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ABSTRACT. In this study, we consider D;-Darboux slant helices which are new surface curves on an oriented
surface. We give some characterizations for such curves according to the Darboux frame, OD-frame, ND-frame,
RD-frame, and obtain axes of the D;-Darboux slant helices. Moreover, the position vectors of the D;-Darboux slant
helices are obtained.
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1. INTRODUCTION

In differential geometry, the curves play an important role. The special curves that differ according to their structural
features offer an important studying area [3,4]. One of the most intensively studied special curves are helices. The
helices are widely used not only in geometry, but also in nature and science. A curve in E? is a general helix if and
only if * is constant, where 7 and x # 0 are torsion and curvature of curve, respectively [5]. Izumiya and Takeuchi
defined the slant helix as the principal normal vector of the curve makes a constant angle with a constant straight line.
They characterized these curves with ” KZZ)Q (f)/ (s) is a constant function [8]. The position vector of the slant helix

K2+12)2
was given by Ali depending on the curvature of the curve [1]. Kula and Yayl1 have introduced the spherical indicatrix
of a slant helix and they have shown that these spherical images are spherical helix [9]. Later, Ziplar et al. have defined

1

Darboux helices and they have characterized such curve as “2—(’)’(3) is constant. They have provided that a curve

3
2412)2
is a Darboux helix if and only if it is a slant helix [13]. (

For curves on a surface, the Darboux frame {7, V, U} is defined, where T and U are unit tangent vector and unit
surface normal along curve, respectively, and V = U X T is a unit vector field along the curve on surface. A curve
on the surface is called a helix if the vector 7 makes a constant angle with a constant (fixed) direction. Puig-Pey et
al. have found a new method for obtaining a general helix on the surface [12]. Similarly, a surface curve is called
relatively normal-slant helix (resp. isophote curve) if the vector V (resp. vector U ) makes a constant angle with a

constant (fixed) direction. The relatively normal-slant helix have defined and characterized by Macit and Diildiil. They
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have also given the position vector of the relatively normal-slant helix [10]. The characterizations of isophote curve
have been introduced by Dogan and Yayli. They have also given the axis of this curve [6].

In a recent paper, Hananoi et al. have defined vector fields D,, D,, and D, which are called the osculating Darboux
vector field, the normal Darboux vector field and the rectifying Darboux vector field, respectively, along a curve on
the surface [7]. Considering this definition, Onder has defined three new curves on the surface and he has called these
curves as the D; -Darboux slant helices, where the indices i € {o, n, r} represent the osculator, normal, and rectifying
planes of the curve on surface, respectively [11].

This paper aims to investigate the D; -Darboux slant helices that have been defined but not examined. We give
characterizations of the D; -Darboux slant helices according to curvatures of the Darboux frame, OD-frame, ND-
frame, and RD-frame. We give the relationships between the D; -Darboux slant helices and special surface curves
(helix, relatively normal-slant helix, and isophote curve). Finally, we give the methods for obtaining the D;-Darboux
slant helices on the surface.

2. PRELIMINARIES

Let M is an oriented surface in E3 and & : I — M be a unit speed curve on the surface M. The Frenet frame {T, N, B}
is well-defined along the curve @ and derivative formulas of the Frenet frame are given by;

T' =«kN, N' = —kT + 1B, B’ = —7N,

where T is the unit tangent vector, N is the principal normal vector, B is the binormal vector; k and 7 are the curvature
and the torsion of @, respectively. If we denote the Darboux frame along the a by {7, V, U}, derivative formulas of the
Darboux frame are given by

T =k,V+kU V' =~k +7,U U =~k T -1,V,
where T is the unit tangent of @, U is the unit normal of M along the @, and V = U x T. The functions kg, k,, and 7,

are the geodesic curvature, normal curvature, geodesic torsion of the «, respectively. Let w denotes the angle between
the surface normal vector U and binormal vector B. Then, we have

2_ 1232
K™ = kg + k.
k, = Kk cos w,
. 2.1
k, = ksin w,
T,=T-w.
The relationships between Darboux frame and Frenet frame of « are
T=T,
N = coswV + sinwU,
B = —sinwV + cos wU,
and
V = coswN —sinwB, 2o
U = sin wN + cos wB. 2.2)

The vector fields D,(s), D,(s), D,(s) along « given by

D, = TgT_an,
D, = —k,V + kgU,
D, =1,T +k,U

are called the osculating Darboux vector field, the normal Darboux vector field, and the rectifying Darboux vector field
along a , respectively [7].

