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Abstract

A graph G is antimagic if there exists a bijection f from E(G) to {1,2,...,|E(G)|} such
that the vertex sums for all vertices of G are distinct, where the vertex sum is defined as
the sum of the labels of all incident edges. Hartsfield and Ringel conjectured that every
connected graph other than Ky admits an antimagic labeling. It is still a challenging
problem to address antimagicness in the case of disconnected graphs. In this paper, we
study antimagicness for the disconnected graph that is constructed as the direct product
of a star and a path.
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1. Introduction

In 1990, the concept of antimagic labeling was first introduced by Hartsfield and
Ringel [7]. They called a graph G antimagic if there exists a bijection f : E(G) —
{1,2,...,|E(G)|} such that for all vertices their weights, defined as the sum of all the
incident edge labels, are distinct. In the same paper [7] some simple graphs such as paths,
cycles, complete graphs and wheels are proven to be antimagic and, Hartsfield and Ringel
posed the strong conjecture that every connected graph except Ks is antimagic.

Although several researchers have attempted to settle the above conjecture, still the
conjecture remains open. For instance, Alon et al., [1] validated the conjecture for graphs
with sufficiently large minimum degree. They proved that there exists an absolute constant
c such that every graph with n vertices and minimum degree at least clogn is antimagic.
They also proved that every graph with at least four vertices and the maximum degree
A(G) > n—2 is antimagic. A similar result was improved by Yilma [20] for A(G) > n—3.

Only some authors studied antimagicness for disconnected graphs. Not all disconnected
graphs admit an antimagic labeling. Since, we know K5 is not an antimagic, so we only
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need to consider the graphs with no component isomorphic to K5. Exploring the set of
all disconnected antimagic graphs seems to be another interesting open problem. In this
context, Wang et al. [17] studied antimagicness for the unions of some graphs. That is,
mKy, forn > 2, 2P, forn > 2, Ky ,UP, forn > 3, K1 ,UP,41 forn > 3 and C,,UK1,, if
m > 2y/n+ 2. Shang et al. [15] considered a star forest with no component isomorphic to
K> and at most one component isomorphic to K 2 is antimagic. Also, they shown that if a
star forest mK is antimagic then m = 1. Moreover, they investigated that the star forest
mK12UK] ,, is antimagic if and only if m < min {2n +1,(2n — 5+ v/8n2 — 24n + 17)/2}.

Shang [14] showed that a linear forest with no component isomorphic to P, P3 and Py
is antimagic. Chen et al. [3] proved that mKi2 U Ki,, n > 3 is antimagic if and
only if n > max {(m —1)/2,(1 —2m + v/8m?2 + 16m + 9)/2}. They also gave a necessary
condition and a sufficient condition for a star forest mK; oUmK ,,, UmKy p,U- - -UmKy p, ,
ni,na,...,NE > 3 to be antimagic. In addition, they proved that a star forest with an
extra disjoint path is antimagic. Many works related to the antimagicness for product
of graphs was discussed by various authors for connected graphs. The readers can refer
to the following references: for the Cartesian product [4,5,8,12,16], for the lexicographic
product [9-11], for the corona product [6], for the join of graphs [2,18]. However, none of
the researchers focused on the antimagicness of the direct product of some graph.

The direct product of graphs was first considered by Weichsel [19] in 1962, which was
originally derived from Kronecker product of matrices. There are several names used
for the direct product of graphs that are used by different authors. Those are cardinal
product, Kronecker product, tensor product, categorical product and graph conjunction.
The direct product of graphs G and H, denoted by G x H, is the graph with the vertex
sets same as the Cartesian product of these graphs, i.e., V(G x H) = V(G) x V(H) such
that the vertex pairs (z,y) and (2/,y') are adjacent in G x H if and only if z is adjacent
to 2’/ in G and y is adjacent to 3 in H.

The connectedness of the direct product of two graphs is characterized in the following
theorem.

Theorem 1.1 ([19]). Let G and H be connected graphs. The direct product G x H is
connected if and only if either G or H contains an odd cycle.

Corollary 1.2 ([19]). If G and H are connected graphs with no odd cycles then the direct
product G X H has exactly two connected components.

