequence is said to be convergent
and if both sequence converges to same point z ∈ X ∩ Y, then bisequence is said
to be biconvergent.

(iv): Every biconvergent bisequence in (X,Y, dG) is a Cauchy bisequence and every
convergent bisequence is biconvergent.

(v): A graphical bipolar metric space is called complete, if every Cauchy bisequence
in (X,Y, dG) is convergent.

Definition 3.7. Let (X1, Y1, dG1) and (X2, Y2, dG2) be graphical bipolar metric spaces:

(i): A mapping T : (X1, Y1, dG1) ⇒ (X2, Y2, dG2) is said to be left continuous at a
point x0 ∈ X1, if for every ϵ > 0, there exists δ > 0 such that

dG1(x0, y) < δ =⇒ dG2(T (x0), T (y)) < ϵ for all y ∈ Y1.

Similarly, right continuous at a point y0 ∈ Y1, if for every ϵ > 0, there exists δ > 0
such that

dG1(x, y0) < δ =⇒ dG2(T (x), T (y0)) < ϵ for all x ∈ X1,

and a mapping T is called continuous if it is left continuous at each point x ∈ X1
and right continuous at each point y ∈ Y1.

(ii): A mapping T : (X1, Y1, dG1) ⇄ (X2, Y2, dG2) is continuous iff it is continuous as
a covariant mapping T : (X1, Y1, dG1) ⇒ (X2, Y2, dG2).
Now, we can say that a covariant and contravariant mapping is continuous from
(X1, Y1, dG1) to (X2, Y2, dG2) iff:
(zn) → v on (X1, Y1, dG1) implies that (T (zn)) → T (v) on (X2, Y2, dG2).

4. Main results
In this section, we will discuss some fixed point related to graphical bipolar metric space

(X,Y, dG), where the graph G is a weighted graph. Let x0 ∈ X and y0 ∈ Y be the initial
values of the bisequence (xm, ym), we say (xm, ym) to be T−Picards bisequence (T −PbS)
if xm = Txm−1 and ym = Tym−1 for all m ∈ N.

Definition 4.1. A relation P on X × Y is such that (x1Py2)G if there exists a path
directing from x1 to y2 in G and if x2, y1 ∈ (x1Py2)G, then a bisequence (xm, ym) ∈ X×Y
a G∗−termwise connected (G∗ − TWC) if (xmPym+1) for all x ∈ X, y ∈ Y and m ∈ N.
Furthermore, we say a graph G = (V (G), E(G)) satisfies the property (P ∗), if a G∗−TWC
T−Picards bisequence (xm, ym) biconvergent in X ∩ Y, which guarantees that there is a
limit v such that ((xm, ym), v) ∈ E(G) or (v, (xm, ym)) ∈ E(G) for all m > m0.
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Definition 4.2. Let G be a graph containing all the loops associated with graphical
bipolar metric space (X,Y, dG). A covariant mapping T : (X,Y, dG) ⇒ (X,Y, dG) is said
to be Gb−contraction (on X ∪ Y ) on graphical bipolar metric space (X,Y, dG) such that:

(i): (x, y) ∈ E(G), then we have

(Tx, Ty) ∈ E(G), for all x ∈ X, y ∈ Y. (4.1)

(ii): there exists γ ∈ (0, 1) for all x ∈ X, y ∈ Y with (x, y) ∈ E(G) implies

dG(Tx, Ty) ≤ γd(x, y). (4.2)

Theorem 4.3. Let T : (X,Y, dG) ⇒ (X,Y, dG) be a graphical Gb−contraction on a
G−complete graphical bipolar metric space (X,Y, dG). If the following conditions hold:

(i): G satisfies the property (P ∗)
(ii): there exist x0 ∈ X, y0 ∈ Y with (Tx0, T y0) ∈ [(x0, y0)]lG for some l ∈ N.

Then, there exists v ∈ X ∩ Y such that T − PbS (xm, ym) with initial value x0 ∈ X,
y0 ∈ Y is G∗ − TWC and biconverges to both v and Tv.