Recently, Alkan et al. have defined three new frames for a surface curve. They have called these frame as osculating
Darboux frame (OD-frame), normal Darboux frame (ND-frame) and rectifying Darboux Frame (RD-frame), respec-

tively [2]. If we denote the osculating Darboux frame (OD-frame) along the a by {D,, U, Y,}, derivative formulas of
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the OD-frame are given by;
D, = —6,Y,,
U =u,Y,, 2.3)
Y, = 6,0, - toU,

where D ”D > U is the unit normal of M along the @ and Y,, = D XU. p, = Jk2+ ‘r§ and 0, = % (Z—:)/ + kg
are curvatures of a according to the OD-frame. If we denote the normal Darboux frame (ND-frame) along the « by

{Dn, T,Y,}, derivative formulas of the ND-frame are given by;
D:, = _6n Yns
T = ﬂnYn,
Y,; =06,D, _,unT’

HD I k2+1<2 k,
curvatures of @ according to the ND-frame. The rectifying Darboux Frame (RD-frame) along the « is denoted by

where Dn = T is the unit tangent vector of @ and Y, = D XT. py = (Jk2+ k2 and 6, = u (k—) + T, are

{D,, V. Y,} whose derivative formulas are given by;

=-4,Y,,
V' =Y,
Y, = 6,D, - 11,V
where D, = HD 7 V=UxTand¥, = D XV.p, = \Jk2+7%and 6, = % (%)/ — k, are curvatures of @ according
to the ND-frame [2].
Theorem 2.1. Let a be a unit speed curve with k # 0. Then, « is a general helix iff %(s) is a constant function [5].

Theorem 2.2. Let a be a unit speed curve with k # 0. Then, « is a slant helix iff

function [8].

’
(I) (s) is a constant
o U

Theorem 2.3. Let « be a unit speed curve withk # 0,
i) Then, « is a Darboux helix iff — ————— () is a constant function.
(o2 2)

ii)Then, « is a Darboux helix iff « is a slant helix [13].

3. D,-DarBoux SLANT HELICES

In this section, we introduce D,-Darboux slant helix which is a new kind of surface curve.

Let M is an oriented surface in E?, and  : I — M be a unit speed curve on surface M. Let {T, V, U} be Darboux
frame, k,, k,, 7, be the curvatures and D,(s) = 74(s)T(s) — k,(s)V(s) be the osculating Darboux vector of a. The
concept of the D,-Darboux slant helix on the surface is defined as follows.

Definition 3.1. Let M is an oriented surface in E* and @ : I — M be a unit speed curve on surface M. Then, « is
called D,-Darboux slant helix if there exists a constant angle 6 between the Darboux vector field D, (or equivalently,

unit Darboux vector field Do = ) and a fixed(constant) unit direction d, , i.e., {D,, d,) = cos 0 is constant [11].

IID I

Theorem 3.2. Let M be an oriented surface in E> and « : I — M be a unit speed curve with OD-frame {Do, U,Y,} on
surface M . Then, « is a D,-Darboux slant helix iff ’f(s) is a constant function, where J, # 0.
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Proof. Let a is a D,-Darboux slant helix with OD-frame {ﬁo, U,Y,}. From Definition 3.1, <50, d0> = cos 6. Differen-

tiating last equation, we have <5’0, d0> = 0 and using (2.3), =0, (Y,,d,) = 0. Since 6, # 0, we get (Y,,d,) = 0, i.e.,

d, € sp{D,, U}. So, we can write
d, = cos Hbo + sin QU. 3.1
If we differentiate (3.1), since d, is a constant vector, we obtain

Y, (u, sinf — 6, cos 6) = 0.

Hence,
Ho cosf
— = —— = constant.
0, sinf
Conversely, let ";— = %’ = constant. So we get u, sinf = ¢, cos §. We assume that

d, = cos 05,, + sin QU.