In this paper we study the antimagicness of the direct product of a star and a path.
Our main result is the following.

Theorem 1.3. The graph K, x P, is antimagic for all positive integers s > 1, n > 2
except three cases when (s,n) € {(1,2),(1,3),(2,2)}.

According to Corollary 1.2 the direct product K, x P, has exactly two connected
components. Evidently, when s = 1 the graph K ¢ x P, is isomorphic to two copies of
the path P,. Trivially, 2P, is not antimagic. In [17] Wang, Lui and Li proved that mPs
is not antimagic for m > 2. Moreover, they proved that the union of two copies of a path
on at least four vertices is an antimagic graph. This immediately implies that Kj 1 x P,
is antimagic if and only if n > 4.

To complete the proof of Theorem 1.3 for s > 2 we distinguish two cases according to
the parity on n. These cases are discussed in the following two sections.

2. A path on even number of vertices

First consider a graph Ki s X Payq2, s > 2, m > 0. This graph is disconnected and
consists of two isomorphic copies. Let us denote the vertices and edges of Ki s X P40
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in the following way.
V(K1 s X Pomy2) {al, 1,vi,ui 1=0,1,...,m,5=1,2,...,s},
E(Ki s %X Pymy2) :{aivi,bfui c1=0,1,...,m,j=1,2,...,s}
U{a{vi,l,b{ui,l:i:1,2...,m,j:1,2,...,5}.

The structure of graph is shown in Figure 1.

Figure 1. The general representation of graph K ¢ X Papyyo.

Before all else we solve two small cases. More precisely, we consider two special cases
when m = 0, i.e., the direct product Kj s x P for s > 2 and the case when s = 2, i.e., the
direct product K12 X Pop,y9 for m > 1.

Lemma 2.1. The graph K s x Py is antimagic for s > 3.

Proof. Sampathkumar [13] proved that if a connected graph G contains no odd cycle
then G x K3 is isomorphic to 2G. Thus the graph Kj s x P» is isomorphic to two copies
of the star K 5. Evidently, the graphs 2K 1 and 2K 2 = 2P3 are not antimagic. In [17],
it is proved that 2K ,; is antimagic for s > 3. O

Lemma 2.2. The graph K12 X Pomio is antimagic for m > 1.

Proof. Let us define an edge labeling f of K12 X Pap42 in the following way:

f(aovo) =2+ 7, for j =1,2,
f(b Ouo) for j =1,2,

(bjuZ 1) 3—|—21—|—4m( 1), fori=1,2,...,mand j =1,2,
(bjuz) =44 2i+4m(j — 1), fori=1,2,...,mand j =1,2,
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flalvi1) =3 + 2i +2m(2j — 1), fori=1,2,...,mand j=1,2,
f(avz) =4+ 2i+2m(2j — 1), fori=1,2,...,mand j=1,2.

Evidently, the edges are labeled with distinct numbers from 1 to 8m+4. Now, we evaluate
the induced vertex labels under the function f. The weights of vertices of degree one are

wty(af) =f(afuo) =2+,
wtp(by) =f(uoby) = j
for j = 1,2, thus the weights are 1,2,3 and 4.

Now we evaluate the weights of vertices of degree 2. For i = 1,2,...,m and j = 1,2 we
obtain

witf(a 1) =f(vi_1al) + falv) = 4m + 7+ 4i 4+ 8m(j — 1),
wt (b)) =f (vieab]) + f(B]vi) = T+ di + 8m(j — 1).

Thus the weights of vertices of degree 2 are the following odd numbers 11,15,...,16m+7.
More precisely, all of them are congruent 3 modulo 4. The weights of vertices v, and wuy,
are divisible by 4, as

wt (vm) =f(ap,om) + f(a2,vm,) = 12m + 8,
Wt (tm) =f (brytm) + f(b2um) = 8m + 8.

Now, we evaluate the weights of vertices of degree 4. For i = 1,2,. — 1, we get

wt £ (v;) Zfavl —i—Zf Z+1vl)—16m+18+8z

7j=1 7j=1
2 . 2 .
wtp(u;) = Z f(blu) + Z S0, qu;) = 8m + 18 + 8i.
=1 =1

Which means that they are distinct numbers and all of them are congruent 2 modulo 4.
Finally,
2

2
wt £(vo :Zf aovo Z f(alvo) =8m + 17,
7=1 7j=1

N

2
wt ¢ (uo) Zf b{)uo Zf(bjluo) =4m + 13.