Proof. Let x0 ∈ X and y0 ∈ Y such that (Tx0, T y0) ∈ [(x0, y0)]lG for some l ∈ N. By
taking x0 ∈ X and y0 ∈ Y be initial values of T − PbS (xm, ym), ∃ a path {(xj , yj)}l

j=0,
such that xn+1 = Txn and yn+1 = Tyn where (xj , yj) ∈ E(G) for j = 0, 1, 2 . . . , l. By using
(4.1), we have (Txj−1, T yj) ∈ E(G) for j = 1, , 2 . . . , l. This implies that {(Txj , T yj)}l

j=0
is a path from x2 = Ty1 = T 2x1 to y2 = Tx2 = T 2y1 having length l such that (x2, y2) ∈
[(x1, y1)]lG. Continuing this procedure we conclude that {(Tmxj , T

myj)}l
j=0 is a path from

(Tm−1x0, T
m−1y0) = (xm, ym) to (Tmxl, T

myl) = (xm+1, ym+1) of length l and hence
(xm+1, ym+1) ∈ [(xm, ym)]lG for all m ∈ N. This confirms that (xm, ym) is a G∗ − TWC
bisequence, which shows that

(Tmxj , T
myj) ∈ E(G) for j = 1, , 2 . . . , l and m ∈ N.

Then by using (4.2), we obtain

dG(Tmxj , T
myj) ≤ γdG(Tm−1xj , T

m−1yj)
≤ γ2dG(Tm−2xj , T

m−2yj)

continuing the same procedure we conclude that

dG(Tmxj , T
myj) ≤ γmdG(xj , yj).

Now, we have to show that (xn, yn) is Cauchy bisequence in graphical bipolar metric space
(X,Y, dG) for this we suppose that P = dG(x0, y1) + dG(x0, y0) and Qn = γnP

1−γ . Then for
each positive integer n and p we have

dG(xn, yn) = dG(T (xn−1), T (yn−1))
≤ γdG(xn−1, yn−1)
≤ γ2dG(xn−2, yn−2)

...
≤ γndG(x0, y0),
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and also we have

dG(xn, yn+1) = dG(T (xn−1), T (yn))
≤ γdG(xn−1, yn)
≤ γ2dG(xn−2, yn−1)

...
≤ γndG(x0, y1).

As we know that

dG(xn+p, yn) ≤ dG(xn+p, yn+1) + dG(xn, yn+1) + dG(xn, yn)
≤ dG(xn+p, yn+1) + γnP

≤ dG(xn+p, yn+2) + dG(xn+1, yn+2) + dG(xn+1, yn+1) + γnP

≤ dG(xn+p, yn+2) + (γn+1 + γn)P
...

≤ dG(xn+p, yn+p) + (γn+p−1 + · · · + γn+1 + γn)P
≤ (γn+p + · · · + γn+1 + γn)P
≤ γn(1 + γ + γ2 + · · · + γp−1 + γp)P

≤ γnP
∞∑

k=0
γk = Qn.

Similarly, we can prove that

dG(xn, yn+p) ≤ dG(xn, yn) + dG(xn+1, yn) + dG(xn+1, yn+p)
≤ γnP + dG(xn+1, yn+p)
≤ γnP + dG(xn+1, yn+1) + dG(xn+2, yn+1) + dG(xn+2, yn+p)
≤ (γn+1 + γn)P + dG(xn+2, yn+p)

...
≤ (γn+p−1 + · · · + γn+1 + γn)P + dG(xn+p, yn+p)
≤ (γn+p + · · · + γn+1 + γn)P
≤ γn(1 + γ + γ2 + · · · + γp−1 + γp)P

≤ γnP
∞∑

k=0
γk = Qn.

Let ϵ > 0 and γ ∈ (0, 1), there exists n0 ∈ N such that Qn0 = γn0 P
1−γ < ϵ

3 . Then

dG(xn, ym) ≤ dG(xn, yn0) + dG(xn0 , yn0) + dG(xn0 , ym)
≤ 3Qn < ϵ,

which shows that (xn, yn) is a Cauchy bisequence. Since (X,Y, dG) is a G−complete
graphical bipolar metric space, then bisequence (xn, yn) is biconvergent in X∩Y , and from
the given condition (i), there exists some v ∈ X ∩Y, n0 ∈ N such that ((xn, yn), v) ∈ E(G)
and (v, (xn, yn)) ∈ E(G) for all n > n0 and

lim
n→∞

dG ((xn, yn), v) = 0,



Ćirić Contraction with graphical bipolar metric space 1595

which confirms that bisequence (xn, yn) is biconvergent to v. If ((xn, yn), v) ∈ E(G) then
by using (4.2)

dG ((xn+1, yn+1), T v) = dG ((Txn, T yn), T v)
≤ γdG ((xn, yn), v) ,

for all n > n0, which shows that
lim

n→∞
dG ((xn+1, yn+1), T v) = 0.