Differentiating d,, and using (2.3) we have d;, = 0 . Furthermore, <bo, d0> = cos 8 . Therefore, « is a D,-Darboux slant
helix. |

Corollary 3.3. Let M be an oriented surface in E*, and a : I — M be a unit speed curve on surface M. Then, « is a

D,-Darboux slant helix iff
Jk+ 12

7 (s) (3.2)

o,(s) = 2 -
s (k—*) + kg
ki+tg \kn

is a constant function.

Corollary 3.4. Axis of the D,-Darboux slant helix according to OD-frame is given by

d, = cos 950 + sin QU.

Corollary 3.5. Axis of the D,-Darboux slant helix according to Darboux frame is

Tg ki, .
d, = ————c0os0T — ———cos 0V + sinU. 3.3)
VK + 12 Jk+ 12
Corollary 3.6. « is a D,-Darboux slant helix if and only if « is a isophote curve.

Proof. By the inner product of both sides of (3.3) with U, we get (U,d,) = sinf = constant. So, « is an isophote
curve. m]

Corollary 3.7. Let a be a unit speed D,-Darboux slant helix on surface M. Then,
i) @ is a geodesic curve on M with k, # 0 iff @ is a Darboux helix with the axis

T . K
d, = ———co0s 0T FsinN + ——— cos 6B.
T2 + 42 T2 + K2

ii) a is an asymptotic curve on M with k, # 0 iff « is a general helix with the axis d, = cos 8T F sin6B.
iii) Let « be a line of curvature on M. Then, a is a plane curve.

Proof. 1) Since « is a geodesic, we have k, = 0 and so from (2.1) it follows k, = +« and 7, = 7. From (3.2), we get

< (Z)/
3
(KR2+12)2 \K
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is a constant function. Then, by Theorem 2.3, @ is a Darboux helix and « is a slant helix. Using (2.2) in (3.3), we get

T knk .k k2 Kk
d, = —  cosOT +|——2—cosO+sinf—=|N +|cos g——— +sin6-= | B. (3.4)

Jk2+12 Kk JkZ + 12 K Kk (Jk2 + 12 K
Since k, = 0, k, = *«, and 7, = 7, the axis of the Darboux helix is obtained as d, = «/72;7 cos 0T ¥ sin6N +

\/T+7 cos 6B.
Conversely, let @ be a Darboux helix with the axis
d, = L cos 8T F sinON + £ cos 6B.
T2 4 42 T2 + K2

From (3.3), we have k, = 0.

ii) Since « is an asymptotic curve, we have k, = 0 and from (2.1) it follows k, = £k and 7, = 7. By substituting k,
and 7, in (3.2), we obtain o, = ¥ is a constant function. So, « is a general helix. Using k, = 0, k; = £x and 7, = 7 in
(3.4), we obtain d, = cos T F sin 6B.

Conversely, let @ be a helix with the axis d, = cos T F sin 6B. From (3.3), we have k, = 0.

iii) Since « is a line of curvature on M, we have 7, = 0. From (3.2) we have o, = & = constant. Using (2.1), we

kg
get
k, ksiné&
Op=—= =tané,
k, Kkcosé
where £ is the angle between binormal vector B and surface normal U. So £ is constant. Since 7, = 7 — &', we obtain
7 =0, i.e, the a is a plane curve. O

3.1. The Position Vector of the D,-Darboux Slant Helix on a Surface. In this section, we introduce the methods for
finding the D,-Darboux Slant helix on a given surface. We discuss the methods separately for parametric and implicit
surfaces.