Thus they are congruent 1 modulo 4. EVldently, all vertex weight induced by the labeling
f are distinct numbers thus f is an antimagic labeling of K12 X Pop4o0. O

Now consider the case when s > 3.
Theorem 2.1. The graph K1 s X Poyy2 is antimagic for s > 3, m > 1.

Proof. Let us define an edge labeling f., ¢ € {0,1,..., 5%}, of KisX Popyo, 8>3, m2>1,
such that the pendant edges are labeled as follows:

{f-(advo), f-(Bhuo) : j =1,2,...,s} ={1,2,...,2s} (2.1)

and
Z f=(atwvo) (5; D, (2.2)

thus
> feltuo) =2+ S0 FY (23)
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The labels of the remaining edges are

(0 aj)— 2j—1+2is, fori=1 (mod2),1<i<mandj=12...,s,
N DY fori=0 (mod?2),2<i<mandj=12,...,s
f(j ) 25 + 2is, fori=1 (mod2),1<i<mandj=12,...,s,
alv;) =
e 2j —1+2is, fori=0 (mod?2),2<i<mandj=12,...,s,
£ bj) 2j—1+2is+2ms, fori=1 (mod?2),l1<i<mandj=1,2 ) S,
Us f =
S 27 + 2is + 2ms, fori=0 (mod2),2<i<mandj=12,...,s,
f(bj )= 27 + 2is + 2ms, fori=1 (mod2),1<i<mandj=12...,s,
2j—1+2is+2ms, fori=0 (mod?2),2<i<mandj=12,...,s.

Evidently, the edges are labeled with distinct numbers from 1 to 4ms + 2s.
Now we evaluate the induced vertex labels under the labeling f.. The weights of vertices
of degree one are

wty, (ad) = f-(apvo),
wt . (b) = f(bjuo)

for j =1,2,...,s. According to (21) we get that they are distinct numbers from 1 to 2s.
For the weights of vertices of al, t =1,2,...,m, j =1,2,...,s, we get

wtfe( ) =fe(vie 1a; )+ fa(a Uz) =45+ 4dis—1

thus they are numbers from the set {4s+3,4s+7,...,4ms + 4s — 1}.
The weights of vertices of b7, i=1,2,...,m, j =1,2,...,s are

wtfg( ) =fe(ui- lb])+fa(bjuz)—4m8+4j+4ls—1

i.e., they form the set {4ms+4s+3,4ms+4s+7,...,8ms+4s—1}. Thus the weights of
vertices of degree two are all distinct numbers of the form 4s+4k —1, k=1,2,...,2ms,
thus they are all odd, moreover all are congruent 3 modulo 4.

Now we check the weights of vertices of degree s. We get

2 2 X
wtfs Um Zfz—: (I] Um = {2ms + 5%+ s, when m is Odd7

2ms? + s2, when m is even,
4ms? + s> + s, when m is odd,
wts (u
s (ttm) Z Je by {4m52 + 52, when m is even.
Now we evaluate the welghts of vertices of degree 2s. For v;, u;, i =1,2,...,m—1 we get
452 + 4is®> +2s, wheniisodd, 1 <i<m—1,
wt s (V; a v;) + V;Q -
s (vi) ng ‘ ng ii41) {452+4i52, when i is even, 2 < i <m — 1,

4ms® 4 4s? + 4is® + 2s,

when i is odd, 1 <i<m — 1,
4ms® 4 4s® + 4is?,

when i is even, 2 << m —1,

wiy, (u;) Z fe(b]ui) + Z fa(uibgﬂ) =

i=1

thus all these weights are even numbers. Finally, according to (2.2) and (2.3) we get

s(s+1)

wt . (vo) ZfE aovo + fo voal 24 5

+¢,
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s(s+1)

S S
wty, (ug) =Y f-(Buo) + Y _ f-(ugb]) = 4s* + 5 T 2ms® — ¢.
j=1 J=1
Note that only the weights of vertices ug, vy and ag, b%, 7 =1,2,...,s, depend on the

value of ¢.