If (v, (xn, yn)) ∈ E(G), similar argument that we used above,
lim

n→∞
dG (Tv, (xn+1, yn+1)) = 0,

hence bisequence (xn, yn) is biconvergent to v and Tv. □
Now we have to show that mapping T has a fixed point. To prove this, we first define

a property (M∗) as follows:

Definition 4.4. Let (X,Y, dG) be a graphical bipolar metric space and T : X ∪ Y →
X ∪ Y be a mapping. We say that quadruple (X,Y, dG, T ) satisfies the property (M∗) if
corresponding two limits u ∈ X ∩ Y and v ∈ T (X ∩ Y ) of a G∗ − TWC T − PbS (xn, yn),
then we have u = v.

Theorem 4.5. If all of the hypotheses in Theorem 4.3 are true, and we further assume
that the quadruple (X,Y, dG, T ) meets the condition (M∗), then T admits a fixed point.

Proof. Theorem 4.3 proves that T − PbS (xn, yn) with initial values x0 ∈ X, y0 ∈ Y
biconverges to both v and Tv. Since v ∈ X ∩ Y and Tv ∈ T (X ∩ Y ), by hypothesis, we
obtain v = Tv and hence T concedes a fixed point. □

Now, for contravariant mapping, we shall establish a similar conclusion.

Definition 4.6. Let G be a graph containing all the loops associated with graphical
bipolar metric space (X,Y, dG). A contravariant mapping T : (X,Y, dG) ⇄ (X,Y, dG) is
said to be G∗

b−contraction (on X ∪ Y ) on graphical bipolar metric space (X,Y, dG) such
that:

(i): (x, y) ∈ E(G), then we have
(Tx, Ty) ∈ E(G), for all x ∈ X, y ∈ Y. (4.3)

(ii): there exists γ ∈ (0, 1) for all x ∈ X, y ∈ Y with (x, y) ∈ E(G) implies
dG(Tx, Ty) ≤ γd(y, x). (4.4)

Theorem 4.7. Let T : (X,Y, dG) ⇄ (X,Y, dG) be a graphical G∗
b−contraction on a

G−complete graphical bipolar metric space (X,Y, dG). If the following conditions hold:

(i): G satisfies the property (P ∗)
(ii): there exist x0 ∈ X, y0 ∈ Y with (Tx0, T y0) ∈ [(x0, y0)]lG for some l ∈ N.

Then, there exists v ∈ X ∩ Y such that T − PbS (xm, ym) with initial values x0 ∈ X,
y0 ∈ Y is G∗ − TWC and biconverges to both v and Tv.

Proof. Let x0 ∈ X such that (Tx0, T y0) ∈ [(x0, y0)]lG for some l ∈ N. By taking
x0 ∈ X be initial value of T − PbS (xm, ym), ∃ a path {(xj , yj)}l

j=0, such that yn = Txn

and xn+1 = Tyn where (xj , yj) ∈ E(G) for j = 0, 1, 2 . . . , l. By using (4.3), we have
(Txj−1, T yj) ∈ E(G) for j = 1, 2 . . . , l. This implies that {(Txj , T yj)}l

j=0 is a path
from x2 = T 2x1 = T 3x0 to y2 = T 2y1 = T 3y0 having length l such that (x2, y2) ∈
[(x1, y1)]lG. Continuing this procedure we conclude that {(Tmxj , T

myj)}l
j=0 is a path from

(Tm+1x0, T
m+1y0) = (xm, ym) to (Tm+2xl, T

m+2yl) = (xm+1, ym+1) of length l and hence
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(xm+1, ym+1) ∈ [(xm, ym)]lG for all m ∈ N. This confirms that (xm, ym) is a G∗ − TWC
bisequence, which shows that

(Tmxj , T
myj) ∈ E(G) for j = 1, , 2 . . . , l and m ∈ N.

Then by using (4.4), we obtain

dG(Tmxj , T
myj) ≤ γdG(Tm−1yj , T

mxj)
≤ γ2dG(Tm−1yj , T

m−1xj)
= γ2dG(Tm−1xj , T

m−1yj).

Continuing the same procedure we conclude that

dG(Tmxj , T
myj) ≤ γ2mdG(xj , yj).

Now, we have to show that (xn, yn) is Cauchy bisequence in graphical bipolar metric space
(X,Y, dG). For this we suppose that Qn = γ2n

1−γd(x0, y0), then for each positive integer n
and p we have

dG(xn, yn) = dG(T (yn−1), T (xn))
≤ γdG(xn, yn−1)
≤ γ2dG(xn−1, yn−1)

...
≤ γ2ndG(x0, y0).

Also, we have

dG(xn, yn+1) = dG(T (xn−1), T (yn))
≤ γdG(xn−1, yn)

...
≤ γ2n+1dG(x0, y0).