3.1.1. The D,-Darboux Slant Helix on a Parametric Surface. Let M be a regular oriented surface in E* with given

the parametrization X = X(u,v). Let a(s) = X(u(s), v(s)) be a unit speed D,-Darboux slant helix on M with axis d,,
constant angle 6, and Darboux frame {7, V, U}. For obtaining a, we find u(s) and v(s). Since

du dv X, XX,

e =X x, Y u= S0y oUxT,
Y ds Vs X, < Xl
we get
1 du dv
Ve —— (EX, - FX) < + (FX, - GX) 22|,
X, % X [( Va5 T )ds]

where E = (X,,, X,,), F = (X,, X,) and G = (X,, X, ) are the first fundamental form coefficients of the surface along the
a [10]. Since « is a D,-Darboux slant helix, we have

Tg k,
T - V,d,) = cosé. 3.5)
Je+  Je+m

From (3.5), we have

Tg kn kn du
[(\/7—_022 ”Xu X Xv” + \/I{,%TTEF) <Xus do) - \/k,le‘r%E<Xv’ do>:| ds

3.6)
7, ky kn dv _
+ ( _k;rg [1X, X X,|| — o F) (X,,d,) + ——k,%ng (X,,,d,,)] 95 = cos .
On the other hand, since (T, T) = 1, we obtain
du\? du dv v\’
E|— 2F—— +G|—] =1. 3.7
(ds) " dsds " (ds) 37

If (3.6) and (3.7) are solved together, we get
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du _ =2||X, xX,|| cos O] K(EG—F2)(X,.d,)+T 11X, X X, |(F (X,,d)~G{X,,.d, ))]ixf

ds — 2A(EG-F?) (3.8)
dv _ 21X XX, ]| cos [ -K(EG=F?)(X,.d, >+F||XL,><X\,||(F<X“,dn)—E<Xv,d(,>)],r ’
ds — 2A(EG-F?) ’

where

k, T
K= , I'= £,
‘/kﬁ+‘r§ ‘/kﬁ+‘ré2,

A = E(X,,d,) = 2F (X, do) (X, do) + G (Xyo o),

o - :
A= 41X, x X cost o] [K(EG = F2) Xuudo) + TIXu X X,ll (F (X0, dy) = G Xur )|
~AG (EG - F?)

+4A (EG = F?) [(T1X, X X, || = KF) (X, do) + KG (X, d,)]*,

_ _ _m 2
:4”XMXXVHZCOSZQ{ [T 11X, X X1 (F (X, do) = E (X, do)) = K (EG = F?) (X, d,)| }

~AE (EG - F?)
+4A(EG - F?)[(T[1X, X X,|| + KF)(X,.d,) — KE (X, d,)T
If we solve the system (3.8) together with the initial point

u(0) = ug
v(0) = vo,

we obtain the desired D,-Darboux slant helix on M by substituting u(s), v(s) into X(u, v).

3.1.2. The D,-Darboux Slant Helix on an Implicit Surface. Let M be a surface given in implicit form by f(x,y,z) =0

Let us now find the D,-Darboux slant helix a(s) which makes the given constant angle with the given axis d, = (a, b, ¢)
and lying on M.

Let a(s) = (x(s),y(s),z(s)) and {T, V, U} be its Darboux frame. We need to find x(s), y(s), z(s) to obtain a(s). The
vectors of Darboux frame of a

T:afz(w_y@)

ds’ ds’ ds)|’
_Vvf
=V IIVfII <f"’f>’fz>
1 dx

[10]. If T and V vectors are written at 130 vector, we get

dx dy d
or(xyZ

~ dy
b ds’ ds’ %) ||Vf||(f‘ f%’f _f" fxds fyds)

where K = \/1%’ r= k,% . Since <D0, do> =cosf
d
(CallVAll - Kof. — cfy) ) ~ + OIS - K(cf, - af) 7 + (Ce VA1l - K(af, - bf.) ) = [Vfllcos6.  (3.9)