Evidently, the weights of vertices of degree 1 are distinct and they are different (smaller)
from all the other vertex weights.

Moreover, as the weights of the vertices of degree 2 are odd, they are different from the
weights of the vertices v;, u;, 1 = 1,2,...,m — 1, as they are all even numbers.

It is easy to see that

wtfa(vo) < wtfe(vl) < wtfs(vg) <0< wtfg(vm_l) < wtfe(ul) < wth(UQ) << wtfg(um_l),
wt s, (vm) < wty, (uo) < wiy, (ur),
wty. (vo) < Wty (vm) < wiy, (Um).

Now we prove that also the other vertex weights are distinct. To prove it we have to show
the following.

(1) wty (wm) # wty. (u;) for every i =1,2,...,m — 1.

This follows from the fact that
ity (up) < 4ms® + 5% + 5 < dms® + 857 + 25 = wit . (u1) < wty (uz) < - < Wt (Um—1).

(2) wtyp (um) # wty (v;) for every i =1,2,...,m — 1.
By contradiction. Consider that for some ¢ € {1,2,...,m — 1} holds the equality
wt s, (um) = wty, (v;). We distinguish two subcases.
When m is odd then

45?4 4ts® +2s, when t is odd,

4ms® 4+ s2 4+ s = wt s (uy) =wt s (v;) =
s (ttm) s (vt) 452 + 4152, when t is even,

1, when ¢ is odd,

—1, when t is even.

s(4m—4t—3):{

However, this is not possible when s > 2.
When m is even then

45 + 4ts®> +2s, when t is odd,

4ms® 4 52 = wt s (uy) =wt s (vy) =
g (tim) s (vt) 45% + 4ts?, when ¢ is even,

2, when t is odd,

0, when t is even.

5(4m—4t—3):{

This is not possible when s > 3.
(3) wty (um) is distinct from the weights of vertices of degree 2.
When m is odd then wt . (up,) = 4ms® + s(s+ 1) is even and thus it is different
from the weights of vertices of degree 2 as these weights are odd.
When m and s are both even then wty, (uy,) = 4ms? + s? is even. Thus it is
different from the weights of vertices of degree 2.

When m is even and s is odd then wts, (uy) = 4ms? + s> = 1 (mod 4). As
the weights of the vertices of degree 2 are congruent 3 modulo 4 we have that are
distinct.

(4) wty (vm) # wty. (vg) for every i =1,2,...,m — 1.
By contradiction. Consider that for some t € {1,2,...,m—1} holds the equality
wty. (V) = wty, (vy). We distinguish two subcases.
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When m is odd then

45% + 4ts®> +2s, when t is odd,

o2ms? + s2 + s = wty (vy,) =wt s (v;) =
s (m) s (v1) 452 + 4ts?, when ¢ is even,

1, when ¢ is odd,
—1, when t is even.

s(2m—4t—3):{

However, this is not possible when s > 2.
When m is even then

45 + 4ts®> +2s, when t is odd,

2ms® + 5% = wty (vy) =wts (vy) =
s (vm) s (vt) 452 + 4ts?, when ¢ is even,

2, when t is odd,

0, when t is even.

s(2m—4t—3)—{

This is not possible when s > 3.
wty. (vy,) is distinct from the weights of vertices of degree 2.

When m is odd then wty, (vi,) = 2ms? + s(s+ 1) is even and thus it is different
from the weights of vertices of degree 2 as these weights are odd.

When m and s are both even then wty (vy,) = 2ms® + s* is even. Thus it is
different from the weights of vertices of degree 2.

When m is even and s is odd then wty. (vy,) = 2ms® 4+ s> =1 (mod 4). As the

weights of vertices are congruent 3 modulo 4 we have that they are distinct.
Now we prove that for at least one integer £* from the set {0,1,2,3} under the
labeling f.« the weight of the vertex vy is different from the weights of vertices of
degree 2, the weight of the vertex wug is different from the weights of vertices of
degree 2 and also wty, (ug) # wty_, (v;) for every i = 1,2,...,m — 1.