As we know that

dG(xn+p, yn) ≤ dG(xn+p, yn+1) + dG(xn+1, yn+1) + dG(xn+1, yn)
≤ dG(xn+p, yn+1) + (γ2n+2 + γ2n+1)d(x0, y0)
≤ dG(xn+p, yn+2) + dG(xn+2, yn+2) + dG(xn+2, yn+1)
+ (γ2n+2 + γ2n+1)d(x0, y0)
≤ dG(xn+p, yn+2) + (γ2n+4 + γ2n+3 + γ2n+2 + γ2n+1)d(x0, y0)

...
≤ dG(xn+p, yn+p−1) + (γ2n+2p−2 + · · · + γ2n+2 + γ2n+1)d(x0, y0)
≤ (γ2n+2p−1 + γ2n+2p−2 + · · · + γ2n+2 + γ2n+1)d(x0, y0)

≤ γ2n+1
∞∑

k=0
γk = γQn < Qn.
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Similarly, we can prove that

dG(xn, yn+p) ≤ dG(xn, yn) + dG(xn+1, yn) + dG(xn+1, yn+p)
≤ (γ2n + γ2n+1)d(x0, y0) + dG(xn+1, yn+p)
≤ (γ2n + γ2n+1)d(x0, y0) + dG(xn+1, yn+1) + dG(xn+2, yn+1)
+ dG(xn+2, yn+p)
≤ (γ2n + γ2n+1 + γ2n+2 + γ2n+3)d(x0, y0) + dG(xn+2, yn+p)

...
≤ (γ2n + γ2n+1 + · · · + γ2n+2p−1)d(x0, y0) + dG(xn+p, yn+p)
≤ (γ2n + γ2n+1 + · · · + γ2n+2p−1 + γ2n+2p)d(x0, y0)

≤ γ2n
∞∑

k=0
γkd(x0, y0) = Qn.

Let ϵ > 0 and γ ∈ (0, 1), there exists n0 ∈ N such that Qn0 = γ2n0+1

1−γ d(x0, y0) < ϵ
3 . Then

dG(xn, ym) ≤ dG(xn, yn0) + dG(xn0 , yn0) + dG(xn0 , ym)
≤ 3Qn0 < ϵ,

which shows that (xn, yn) is a Cauchy bisequence. Since (X,Y, dG) is a G−complete
graphical bipolar metric space, then bisequence (xn, yn) biconvergent to in X∩Y and from
the given condition (i) there exists some v ∈ X ∩Y, n0 ∈ N such that ((xn, yn), v) ∈ E(G)
and (v, (xn, yn)) ∈ E(G) for all n > n0 and

lim
n→∞

dG ((xn, yn), v) = 0,

which confirms that bisequence (xn, yn) biconvergent to v. If ((xn, yn), v) ∈ E(G) then by
using (4.4)

dG ((xn+1, yn+1), T v) = dG ((Tyn, Txn+1), T v)
≤ γdG ((xn+1, yn), v)
≤ γ2dG ((xn, yn), v)

for all n > n0, which shows that

lim
n→∞

dG ((xn+1, yn+1), T v) = 0.

If (v, (xn, yn)) ∈ E(G), with the similar argument as above, we obtain

lim
n→∞

dG (Tv, (xn+1, yn+1)) = 0.

Hence the bisequence (xn, yn) is biconvergent and converges to to v and Tv. □

Now we have to show that mapping T have a fixed point for this we use the property
(M∗).

Theorem 4.8. If all the hypothesis embodied in Theorem 4.7 and further suppose that the
quadruple (X,Y, dG, T ) satisfies the property (M∗), then T concedes a fixed point.

Proof. From the Theorem 4.7 provide that T − PbS (xn, yn) with initial value x0 ∈ X
biconverges to both v and Tv. Since v ∈ X ∩ Y and Tv ∈ T (X ∩ Y ), by hypothesis we
obtain v = Tv and T concedes a fixed point. □
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Example 4.9. Let X = {0, 1, 2}, Y = {1, 2, 3} and dG : X × Y → R+ be defined in the
Table 4.9:

dG 0 1 2 3
0 0 10 11 7
1 10 0 12 8
2 11 12 0 9
3 7 8 9 0

for all x ∈ X and y ∈ Y. It is easy to see that (X,Y, dG) is graphical bipolar metric space
with vertex set V (G) = X∪Y and edges set E(G) = {(0, 1), (0, 2), (0, 3), (1, 2), (1, 3), (2, 3)}
as shown in the Figure (3).