On the other hand, since (T, U ) =

dx dy dz _
f)ﬁ +f% +f% = (3.10)
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If the value of % in (3.10) is written in (3.9), we get
Z_2 {quuja cos 0~ (TIVAI(chy - bE) - K[ (afy - bF) - £:cfi —af)) Z—i} , G.11)
and if the value of % in (3.10) is written in (3.9), we obtain
Doz {(ruwu (ef~af = K[fulaty =) = (b = ef)]) = = 191 fcos e}, (3.12)
where Q = T|[Vfll(af, - bfs) = K| £, (bf: = cfy) = i (cfx — af)] # 0. Since (T, T) = 1,
dx\* dy > (dz\?
(&) +(2) +(Z) =+ e
By substituting (3.11) and (3.12) in (3.13), we obtain
dz\* dz
q (g) +q2 (%) +q3 =0,
where
| R ((ah - b)Y (2 £ 2p2) 4 22 ((eh - af? + bF - et )
0= | 2K IVAI((5? - @) fuhofo + < (2 + £2) (afy = bf) + abfe (f2 - £2)) |1
+(CUVAD (2 (f2 + f2) + (a® + b°) £2 = 2c£: (b, + afy))
0 = =2|IVf] coseé [CIVAI(e (2 + £2) - £ (afe + b5)) - K|(afy - b£) (12 + £2+ £2)]]
4= g VAP cos? 072+ 77) = 1.
From this equation, we have
dz  T* NG — 40193 G

ds 24,

If (3.14) is written in (3.11) and (3.12), the first-order differential equation system is obtained. Thus, together with the

initial point

x(0) = xo,
¥(0) = yo,
2(0) =z,

we have an initial value problem. The solution of this problem gives us the D,-Darboux slant helix on M.

Example 3.8. Let us consider the surface M given by the parametrization X(u,v) = (u,usinv,ucosv) and curve «
: I —> M defined by the parametric form a(s) = (%, 3 sin(\/iln %), 3 cos ( V21n %))(Figure 1). The vectors of the

Darboux frame and curvatures of « are computed as follows,

T = (%,%Sin(\ﬁln%)+ %cos(\ﬁln%),%cos(\ﬁlng)— %sin(\@ln%)),

1 1 1 K 1 K 1 R
V= ——,—cos(\/ilnf)— —sin(\/ilni),—— sin(‘/ﬁlni)— —cos(‘/ilni) ,
2 2 2) 7% 2 2

2 2

V2 V2
1 1 1
U=(——,—sin(\/zlnf),—cos(\/ilnf)),
2 V2 2/ 2 2
1 1 1
ky=——,k,=—, T,= ———.
V2s st V2s

Hence, from (3.2), we obtain o(s) = 1 = constant . Therefore, « is a D,-Darboux slant helix on M.
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-100
100

Ficure 1. The curve a on the surface M

4. D,-DarBoux SLANT HELIX

In this section, we introduce the D,-Darboux slant helices which a new kind of surface curve. Since theorems given
in this section are proven similar to theorems in section 3, they will be given without proof.

Let M is a oriented surface in E3 and 8 : I — M be a unit speed curve on the surface M. Let {T,V, U} be the
Darboux frame, k,, k,, 7, be the curvatures and D, (s) = -k,(s)V(s) + k,(s)U(s) the normal Darboux vector of 5. The
concept of the D,-Darboux slant helix on the surface is defined as follows.

Definition 4.1. Let M is an oriented surface in E°, and B : I — M be aunit speed curve with on the surface M. Then, 8
is called D,-Darboux slant helix if there exists a constant angle ¢ between the Darboux vector field D,, (or equivalently,

unit Darboux vector field D, = D,

=7 ) and a fixed(constant) unit direction d,, , i.e., {(D,, d,) = cos ¢ is constant [11].

Theorem 4.2. Let M be an oriented surface in E3, and B : I — M be a unit speed curve on surface M with the
ND-frame {D,, T, Y,}. Then, 3 is a D,-Darboux slant helix tﬁ”é—"(s) is a contant function, where 6, # 0 .

Corollary 4.3. Let M be an oriented surface in E*, and B : I — M be a unit speed curve on the surface M. Then, j3 is
a D,-Darboux Slant helix iff

() 4.1

is a constant function.

Corollary 4.4. Axis of the D,,-Darboux slant helix is given by
d, = cos tpbn + sin ¢T.
Corollary 4.5. Axis of the D,-Darboux slant helix according to the Darboux frame {T, V, U} is
kg
cospV + ———=cospU.

Ky
Jk2+ k2 ‘/kﬁ+k§

Corollary 4.6. 3 is a D,-Darboux slant helix if and only if B is a general helix.

d, = singT —
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Corollary 4.7. Let B be a unit speed D,-Darboux slant helix on surface M. Then,
i) B is a geodesic curve on the M with k, # 0 iff B is a general helix with the axis d, = sin T + cos ¢B.
ii) B is an asymptotic curve on the M with k, # 0 iff B is a general helix with the axis d, = sin ¢T + cos ¢B.