But this follows from the fact that the difference between two weights of vertices
of degree 2 is four and the difference between the weights of vertices v;, i =
1,2,...,m — 1, is at least 4s® — 2s.

Finally we show that wt s (ug) # wty, (um).

When m > 2 then

s(s+1)

5 +2ms® < 4ms® + §°

1
+2m32—£§432+8(82+)

< wty (Upm).

When m =1 then the weights of all non pendant vertices are the following

wt s (vo) = 3% + S(SH)

) =
wty_(v1) = 3s% + s,
) 63 + S(S+1)

wt s (u) = 5s? + 5.

wt . (ug

Since s > 3, all vertices have distinct weights.

This concludes the proof. [l

Figure 2 illustrates an antimagic labeling of K73 x Fx.
Combing Lemmas 2.1, 2.2 and Theorem 2.1 we get the following result for the direct
product of a star with a path on even number of vertices.

Theorem 2.2. The graph Ky X Payq2 is antimagic for s > 2, m > 0 ewxcept the case

when (s,

n) = (2,2).
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Figure 2. An antimagic labeling of of K 3 x Fs.

3. A path on odd number of vertices

In this section we consider the direct product of a star with a path on odd number of
vertices. Also in this case the graph K g X P41 consist of two connected components
however, these components are not isomorphic. Let us denote the vertices and edges of
Kis X Poppy1, s > 2, m > 1, in the following way

V(Kl,s><sz+1):{az,ui:i:O,l,...,m,j:1,2,...,5}
U{bg:i:1,2,...,m,j:1,2,...,3}U{vi:i:O,l,...,m—l},

E(Kl,s><P2m+1):{agv¢,ag+1vi:i:071,...,m—1,j:1,2,...,3}
U{b?ui,b{ui,l:z‘=1,2,...,m,j:1,2,...,3}.

The structure of graph is shown in Figure 3.
First we solve the small cases K1 s x P3 and K; 4 X Ps.

Lemma 3.1. The graph K, x P3 is antimagic for s > 2.
Proof. Let us define an edge labeling f of K, x P3 such that:

f(a%vo) =7, for j =1,2,...,s,
f(voa{) =s+ 7, for j=1,2,...,s,
Fluh?) =25 +2j — 1, for j=1,2,...,8s,
Flughl) =25 + 27, for j=1,2,...,s.
The induced vertex weights are
wtf(a%) :f(a%vo) =7, for j=1,2,... s,
witp(a]) =f(voal) = s+ j, for j=1,2,...,5,
S
wty(0]) =" f(uoh?) +Zf Vuy) =4s 445 — 1, for j =1,2,...,s,
j=1
wt ¢(vo) —Zf(aovo + Zf alvo =2s? + s,
j=1 j=1
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Figure 3. The general representation of graph K ¢ X Papyy1.

wt ¢ (uo) :Zf(uob{) =35’ +s.
j=1

Clearly, for s > 2 all the weights are distinct.
Lemma 3.2. The graph K s x Ps is antimagic for s > 2.

Proof. In this case consider an edge labeling f of Ki s x P5 in the following way

f(a%vo) =7, for j =1,2,...,s,
f(vlag) =s+ 7, for j=1,2,...,s,
f(vla{) =2s+2j—1, for j=1,2,...,s,
f(voa{) =25+ 27, for j=1,2,...,s,
Fluhl) =4s +2j — 1, for j=1,2,....s,
Flughl) =4s + 27, for j=1,2,....s,
Fluibl) =6s +2j — 1, for j=1,2,....s,

for j=1,2,...,s.

Evidently f is a bijection. The vertex weights are

wty(af) =f(ahvo) = J, for j=1,2,...,s,
wty(az) =f(ajv) = s+ Jj,
S S

wty(a) :Zf(vgajl) + Zf(vla]l) =4s+45—1,

j=1 j=1

for j=1,2,...,s,

for j=1,2,...,s,
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wt (b)) quob] +qu1bf ) =8s+4j—1, for j=1,2,...,s,
7j=1
wt (b Zf ulbj —{—qusz =12s+45 — 1, for j=1,2,...,s,

; 73 + 3s
wt ¢(vo) Zf vgao + Zf voa) —

95 +s
wt ¢(v1) Zf vlal —i—Zf v1a2 5

wt ¢(uo) Zf uobj = 5s? + s,
7=1

wtf(uz) Zf uzb] =75 + s,
7j=1

wt f(uy) Zf ulb] —|—Zf ulb] =125
It is clear from the above vertex sums that for s > 2 the weights of the vertices are
distinct. 0
Theorem 3.1. The graph K1 s X Poy1 s antimagic for s > 2, m > 3.