Figure 3. Graph associated with Example 4.9

Now, we have to define a covariant mapping
T : (X,Y, dG) ⇒ (X,Y, dG),

having T (X) ⊆ X , T (Y ) ⊆ Y by the following

Tx =
{

1, when x = 0,
2, when x = {1, 2},

and
Ty = {3, when y = 2,

for all x ∈ X , y ∈ Y.
Case (i): When x = 0 and y = 2, then

dG(T0, T2) ≤ γdG(0, 2)
dG(1, 3) ≤ γdG(0, 2)

8 ≤ γ(11).
Case (ii): For x = 1 and y = 2,

dG(T1, T2) ≤ γdG(1, 2)
dG(2, 3) ≤ γdG(1, 2)

9 ≤ γ(12),
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Hence Gb−contraction is satisfied if γ = 5
6 for all x ∈ X, y ∈ Y . All the conditions of the

Theorem (4.3) are satisfied and T concedes a fixed point, which is 2 ∈ X ∩ Y.

5. Ćirić type graphical contraction
In this section, we will discuss some fixed point theorems using Ćirić type contractive

conditions in the setup of graphical bipolar metric spaces (X,Y, dG).

Definition 5.1. Let G be a graph containing all the loops associated with graphical
bipolar metric space (X,Y, dG). A covariant mapping T : (X,Y, dG) ⇒ (X,Y, dG) is said
to be graphical Gζ−contraction (on X ∪ Y ) on graphical bipolar metric space (X,Y, dG)
such that:

(i): (x, y) ∈ E(G), then we have

(Tx, Ty) ∈ E(G), for all x ∈ X, y ∈ Y. (5.1)

(ii): there exists ζ ∈ (0, 1) for all x ∈ X, y ∈ Y with (x, y) ∈ E(G) implies

dG(Tx, Ty) ≤ ζ max{dG(x, y), dG(x, Tx), dG(y, Ty), dG(x, Ty), dG(y, Tx)}. (5.2)

Theorem 5.2. Let T : (X,Y, dG) ⇒ (X,Y, dG) be a graphical Gζ−contraction on a
G−complete graphical bipolar metric space (X,Y, dG). If the following conditions hold:

(i): G satisfies the property (P ∗)
(ii): there exist x0 ∈ X, y0 ∈ Y with (Tx0, T y0) ∈ [(x0, y0)]lG for some l ∈ N.

Then, there exists v ∈ X ∩ Y such that T − PbS (xm, ym) with initial values x0 ∈ X,
y0 ∈ Y is G∗ − TWC and biconverges to both v and Tv.

Proof. Let x0 ∈ X and y0 ∈ Y such that (Tx0, T y0) ∈ [(x0, y0)]lG for some l ∈ N. By
taking x0 ∈ X and y0 ∈ Y be initial values of T − PbS (xm, ym), ∃ a path {(xj , yj)}l

j=0,
such that xn+1 = Txn and yn+1 = Tyn where (xj , yj) ∈ E(G) for j = 0, 1, 2 . . . , l. By using
(5.1), we have (Txj−1, T yj) ∈ E(G) for j = 1, , 2 . . . , l. This implies that {(Txj , T yj)}l

j=0
is a path from x2 = Ty1 = T 2x1 to y2 = Tx2 = T 2y1 having length l such that (x2, y2) ∈
[(x1, y1)]lG. Continuing this procedure we conclude that {(Tmxj , T

myj)}l
j=0 is a path from

(Tm−1x0, T
m−1y0) = (xm, ym) to (Tmxl, T

myl) = (xm+l, ym+l) of length l and hence
(xm+l, ym+l) ∈ [(xm, ym)]lG for all m ∈ N. This confirms that (xm, ym) is a G∗ − TWC
bisequence, which shows that

(Tmxj , T
myj) ∈ E(G) for j = 1, 2 . . . , l and m ∈ N.

Then by using (5.2), we obtain

dG(Tmxj , T
myj) ≤ ζ max{dG(Tm−1xj , T

m−1yj), dG(Tm−1xj , T
mxj), dG(Tm−1yj , T

myj),
dG(Tm−1xj , T

myj), dG(Tm−1yj , T
mxj)}

≤ ζdG(Tm−1xj , T
m−1yj).

If we choose maximum from these terms

{dG(Tm−1xj , T
mxj), dG(Tm−1yj , T

myj), dG(Tm−1xj , T
myj), dG(Tm−1yj , T

mxj)},

which is a contradiction because first two terms are not bisequence and other two terms
are not decreasing bisequences. Continue the same process we get

dG(Tmxj , T
myj) ≤ ζmdG(xj , yj).

