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1. Introduction

The widely used fixed point theory has its origins in the approximation methods of Liouville, Cauchy,
Lipschitz, Peano and Picard towards the end of the 19th century (for more detail see [2],[3],[7],[9],[10]).
In 1922, Stephan Banach introduced the Banach fixed point theorem, which proved the existence and
uniqueness of the fixed point under various conditions [22]. One of the important results obtained is
that the sequence obtained by Picard iteration converges to the fixed point [6]. Since iteration methods
have wide application areas, many researches have been done on this subject. This process, which
started with Picard, has developed and has survived to the present day. There are two main points to
consider when defining the iteration method. The first is that the iteration to be defined is faster than
existing iteration methods, and the second is that this iteration method is simple. For detailed
information about iteration methods frequently used in the literature, you can refer to the following
sources: [1], [10]- [20].

In addition to many iteration methods developed in this process, the strong convergence of these
methods, convergence equivalence, convergence speed and whether the fixed points of these
transformations are data dependent were investigated for certain transformation classes
([41,[8],[10],[11],[20]- [24]).-The knowledge of which method converges faster for two iteration
methods whose convergence is equivalent is of great importance in applied mathematics. Another
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transformation, called the approximation operator, can be used, which is close to the one used when
constructing an iteration. Since this approximation operator has a different fixed point, the questions of
how close the fixed point of the transformation and the fixed point of the approximation operator are to
each other and how to calculate the distance between them bring up the concept of data dependency of
fixed points.

One of the most common uses of fixed point theory, especially in applied mathematics, is the theory
of integral equations. It is very important to determine the existence and uniqueness of integral
equations. Fixed point theory is one of the most important tools used for this purpose. In our study,
Fredholm integral equations, which are used in modeling many current problems, are discussed with
the new three-step iteration method developed by Karakaya et al [14]. The reason why we use this
iteration algorithm is that it has been proven to be faster than many iteration algorithms such as Picard,
Mann, Ishikawa, Noor, SP, CR, Sahu-S and Picard-S [3]. Briefly, our study examines the strong
convergence of the sequence obtained from the new three-step iteration method to the solution and the
dependence of this solution on the data, under operators corresponding to nonlinear Fredholm integral
equations.

2. Known Results
Definition 1. Let (X, d) be a metric spaceand T : X — X be amapping. T is called a Lipschitzian mapping,
if there isa 4 > 0 number such that
d(Tx,Ty) < Ad(x,y)
forallx,y € X [10].

Definition 2. Let (X,d) be a metric space and T : X = X be a Lipschitzian mapping. T is called a
contraction mapping, if there is at least one A € (0,1) real number such that

d(Tx,Ty) < Ad(x,y)

forall x,y € X. Ais called the contraction ratio [10].

Definition 3. Let X be anormed spaceand T : X — X be a Lipschitzian mapping. T is called a contraction
mapping, if there is at least one 1 € (0,1) real number such that

ITx = Tyll < llx = yll
forall x,y € X [10].

Geometrically, Definition 2 and Definition 3 can be interpreted as Tx and Ty, which are images of any x
and y points, are closer together than x and y [10].

Theorem 1. (Banach Fixed Point Theorem) If (X,d) is a complete metric space and T : X - X is a
contraction mapping,

¢ T has one and only one fixed point x € X.

* For any x,, € X, iteration sequence (T"x,) (ie iteration sequence (x,) defined by x,, = Tx,,_; for all
n € N) converges to unique fixed point of T [6].
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The following three-step iteration algorithm, defined by Karakaya et al. in 2017, has been shown to be
faster than many iteration algorithms such as Picard, Mann, Ishikawa, Noor, SP, S, CR and Picard-S [14]:

Definition 4. The iteration method

Xg EX

Xpt1 = Tyn

Yo = A = Bp)zy + BnTz,
z, = Tx,

€y

is called the three-step iteration method, where X is a Banach space, T : X — X is an operator and
{Br)m=o < [0,1] is a sequence satisfying certain conditions [14].