. K a
iii) Let B be a line of curvature on the M. Then, ( ”2)3 (:—) is constant.
KZ+k2)2 \78
4.1. The Position Vector of the D, -Darboux Slant Helix on a Surface. In this section, we introduce the methods for

finding the D,-Darboux slant helix on a given surface. We discuss the methods separately for parametric and implicit
surfaces.

4.1.1. The D,-Darboux Slant Helix on a Parametric Surface. Let M be a regular oriented surface in E* with given
the parametrization X = X(u,v). Let 8(s) = X(u(s), v(s)) be a unit speed D,,-Darboux slant helix on M with axis d,,
constant angle ¢, and Darboux frame {7, V, U}. For obtaining 8, we find u(s) and v(s). In a way similar to those in
chapter 4, we obtain

du _ —2PX0dnY(EG=F2)(1Xu XX, | c0s o= QX XXy, )= VA,

ds ~ 24,P*(EG-F?) ’
dv _ 2PXud)(EG—F2)(1X, XX, [l cos p— QX xXydn D) \/Dy
ds — 2A,P2(EG-F?) >

4.2)

where
A = E(X,,dy)* = 2F (X, dy) (X, dy) + G (X i)
Ay = 4P* (X, X X, [l cos @ — Q (X, X X,,d))* (EG = F?) [(X,.d,)* (EG - F?) - A,G|
+4A, (EG = F?) P*[=F (X, dy) + G (X, d)T
A, = 4P* (EG = F2) (IX, X Xl cos ¢ = Q (X, X Xy, d))? [(Xur dn)? (EG = F?) = A, E]
+4A, (EG = F?) P*[=E (X, dy) + F (X, d)T?,
k,(s) _ kg(s)

P=—r 0= —
JK2(s) + K2(s) K2 (s) + K2(s)

If we solve the system (4.2) together with the initial point

u(0) = uy
v(0) = vo,

we obtain the desired D,,-Darboux slant helix on M by substituting u(s), v(s) into X(u, v).

4.1.2. The D,-Darboux Slant Helix on an Implicit Surface. Let M be a surface given in implicit form by f(x,y,z) = 0.

Let us now find the D,-Darboux slant helix S(s) which makes the given constant angle with the given axis d, = (a, b, ¢)
and lying on M.

Let B(s) = (x(s),y(s),z(s)) and {T, V, U} be its Darboux frame field. We need to find x(s), y(s), z(s) to obtain 3(s).
In a way similar to those in chapter 4, we obtain

&= LI LA (IVfllcosg — Q(afs +bfy +cf.)) +
2 = &[54Vl cos o O(afi +bf, +cf.)

Jx

>

F(=afy +bf:) = f:(af. = )] £].
ébfx_afy)—fz(cfy—bfz) e | (4.3)

where Q, = fi (af; —cfd) — f, (cfy - bfz) # 0. Substituting (4.3) into (3.13) gives us a quadratic equation with respect

d
to % as
dz2+ dz =0
q1 ds q2 ds q3 =0,



A. Alkan, H. Kocayigit, T. Agirman Aydin, Turk. J. Math. Comput. Sci., 16(2)(2024), 386-399 395

where

0= gz |(bf=an) (72 £+ 26) ¢ £2 (@ = fo? + (efy - %) o 1.

11
g2 = =2(IVfllcosp = Q(afe + bfy +cf)) 5 s |(0fi = af) (£ + £+ 12)].
11 2
45 = o5 53 (VSllcos @ = @ (afe + by + cf)) (12 + £7) - 1.
P k,(s) 0= kg (s) .
\JK2(s) + K2(5) JR2() + K2(s)
From this equation, we get
dz\* dz
— — =0. 44
QI(dS) +6]2(ds)+6]3 (4.4)
If (4.4) written in (4.3), we obtain a first-order differential equation system.Thus, together with the initial point
x(0) = xo,
¥(0) = yo,
2(0) = zo,

we have an initial value problem. The solution of this problem gives us the D,-Darboux slant helix on M.