Since the bisequence (xn, yn) is a G∗ − TWC bisequence. Now, we have to show that
(xn, yn) is Cauchy bisequence in graphical bipolar metric space (X,Y, dG) for this we
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suppose that P = dG(x0, y1) + d(x0, y0) and Qn = ζnP
1−ζ . Then for each positive integer n

and p we have

dG(xn, yn) = dG(T (xn−1), T (yn−1))
≤ ζ max{dG(xn−1, yn−1), dG(xn−1, Txn−1), dG(yn−1, T yn−1)

dG(xn−1, T yn−1), dG(yn−1, Txn−1)}
= ζ max{dG(xn−1, yn−1), dG(xn−1, xn), dG(yn−1, yn),

dG(xn−1, yn), dG(yn−1, xn)}
≤ ζdG(xn−1, yn−1)
≤ ζ2dG(xn−2, yn−2)

...
≤ ζndG(x0, y0),

and also we have

dG(xn, yn+1) = dG(T (xn−1), T (yn))
≤ ζ max{dG(xn−1, yn), dG(xn−1, Txn−1), dG(yn, T yn),

dG(xn, T yn), dG(yn, Txn−1)}
= ζ max{dG(xn−1, yn), dG(xn−1, xn), dG(yn, yn+1),

dG(xn, yn+1), dG(yn, xn)}
≤ ζ max dG(xn−1, yn)
≤ ζ2dG(xn−2, yn−1)

...
≤ ζndG(x0, y1).

As we know that

dG(xn+p, yn) ≤ dG(xn+p, yn+1) + dG(xn, yn+1) + dG(xn, yn)
≤ dG(xn+p, yn+1) + ζnP

≤ dG(xn+p, yn+2) + dG(xn+1, yn+2) + dG(xn+1, yn+1) + ζnP

≤ dG(xn+p, yn+2) + (ζn+1 + ζn)P
...

≤ dG(xn+p, yn+p) + (ζn+p−1 + · · · + ζn+1 + ζn)P
≤ (ζn+p + · · · + ζn+1 + ζn)P
≤ ζn(1 + ζ + ζ2 + · · · + ζp−1 + ζp)P

≤ ζnP
∞∑

k=0
γk = Qn.
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Similarly, we can prove that

dG(xn, yn+p) ≤ dG(xn, yn) + dG(xn+1, yn) + dG(xn+1, yn+p)
≤ ζnP + dG(xn+1, yn+p)
≤ ζnP + dG(xn+1, yn+1) + dG(xn+2, yn+1) + dG(xn+2, yn+p)
≤ (ζn+1 + ζn)P + dG(xn+2, yn+p)

...
≤ (ζn+p−1 + · · · + ζn+1 + ζn)P + dG(xn+p, yn+p)
≤ (ζn+p + · · · + ζn+1 + ζn)P
≤ ζn(1 + ζ + ζ2 + · · · + ζp−1 + ζp)P

≤ ζnP
∞∑

k=0
ζk = Qn.

Let ϵ > 0 and ζ ∈ (0, 1), there exists n0 ∈ N such that Qn0 = ζn0 P
1−ζ < ϵ

3 . Then

dG(xn, ym) ≤ dG(xn, yn0) + dG(xn0 , yn0) + dG(xn0 , ym)
≤ 3Qn < ϵ,

which shows that (xn, yn) is a Cauchy bisequence. Since (X,Y, dG) is a G−complete
graphical bipolar metric space, then bisequence (xn, yn) biconvergent to in X∩Y and from
the given condition (i) there exists some v ∈ X ∩Y, n0 ∈ N such that ((xn, yn), v) ∈ E(G)
and (v, (xn, yn)) ∈ E(G) for all n > n0 and

lim
n→∞

dG ((xn, yn), v) = 0,

which confirms that bisequence (xn, yn) biconvergent to v. If ((xn, yn), v) ∈ E(G) then by
using (5.2)

dG ((xn+1, yn+1), v) = dG ((Txn, T yn), T v)
≤ ζ max{dG ((xn, yn), v) , dG ((xn, yn), T (xn, yn)) , dG (v, Tv) ,

dG ((xn, yn), T v) , dG (v, T (xn, yn))}
≤ ζdG ((xn, yn), v) ,

for all n > n0, which shows that

lim
n→∞

dG ((xn+1, yn+1), v) = 0.

If (v, (xn, yn)) ∈ E(G), similar argument that we used above

lim
n→∞

dG (v, (xn+1, yn+1)) = 0,

hence bisequence (xn, yn) biconvergent to v and Tv. □

Theorem 5.3. If all the hypothesis embodied in Theorem 5.2 are fulfilled, and further
assume that the quadruple (X,Y, dG, T ) satisfies the property (M∗), then T concedes a
fixed point.