Definition 5. The integral equations in the form of

x(t) =2 ff k(t,s,x(s))ds, )
where k(t, s, x) is the known function defined over the region
D={(t,s,x) ER3:a<t,s<h —oo<x< oo}

and x(t) an unknown function whose solution is desired, and A is any numerical parameter, are called
the second type of nonlinear Fredholm integral equations. Here, k is called the kernel of the integral
equation [2].

Lemma 1. C([a, b], ||-||) is the space of all continuous functions in the interval [a, b] defined by
d(x,y) = sup [lx(&) =y ()l
tela,b]

Now, let the theorem be expressed which gives the existence and uniqueness conditions of the second
type of nonlinear Fredholm integral equations:

Theorem 2. Consider the operator T : C([a, b], ||-lle) = C([a, b], ||-||) defined by

Tx(t) = Aff k(t,s,x(s))ds. 3)
k(t, s, x) is continuous over the region

D={(ts,x)ER3:a<ts<h —oo<x< o}

and if L > 0 exists such that

lk(t,s,x;) — k(t,s,x3)| < Llx; — x,
for

V(t,s,x1),(t,s,x) €D, ={(t,s,x) ER3:a<t,s<bh, |x|<r (>0}

there is only one solution x*(t) of equation (2) in C([a, b]) when |1] < A,. Here
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1 r
2y = mi
o = il {L(b —a)’ rLib—a) + LO}

and

b
Lo = t’?é[aa{(b] {L |k(t,s, 0)|ds}.

The sequence (xn (t)) defined as

b
x,(t) = )Lf k(t, S, xn_l(s))ds , n=12,..

a

converges smoothly to the function x*(t) for any initial function x, € {C([a, b]), ||x|le < 7} [2].

Definition 6. Let A, A, : Y = Y be operators. If ||4;x — A,x|| < €for each x € Y and constant & > 0, then
A, is called the approximation operator of A; [24].

Lemma 2. Let {a,}y-o and {b,}n-o be two non-negative real sequences satisfting the following
condition:

nt1 = (1 - Mn)an + bn ’
where u,, € (0,1) for eachn > ng, YXp-o 4n = © and — — 0 asn - oo. Then lim,,_,,a,, = 0 [25].

b
HUn

Lemma 3. Let {a, };—o be a non-negative real sequence and there exists ny € N such that for eachn > n,
satisfting the following condition:

Aps1 < (1= pn)an + ¥y,
where u,, € (0,1) such that )5, i, = 0 and y,, = 0. Then the following inequality holds:
0 < lim supa, < lim supy,
n-oo n-oo
[24].
3. Main Results

Theorem 3. Let T : C([a, b], ||-|ls) = C([a, b], ||:|ls) be an operator and {8, }n=o < [0,1] be a sequence
satisfying certain conditions. In this case, the integral equation given by equation (2) has a unique
solution in the form of x* € C[a, b] and the sequence {x,};,-, obtained from the iteration algorithm
given by equation (1) converges to this solution.

Proof Consider the sequence {x,};-, obtained from the iteration algorithm given by equation (1)
constructed with the operator T : C([a, b], ||'ll) = C([a, b], ||-|l)- It will be shown that for n — oo is
x, — x*. Using equation (1), equation (2) and conditions of Theorem 2, we are obtained the following
inequality:

141 (8) = x* (O] = [Ty, (t) — Tx* (O]
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= |/1 f; k(t,s,yn(s))ds — Aff k(t, s,x*(s))ds|
= |7 |f:k(t, s,y (s)) — k(¢, s,x*(s))ds|

b
< Illf |k(t, s,yn(s)) — k(t, S,x*(s))|ds

<1 | )~ (9)lds

< AL = D llyn = "l

< AL = Dllyn — x|l - (4)
Similarly, by making the necessary calculations, the following inequalities are obtained:

lyn — %"l = 11 = B)zn + BnTzy — Tx* |l
= ”Zn —x"+ .Bn(TZn - Zn)”oo

< llzn = x"loo (5)
zZp —x"| = |Tx, — Tx"|
= |/1ff k(t,s,xn(s))ds — Aff k(t, s,x*(s))ds|
= |A| |f:k(t, s, %,(5)) — k(¢, s,x*(s))ds|
< |1 f: |k(t, s,xn(s)) — k(¢ s,x*(s))|ds