Proof. Let us define an edge labeling f., ¢ € {0,1..., 32}, of Ky X Pog1, 8> 2, m > 3,
such that the pendant edges are labeled as follows:

{fe(advo), fo(vm_ral)) : §=1,2,..., s} ={1,2,...,2s} (3.1)

and
fo aovo (S;_ D +e, (3.2)

thus
S feladvom) = % + S(S; D_.. (3.3)

The labels of the remaining edges are

£ j) 25 + 2is, fori=1 (mod2),1<i<m-—1landj=12,...,s,
Vi—_1Q =
St 2j+2is—1, fori=0 (mod2),2<i<m-—1landj=12...,s,
f(j ) 2j4+2is—1, fori=1 (mod2),1<i<m-—1landj=1,2,...,s,
alv;) =
s 27 + 2is, fori=0 (mod2),2<i<m-—1landj=12,...,s,

£ b) 2j + 2is 4+ 2(m — 1)s, fori=1 (mod2),l1<i<mandj=12...,s
U, . =
SV 2j +2is+2m—1)s—1, fori=0 (mod2),2<i<mandj=12....s
I 2j + 2is +2(m — 1)3—1 fori=1 (mod2),l1<i<mandj=12,...,s
-Us; ) =
e 2j + 2is +2(m — 1)s fori=0 (mod2),2<i<mandj=12,...,s

Evidently, the edge labels are distinct numbers from 1 to 4ms. Now, we evaluate the
induced vertex labels under the function f.. The weights of vertices of degree one is

wty. (a}) =f-(afvo),
wtfe (agz) =fe (Umfla(])')
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for j =1,2,...,s. According to (3.1) we get that they are distinct numbers from 1 to 2s.
For the weights of vertices of a}, i =1,2,...,m —1, j =1,2,...,s, we obtain
Wtfa( ) fE(U’L 1a; )+fs(a 'Uz)—4]+415_1

thus they are odd numbers from the set {4s +3,4s+7,...,4ms — 1}, i.e., they are con-
gruent 3 modulo 4. '
For the weights of vertices of b}, i =1,2,...,m, j =1,2,...,s, we have

wt . (b] ) fe(ui- 1bj) + fe(bjuz) =4dms+4is+4j —4s—1

which are odd numbers from the set {4ms + 3,4ms 4+ 7,...,8ms — 1}. Again these num-
bers are congruent 3 modulo 4.

Now we check the weights of vertices of degree 2s. For v;, 1 = 1,2,...,m — 2, and u,,
1=1,2,...,m—1, we get
4is® + 452, when i is odd, 1 <i<m — 2,
wt s (v;) a v + V; @ -
s v Zfs ’ Zfe i41) {4i82 +4s? +2s, wheniiseven, 2<i<m—2,

Ams? + 4s%i when 7isodd, 1 <i<m —1
wt r. (u;) b w;) + u;b ’ =
s Ui Z Jebiu Z fe(uibisa) {4m82 +45% +2s, when i is even,2 <1i < m — 1.

Next we evaluate the Welghts of vertices of degree s. We get

wty, (up) ng bluo) =2ms® + s> +s,
7j=1

wt g, (tUm) Z fe(b),

Finally, according to (3.2) and (3.3). We get

Ams® — §2, when m is odd,
4ms? — s> + s, when m is even.

+
wt . (vo) ng aovo +Zf5 alvo s(s )+35 + s+ ¢,

2
2ms® + S(SH) — ¢, when m is even,
wt g (Vm-1) (a,vm—1) + Um—1 .
g (- Zfa e Zfa Tm1Vm—1) = {2ms —|—S(S+1)+s—5, when m is odd.
Note that only the weights of vertices vy, v;,—1 and ag, al,,j=1,2,...,5s, depend on the
value of €.