Example 4.8. Let us consider the surface M given by the parametrization

Suﬁcos<\/§1nu)+§sin(\/§1nu)+ %cos(\/i]nu),

\/7
X(u,v) = 3%ﬁsin(\/zlnu)— %cos(\/zlnu)+ %Sin(\/zlnu),

and curve 8 : I — M defined by the parametric form

,B(s)=(3—i/§cos(\/§1ns)+%sin(\/ilns),ﬁsin(\/ilns)—%cos(\/ilns),%),

s
i

o
raEE e

D 4

rlTlllilllllnlIl[|1|l]Trrr‘11T:lTrl]:T‘:|;

5 0 -5 -10 -127°8

FiGure 2. The curve S on the surface M



D;-Darboux Slant Helices 396

where s > 0 (Figure 2). The vectors of the Darboux frame and curvatures of 5 are computed as follows,

1 .
T = %(cos(\/zlns),sm(\/ilns),1),
V= (sin(\/Elns),—cos(\/zlns),O),
1 .
U= ﬁ(cos(\/Elns),sm(\/zlns),—l),
k, =0, kg:—%, ngl.

R s
Hence from (4.1), we obtain 0,(s) = 1 = constant. Therefore, 8 is a D,-Darboux slant helix on M.

5. D,-DarBoux SLANT HELIX

In this section, we introduce D,-Darboux slant helices which a new kind of surface curve . Since theorems given in
this section are proven similar to theorems in section 3, they will be given without proof.

Let M is an oriented surface in E>, and y : I — M be a unit speed curve on surface M. Let be {T, V, U} Darboux
frame, k,, k,, 7, are the curvatures and D,(s) = 7,(s)T(s) + ky(s)U(s) rectifying Darboux vector of y. The concept of
D,-Darboux slant helix on the surface is defined as follows.

Definition 5.1. Let M is an oriented surface in E3, and y : I — R C M be a unit speed curve with on surface M.
Then, vy is called D,-Darboux slant helix if there exists a constant angle ¢ between the Darboux vector field D, (or

equivalently, unit Darboux vector field b, = ﬁ ) and a fixed(constant) unit direction d, , i.e., (D,,d,) = cosy is
constant [11].

Theorem 5.2. Let M be an oriented surface in E*> andy : 1 — M be a unit speed curve on surface M with RD-frame
{D,,V,Y,}). Then, y is a D,-Darboux slant helix iff gi(s) is a constant function, where 8, # 0.

Corollary 5.3. Let M be an oriented surface in E3, and y : I — M be a unit speed curve on surface M. Then, vy is a

D,-Darboux Slant helix iff
k2 + 12

or(s) = | ———— | (5.1
kg T k
is a constant function.
Corollary 5.4. Axis of D,-Darboux slant helix is given by
d, = cos lﬂbr + siny/V.
Corollary 5.5. Axis of D,-Darboux slant helix according to {T,V, U} Darboux frame is

Tg . kg
d, =cosy T +sinyV + cosy ————=U.

\T2+ K Nir R
Corollary 5.6. vy is a D,-Darboux slant helix if and only if y is a relatively normal-slant helix.
Corollary 5.7. Let y be a unit speed D,-Darboux slant helix on surface M. Then,

1) y is a geodesic curve on M with &k, # 0 iff y is a general helix with the axis d, = cosyT + sinyB.
ii) y is an asymptotic curve on M with k, # 0 iff y is a Darboux helix with the axis

d, = cos w;T F sinyN + cos zp;B.

T2 4 2 V12 + K2
iii) Let v be a line of curvature on M . Then, vy is a planar curve.