< AL [ () — x*(5)]ds
< |AIL( = @)l — X7 len

< ApL(b = d)lxn — x|l - (6)
Then, taking the supremum of both sides of inequality (6),
1zn = %"l < AoL(b — @)Xy, — X7l co 7
is obtained. If inequality (7) and inequality (5) are written in inequality (4),
41 () = x*(Olloo < AFL2(b — @)?[lxn — "Il
And by applying induction to the last inequality, the following inequality is obtained:
%n41 () = x* Olloo < a@?llxn — 7Moo
< a*llxp-1 — x"llo

< a®llxp-z2 = *"lloo

< a?™ D |lxg — x"loo

then
1%041(8) = x* (Ol < @2V |Ixg — x| oo,
is found. Thus, since 0 < a < 1,
T{ijgollxn+1(t) —x"(t)llo =0.

So, the proofis completed.
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Now, let us examine the data dependency of the solution of the integral equation given by equation (2)
using the iteration algorithm given in equation (1). On the other hand, for data dependency, consider
the integral equation

u(t) =1, f; h(t, s, u(s))ds, €))
where h(t, s, u) is a continuous function given over the region
D={(t,s,su)ER3:a<ts<h, —o<u< oo},

and A, is a parameter. If equation (8) is written with the operator S : C([a, b], ||[l) = C([a, b, ||-|l)

S(u@®) =214 ff h(t, s, u(s))ds 9

is obtained. If the iteration algorithm given in equation (1) is reconstructed with operators T(3) and
S(9), respectively,

X1 (8) = A J k(t, 5,y ())ds
Ya(6) = (1= )z () + B [A [ (2,5, 2 (5))ds] (10)
z,(t) = Af; k(t, s, x,(s))ds

and

U1 (6) = Ay [, h(t:5,0,(5))ds
vn(6) = (1 = Br)Wa(6) + B [ A1 [ B(t,5, W (5))ds] (11)
wy, () = A4 f; h(t, s, un(s))ds

iteration algorithms can be written.

Theorem 4. Let the sequence {8, }n=o < [0,1] satisfy the condition 8, > %for each n € N. Consider the

sequence {x, }n-, obtained from equation (10) and the sequence {u,},-, obtained from equation (11).
Let the solutions of equation (2) and equation (8) be x* and u*, respectively, with the conditions of
Theorem 2. Let the constant ¢ exists such that ||k(t,s,p(s)) — h(t,s,p(s))|| , < eforeacha<t,s<b

and —o < p < . k(t,s,p) and h(t, s, p) are continuous functions given over the region
A={(ts,p)ER3:a<t,s<bh —oo<p< oo}

A and A, are parameters.

If x,, = x* and u,, - u* asn — oo, then the inequality

3eAmax(b — @)
1= Amax(h — @)L

llx* —ull <

is valid, with A, = max{|A], |1,]}.

Proof With the hypotheses of the theorem, the following inequality is obtained:

%ns1 = Unsallo =

b b
)LJ k(t, S, yn(s))ds —Alf h(t, S, vn(s))ds

[oe]
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Similarly,

and

||yn - Un”oo < (1 - ﬁn)”zn - Wn”oo + ﬁn

<

b (k(t,5,9,(5)) — k(t,5,v,(5))
Amasx fa <+k(t, s, vn(s)) - h(t, s, vn(s))) ds
L [} 1yn(s) = va(9)lleods
T\ 4+ f: k(¢ s, vn(s)) — h(t,s, vn(s))”OOdS
< Amax(b - a)(LHYn - vn”oo + 5)
< Amax(b — LlYn — Vnlleo + Amax(b — @)e. (12)