Proof. From the Theorem 5.2 provide that T − PbS (xn, yn) with initial value x0 ∈ X
biconverges to both v and Tv. Since v ∈ X ∩ Y and Tv ∈ T (X ∩ Y ), by hypothesis we
obtain v = Tv and hence T concedes a fixed point. □

Definition 5.4. Let G be a graph containing all the loops associated with graphical
bipolar metric space (X,Y, dG). A contravariant mapping T : (X,Y, dG) ⇄ (X,Y, dG) is
said to be G∗

ζ−contraction (on X ∪ Y ) on graphical bipolar metric space (X,Y, dG) such
that:



1602 M. Younis, A. Mutlu, H. Ahmad

(i): (x, y) ∈ E(G), then we have

(Tx, Ty) ∈ E(G), for all x ∈ X, y ∈ Y. (5.3)

(ii): there exists ζ ∈ (0, 1) for all x ∈ X, y ∈ Y with (x, y) ∈ E(G) implies

dG(Ty, Tx) ≤ ζ max{dG(x, y), dG(x, Tx), dG(Ty, y), dG(x, Ty), dG(y, Tx)}. (5.4)

Theorem 5.5. Let T : (X,Y, dG) ⇄ (X,Y, dG) be a graphical G∗
ζ−contraction on a

G−complete graphical bipolar metric space (X,Y, dG). If the following conditions hold:

(i): G satisfies the property (P ∗),
(ii): there exist x0 ∈ X, y0 ∈ Y with (Tx0, T y0) ∈ [(x0, y0)]lG for some l ∈ N.

Then, there exists v ∈ X ∩ Y such that T − PbS (xm, ym) with initial values x0 ∈ X,
y0 ∈ Y is G∗ − TWC and biconverges to both v and Tv.

Proof. Let x0 ∈ X such that (Tx0, T y0) ∈ [(x0, y0)]lG for some l ∈ N. By taking x0 be
initial values of T −PbS (xm, ym), ∃ a path {(xj , yj)}l

j=0, such that yn = Txn and xn+1 =
Tyn where (xj , yj) ∈ E(G) for j = 0, 1, 2 . . . , l. By using (5.3), we have (Txj−1, T yj) ∈
E(G) for j = 1, 2 . . . , l. This implies that {(Txj , T yj)}l

j=0 is a path from x2 = T 2x1 = T 3x0
to y2 = T 2y1 = T 3y0 having length l such that (x2, y2) ∈ [(x1, y1)]lG. Continuing this
procedure we conclude that {(Tmxj , T

myj)}l
j=0 is a path from (Tmx0, T

my0) = (xm, ym)
to (Tm+lx0, T

m+ly0) = (xm+l, ym+l) of length l and hence (xm+1, ym+1) ∈ [(xm, ym)]lG for
all m ∈ N. This confirms that (xm, ym) is a G∗ − TWC bisequence, which shows that

(Tmxj , T
myj) ∈ E(G) for j = 1, , 2 . . . , l and m ∈ N.

Then by using 5.4, we obtain

dG(Tmxj , T
myj) ≤ ζ max{dG(Tmxj , T

m−1yj), dG(Tm−1xj , T
mxj), dG(Tm−1yj , T

myj),
dG(Tm−1xj , T

myj), dG(Tm−1yj , T
mxj)}

≤ ζdG(Tmxj , T
m−1yj). (5.5)

If we choose maximum from

{dG(Tm−1xj , T
mxj), dG(Tm−1yj , T

myj), dG(Tm−1xj , T
myj)},

which is contradiction because first two terms are not bisequences and third term is de-
creasing but not as suggested by contravarient mapping (first decrease term x and then
decrease y in next step). Similarly, we get

dG(Tmxj , T
m−1yj) ≤ ζ max{dG(Tm−1xj , T

m−1yj), dG(Tm−1xj , T
mxj), dG(Tm−2yj , T

m−1yj),
dG(Tm−1xj , T

m−2yj), dG(Tm−2yj , T
m−1xj)}

≤ ζdG(Tm−1xj , T
m−1yj). (5.6)

If we choose maximum from

{dG(Tm−1xj , T
mxj), dG(Tm−2yj , T

m−1yj), dG(Tm−1xj , T
m−2)},

which is contradiction because first two terms are not bisequences and third term is not
decreasing bisequence as contravarient mapping. From equation 5.5 and 5.6 we can write

dG(Tmxj , T
myj) ≤ ζ2dG(Tm−1xj , T

m−1yj),

therefore, it is easy to see that

dG(Tmxj , T
myj) ≤ ζ2mdG(xj , yj).