5.1. The Position Vector of the D,-Darboux Slant Helix on a Surface. In this section, we introduce the methods for
finding the D,-Darboux Slant helix on a given surface. We discuss the methods separately for parametric and implicit
surfaces.
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5.1.1. The D,-Darboux Slant Helix on a Parametric Surface. Let M be a regular oriented surface in E* with given
the parametrization X = X(u,v). Let y(s) = X(u(s), v(s)) be a unit speed D,-Darboux slant helix on M with axis d,,
constant angle , and Darboux frame {7, V, U}. For obtaining vy, we find u(s) and v(s). In a way similar to those in
chapter 4, we obtain

du _ =28 (1%, XX, 11X, X X, || cO8 Y—R(X, XXy e D F (X, )= G{X,1ndr )t VA,

ds 24,8 21X, %X, 1> ’ (5.2)
dv _ =28 IXu XXX XX, [l co8 y—R(X, X Xy d )P (X dr )= (X, d, )= VAT .
ds — 24,82||X, XX, |I* ’

where
A, = E(X,,d,y* = 2F (X d,) (X, d,) + G (X, d,)*
A, = 482 X, X XIP (1Xy X Xl cos ¢ = R(Xy X X, d:)) [(F (X} = G (X, d,))* = A,G
+ 481X, x X, (X, d,)* A,
A7 = 481X, X Xl (1X, % Xll cos ¢ = R (X X Xy d))* [(F (Xidy) = E (X, d,))* ~ A E]|
+ 481X, X X,|I* (X, d, ) A,
_ T gk
If we solve the system (5.2) together with the initial point

{ u(0) = uy

S =

v(0) = vo,

we obtain the desired D,-Darboux slant helix on M by substituting u(s), v(s) into X(u, v).

5.1.2. The D,-Darboux Slant Helix on an Implicit Surface. Let M be a surface given in implicit form by f(x,y,z) = 0.

Let us now find the D,-Darboux slant helix y(s) which makes the given constant angle with the given axis d, = (a, b, ¢)
and lying on M.

Let y(s) = (x(s), y(s),z(s)) and {T, V, U} be its Darboux frame field. We need to find x(s), y(s), z(s) to obtain y(s).
In a way similar to those in chapter 4, we obtain

& = L s o (IVfllcosy = R (afc + bfy + cf.)) + (bf: — cfy) %], 53)
L= |cfi-af) & - st (IVfllcosy = R (afi + bfy +cf))]
where Q, = af, — bf, # 0. Substituting (5.3) into (3.13) give us a quadratic equation with respect to fl—i as

dzz dz
a7 + 4 7 +q3=0,

1
q = @[ @+ D)2+ (f2 + f7) = 2efafi +bfy) |+ 1,

where

0= 2@ (IVflcosy — Q(afe + bfy +cf.)) é |£tafe+bf) —c(f2+ £2)].
1
“= g (IVfllcosw - Q(afi +bfy +cf)) (2 + £2) - 1.

From this equation, we get

dz 2 dz
& & = 0. 5.4
Cll(ds) +6]2(ds)+6]3 5.4
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If (5.4) is written in (5.3) , we obtain a first-order differential equation system. Thus, together with the initial point

x(0) = xo,
¥(0) = yo,
72(0) = z9

we have an initial value problem. The solution of this problem gives us the D,-Darboux slant helix on the M.

Example 5.8. Let us consider the surface M given by the parametrization X(u,v) = (v,sinu,cosu) and curve y :

I — M defined by the parametric form y(s) = ( 5 sin == \/i cos == ) (Figure 3). The vectors of the Darboux frame and
curvatures of y are computed as follows,

1 s K
T =—11,cos —,—sin — |,

1 s s
V=—|1,-cos —,sin —|,

K K
U=|0,-sin —,—-cos —|,
( \2 \/i)

1 1

2, kgIO, Tg=—§.

Hence, from (5.1), we obtain o,(s) = —1 = constant . Therefore, vy is a D,-Darboux slant helix on M.

ky =

m ! N R
\\\

\\l\\ \\ l\\\\ \\\

\\\\\\\\\\\\{{\

20

Ficure 3. The curve y on the surface M

6. CONCLUSION

In this study, some new types of surface curves called D;- slant helices have been defined on a surface. The investi-
gation of these special curves has been carried out by considering newly defined orthonormal frames for curves lying
on a surface. The definitions made here and the characterizations obtained as a result can be applied to the surface

curves in other spaces such as Minkowski space. Additionally, this work is important in terms of defining and studying
different types of curves on a surface.
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