[oe]

b b
/1] k(t,s, z,)ds — Alf h(t,s, wy)ds
a a

b
< (1= Bu)llzn = Walleo + Bn | Amax [, K(t,5,2) = h(t,5,wp)ds ||

b
< (1 - ﬂn)”zn - Wn”oo + ﬂnlmax fa ||k(t, S, Zn) - h(t; S, Wn)”oods
k(t,s, z,) — k(t,s,wy)

+k(t,s,wy,) — h(t,s,wy) ds

[ee)

b
= (1 - .Bn)”Zn - Wn”oo + .Bn/lmax fa

b b
<1 -BIzn — Wwnlloo + BrAmax (Lf |z, — wpllods + f sds)
a a
< (1 - .Bn)”Zn - Wn”oo + .Bn)lmax(b - a)(L”Zn - Wn”oo + 5)

< [1 = Bp + Bndmax(b — @) L]l|z, — Wyl + Brdmax(b — a)e (13)

b b
Iz, — wplleo = Hxlf k(t,s, x,)ds — /11] h(t,s, uy)ds
a

a 9]

b
S lmax fa k(t' S, xn) - h(t, S, un)dS”oo
b ||k(t, s, x,) — k(t,s,uy)
<
< Amax Iy +k(t,s,u,) — h(t,s,ux)ll ds

b b
< Amas (L J; 116 = nlloods + f, eds)

< Amax(b — @) (Lllxy, — uplleo + €)
< Amax(b - a)L”xn - un”oo + lmax(b - a)g

< ”xn - un”oo + Amax(b - a)g (14)

are found. If inequality (14) is written in inequality (13),

lyn = vnlle < [1 = Bn + BrAmax(b — @)L]|zy, — Wylloo + BrnAmax(b — a)e
< [1 =B + BnAmax(b — @) L][llxy — uplleo + Amax(b — @)e] + BpAmax(b — a)e
< [1 =B + BnAmax(b — @) L]l[xy, — uplleo + [Amax(b — @)e] + BpAmax(b — a)e

< [1 = Bn + Budmax(b — a)L]llxy — Uyl + €EAmax(b — a)(1 + Br)

is obtained. If the last inequality is written in inequality (12),

”xn+1 - un+1”oo < ||Yn - Un”oo + Amax(b - a)g

< [1 - .Bn + .Bn/lmax(b - a)L]”xn - un”oo + glmax(b - a)(l + ﬁn) + Amax(b - a)g
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< [1 = Bn + Budmax(b — @)L]llxy — uplle + EAmax(b — a)(2 + By)
< {1 = Bn(1 = Apax(b — A)L)}HIxn — uplleo +eAmax(b — ) (2 + Br)
3eAmax(b—a)

< {1 = Bn(1 = Amax(b — L)}t — unlleo + Bn(1 = Amax(b — @)L) 7720 =70 (15)
is found. If is chosen a,, , i, , ¥», as follows in inequality (15), satisfies the conditions of Lemma 3.

an = ”xn - un”oo;
Un = Brn(1 = Apax(b —a)L) € (0,1),
3eAmax(b — @)

= > 0.
T 1 —Amax(b —a)L — 0

Pn = %requires Y=o Bn = oo for each n € N. Then,

0<li I o < li li 3eAmax(b —a)
< lImsup|ix,, —u o = 11ImSsu = 11msu
n_)oop n n n_)oopyn n_mop 1= Ay (b — @)L

is obtained. Since x,, = x* and u,, » u*asn — oo,

3eAmax(b—a)

* *
- <
[x* —u*[o < A (bl

(16)

is found.

Example 1.