Evidently, the weights of the vertices of degree 1 are distinct and they are different
(smaller) from all the other vertex weights.

Moreover, as the weights of the vertices of degree 2 are odd, they are different from the
weights of the vertices v;, ¢ = 1,2,...,m — 2 and w;, ¢ = 1,2,...,m — 1, as they are all
even numbers. Moreover, it is easy to see that
wty. (vo) <wty. (v1) <wty, (v2) <+ < wiy (vm—2) < wity (u1) <wty (ug) < < wty (Um-1),
U)?ffS (UO) <wtfs (um) < wtfs (ul)

Moreover, for m > 3 and s > 2 we get that for every € € {0,1..., 82} also holds

wt s (vo) < wty (Vm—1) < wty (uo).

Now, we prove that also the other vertex weights are distinct. To prove it we show the
following.

(1) wtyp (um) # wty. (v;) for every i =1,2,...,m — 2. This follows from the fact that,

Wty (vm—2) < 4ms® — 45 + 25 < 4ms® — 5% < wty (um).
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(2) wty (up) is distinct from the weight of the vertices of degree 2. When m is even
then wty. (um) = 4ms? — s? + s is even. Also when m is odd and s is even we get
that wtf. (um) = 4ms? — s? is even. Thus in these cases wty. (uy,) is different from
the weights of vertices of degree 2 as these weights are odd.

When both m and s are odd, s > 3 then

wt s (u) = s%(4m — 1) > 3s(4m — 1) > 8ms > 8ms — 1 = wt s (b5,).

Thus also in this case wty. (uy,) is different from the weights of the vertices of
degree 2.
(3) wty, (ug) # wty. (v;) for every i =1,2,...,m — 2.
By contradiction. Consider that there exists t € {1,2,...,m — 2} such that
wty, (ug) = wty (v¢). Then

4ts® 4+ 4s®> +2s, when t is even,

2ms? + 5% + s =wty (ug) = wty. (v;) =
go(uo) = wip(ve) =3 5 452, when ¢ is odd,

1, when t is even,
—1, when ¢ is odd.

s(2m—4t—3)—{

However, this is not possible when s > 2.

(4) wty (ug) is distinct from the weight of the vertices of degree 2.

This follows from the fact that wt . (ug) = 2ms? +s?+ s is even and the weights
of the vertices of degree 2 are odd.

(5) Now, we prove that for at least one integer £* from the set {0,1,2,3} under the
labeling f.« the weight of the vertex vg is different from the weights of the vertices
of degree 2, the weight of the vertex v,,,_1 is different from the weight of the vertices
of degree 2 and also wty, (vy,—1) # wty. (v;) for every i =1,2,...,m — 2.

But this follows from the fact that the difference between two weights of ver-
tices of degree 2 is four and the difference between the weight of vertices wvj,
i=1,2,...,m—2, is at least 4s% + 2s.

Figure 4 illustrates an antimagic labeling of K3 x Pr.

Figure 4. An antimagic labeling of of K 3 x P;.

Combining the previous the proof is completed. O

According to Lemmas 3.1, 3.2 and Theorem 3.1 we obtain the following result for the
direct product of a star and an odd path.

Theorem 3.2. The graph K1 s x Poyy1 is antimagic for s > 2, m > 1.
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4. Conclusion

Our main motivation in this paper is to study antimagicness of the disconnected graphs
which are constructed using some known graph operations. We used the direct product as
an operation to construct new classes of disconnected graphs. We gave a characterization
of antimagicness of the direct product of a star and a path. As the main result we obtained
that the graph K ¢ x P, is antimagic for all positive integers s > 1, n > 2 except three
cases when (s,n) € {(1,2),(1,3),(2,2)}.

Examining the antimagicness of the direct product of a star and a cycle presents a
logical direction for further study. Note that the resulting graph is disconnected if and
only if the cycle is even. In light of the Antimagic Conjecture we present the following
problem.

Problem 4.1. Prove that the graph K, x C), is antimagic.
Finally, we conclude our paper with the following question.

Problem 4.2. What are the other classes of disconnected graphs constructed from the
direct product of graphs or from any graph operation which admit an antimagic labeling?
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