The remaining part of the proof follows from that of Theorem 5.2 and Theorem 5.3. □
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Example 5.6. Let X = {1, 3, 5, 7}, Y = {5, 7, 9, 11} and dG : X ×Y → R+ be defined as:

dG 1 3 5 7 9 11
1 0 17

18
16
17

15
16

14
15

13
14

3 17
18 0 12

13
11
12

10
11

9
10

5 16
17

12
13 0 8

9
7
8

6
7

7 15
16

11
12

8
9 0 5

6
4
5

9 14
15

10
11

7
8

5
6 0 3

4
11 13

14
9
10

6
7

4
5

3
4 0

for all x ∈ X and y ∈ Y. It is easy to see that (X,Y, dG) is graphical bipolar metric space
with vertex set V (G) = X ∪ Y and edges set as shown in Figure 4:

Figure 4. Graph associated with Example 5.6

E(G) = {(1, 3), (1, 5), (1, 7), (1, 9), (1, 11),
(3, 5), (3, 7), (3, 9), (3, 11), (5, 7),
(5, 9), (5, 11), (7, 9), (7, 11), (9, 11)}.

Define a covariant mapping

T : (X,Y, dG) ⇒ (X,Y, dG),

with T (X) ⊆ X , T (Y ) ⊆ Y

Tx =
{

1, when x = 3,
7, when x = {5, 7},

and

Ty =
{

9, when y = 11,
11, when y = 9,
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for all x ∈ X , y ∈ Y.
Case (i): When x = 3 and y = 11, then

dG(T3, T11) ≤ ζ max{dG(3, 11), dG(3, T3), dG(11, T11), dG(3, T11), dG(11, T3)}
dG(1, 9) ≤ ζ max{dG(3, 11), dG(3, 1), dG(11, 9), dG(3, 9), dG(11, 1)}

14
15

≤ ζ max{ 9
10
,
17
18
,
3
4
,
10
11
,
13
14

}
14
15

≤ ζ(17
18

).

Case (ii): For x = 3 and y = 9, we have
dG(T3, T9) ≤ ζ max{dG(3, 9), dG(3, T3), dG(9, T9), dG(3, T9), dG(9, T3)}
dG(1, 11) ≤ ζ max{dG(3, 9), dG(3, 1), dG(9, 11), dG(3, 11), dG(9, 1)}

13
14

≤ ζ max{10
11
,
17
18
,
3
4
,

9
10
,
13
14

}
13
14

≤ ζ(17
18

).

Case (iii): If x = 5 and y = 11, then
dG(T5, T11) ≤ ζ max{dG(5, 11), dG(5, T5), dG(11, T11), dG(5, T11), dG(11, T5)}

dG(7, 9) ≤ ζ max{dG(5, 11), dG(5, 7), dG(11, 9), dG(5, 9), dG(11, 7)}
5
6

≤ ζ max{6
7
,
8
9
,
3
4
,
7
8
,
4
5

}
5
6

≤ ζ(8
9

).

Case (iv): If x = 5 and y = 9, then
dG(T5, T9) ≤ ζ max{dG(5, 9), dG(5, T5), dG(9, T9), dG(5, T9), dG(9, T5)}
dG(7, 11) ≤ ζ max{dG(5, 9), dG(5, 7), dG(9, 11), dG(5, 11), dG(9, 7)}

4
5

≤ ζ max{7
8
,
8
9
,
3
4
,
6
7
,
5
6

}
4
5

≤ ζ(8
9

).

Hence, Gζ−contraction is satisfied for ζ = 221
222 . All the properties of the Theorem 5.2 are

satisfied, and T concedes a fixed point for all x ∈ X and y ∈ Y , which is 7 ∈ X ∩ Y.

Example 5.7. If we take all the terms and conditions of the example 4.9, then we have
Case (i): When x = 0 and y = 2, then

dG(T0, T2) ≤ ζ max{dG(0, 2), dG(0, T0), dG(2, T2), dG(0, T2), dG(2, T0)}
dG(1, 3) ≤ ζ max{dG(0, 2), dG(0, 1), dG(2, 3), dG(0, 3), dG(2, 1)}

8 ≤ ζ max{11, 10, 9, 7, 12}
8 ≤ ζ(12).

Case (ii): For x = 1 and y = 2, we have
dG(T1, T2) ≤ ζ max{dG(1, 2), dG(1, T1), dG(2, T2), dG(1, T2), dG(2, T1)}

dG(2, 3) ≤ ζ max{dG(1, 2), dG(1, 2), dG(2, 3), dG(1, 3), dG(2, 2)}
9 ≤ ζ max{12, 12, 9, 8, 0}
9 ≤ ζ(12),

Hence, graphical Gζ−contraction is satisfied for ζ = 5
6 . All the properties of the Theorem

5.2 are satisfied and T concedes a fixed point for all x ∈ X and y ∈ Y that is 2 ∈ X ∩ Y.
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