(t_17f1 1 4
x )_64 o 1+x2(s) s

where k(t,s,x) = is a continuous function given over the region

1
1+x2(s)
D={(tsx):0<t,s<1, —oo<x< o}
The partial derivative of k(t, s, x):
ok 2x

ax  (A+x)?
is bounded over the region D.
6k| _ | 2x <1, )eD
oxl | @+x)2 = s

In this case, k(t, s, x) satisfies the Lipschitz condition with the coefficient L = 1.

17
/1=a, a=0, b=1, a=|/1|L(b—a)=a<1.

The equation in question has only one continuous solution x* on [0,1].

Let’s define the following algorithm with the operator

7"(1:)—17f1 S
i) = e o 1+x2(s) y

for the solution:
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17 (* 1
Xn+1(t) = Ty, (t) = af mds
0 n

17 (* 1
Ya(t) = (1= Bp)zn(t) + BnTzy (t) = (1 = Bp)zy (1) + B <@f0 1+ z4(s) dS)

©=T (t)—”fl L4
=T = | Tr 2 ™

On the other hand, let’s consider the integral equation

0 = 65 J‘l s p
=256 ), 1+u2(s) ™

where

N
h(t, S, u) = m

is a continuous function given over the region
G={(tsu):0<ts<1l, —oo<u< o},
The partial derivative of h(t, s, u):
dh 2su

ou (1+u?)?
is bounded over the region G.
6h| B | 2su
oul | (1 +u?)?

<1, (t,s,u)€G

In this case, h(t, s, u) satisfies the Lipschitz condition with the coefficient L = 1.

=2 a0 b=t — |A,IL(b _%
159567 27 P @714 @) =355 <1

The equation in question has only one continuous solution u*on [0,1].

Let’s define the following algorithm with the operator

65 (1 s
S(un (D) = 256_[0 T2

for the solution:

S
1025

65 1!
tia (6) = Sun(®) = 5 |
0

65 (1 s
V(1) = (1 = Bwn(t) + BrSwy(t) = (1 — B)wy(t) + By (256_[ 1+ w2(s) ds)
0

=S (t)—65j1 4
W8 =2Unl) =956 ), T+ u2(s) ™
Thus,
o eI = 17 65y 17
max = MAXUAL 141 _max{64'256}_64

is found. Let the constant ¢ exists such that



Lale CONA et al. / IKIM/ 5(2) (2023) 53-64 62

1 S
I€es5:p ) = h(es L = =137
< 1
- ||1+p2 o
<l=¢

for each (t, s, p) € A.So, all the conditions of Theorem 4 are satisfied. Therefore, inequation (16) is valid.
If the found values are written in the inequation (16),

17
I Il < 3¢Amax(b—a) 3-1-@-1 _ 51
Y oUle =TT -l . 17 .. 47
64"

=~ 1.085

1 1.1

is obtained. Indeed, x* = iand u* = éare found. So,
" = ull —”1 1” — L0125 <1085
xu°°_4800_8_'_'
is found. Thus, the theorem is supported by this example.

4. Conclusion

Many real-life problems are expressed non-linearly. In the modeling of these problems, nonlinear
integral equations are mostly used. Fixed point theory is very important for solving these integral
equations. The basic idea here is to construct algorithms called iterations by including the equation in
an operator class under certain conditions, and to determine the appropriate conditions for the
sequence obtained from this iteration to converge to the fixed point of the operator, in other words, to
the solution of the equation.In this study, the solution of the second type of homogeneous nonlinear
Fredholm integral equations is investigated using a three-step iteration algorithm. In other words, the
aim of this study is to show that the sequence obtained from equation (1) iteration method converges
strongly to the solution of equation (2). It has been shown that the sequences obtained from this
algorithm converge to the solution of the mentioned equations. In addition, data dependence was
obtained for the second type of homogeneous nonlinear Fredholm integral equations and this result was
supported by an example. Interested researchers can reconstruct the newly described three-step
iteration method for more general transformation classes and apply it to many types of integral
equations to examine the results of strong convergence and data dependence.
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