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1. Introduction and Background
A sequence space is a vector subspace of the space ω of all sequences with real entries. Well known classical sequence

spaces are the space of p-absolutely summable sequences `p, the space of bounded sequences `∞, the space of null sequences
c0, the space of convergent sequences c. Throughout the study, the notion ` is used instead of `1. Also bs, cs0 and cs are the
most frequently encountered spaces consisting of sequences generating bounded, null and convergent series, respectively. A
Banach sequence space having continuous coordinates is called a BK space. Examples of BK spaces are c0 and c endowed with
the supremum norm ‖u‖

∞
= supi |ui|, where N= {1,2,3, ...}.

By virtue of the fact that the matrix mappings between BK-spaces are continuous, the theory of matrix mappings plays an
important role in the study of sequence spaces. Let U and V be two sequence spaces, Λ = (λi j) be an infinite matrix with real
entries and Λi indicate the ith row of Λ. If each term of the sequence Λu = ((Λu)i) = (∑ j λi ju j) is convergent, this sequence is
called Λ-transform of u = (ui). Further, if Λu ∈V for every sequence u ∈U , then the matrix Λ defines a matrix mapping from
U into V. (U,V ) represents the collection of all matrices defined from U into V. Additionally, B(U,V ) is the set of all bounded
(continuous) linear operators from U to V . A matrix Λ = (λi j) is called a triangle if λii 6= 0 and λi j = 0 for j > i.

The matrix domain UΛ of the matrix Λ in the space U is defined by

UΛ = {u ∈ ω : Λu ∈U}.

Since this space is also a sequnce space, the matrix domain has a crucial role to construct new sequence spaces. Moreover given
any triangle Λ and a BK-space U , the sequence space UΛ gives a new BK-space equipped with the norm ‖u‖UΛ

= ‖Λu‖U .
Several authors applied this technique to construct new Banach spaces with the help of special triangles. For relevant literature,
the papers [1–17] can be referred.
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The spaces

Uα =

{
t = (ti) ∈ ω : ∑

i
|tiui|< ∞ for all u = (ui) ∈U

}
,

Uβ =

{
t = (ti) ∈ ω : ∑

i
tiui converges for all u = (ui) ∈U

}
,

U γ =

{
t = (ti) ∈ ω : sup

i

∣∣∣∣∣∑i
tiui

∣∣∣∣∣< ∞ for all u = (ui) ∈U

}
,

are called the α-, β -, γ-duals of a sequence space U , respectively.
Note that 1

p +
1
q = 1 and supi, ∑i, limi mean supi∈N, ∑

∞
i=1, limi→∞, respectively.

The Euler totient matrix Φ = (φi j) is defined as in [18]

φi j =

{
ϕ( j)

i , if j | i
0 , if j - i,

where ϕ is the Euler totient function. In the recent time, by using this matrix, many new sequence and series spaces are defined
and studied in the papers [19–27].

For i ∈ N with i 6= 1, ϕ(i) gives the number of positive integers less than i which are coprime with i and ϕ(1) = 1. Also,
the equality

i = ∑
j|i

ϕ( j)

holds for every i ∈ N. For i ∈ N with i 6= 1, the Möbius function µ is defined as

µ(i) =


(−1)r if i = p1 p2...pr, where p1, p2, ..., pr are

non-equivalent prime numbers
0 if p̃2 | i for some prime number p̃

and µ(1) = 1. The equality

∑
j|i

µ( j) = 0 (1.1)

holds except for i = 1.
The arithmetic function Jr : N→ N with positive integer order r is called the Jordan totient function. This function

generalizes the Euler totient function. If r = 1, it is reduced to the Euler totient function. The value Jr(i) gives the number of
r-tuples of positive integers all less than or equal to i that form a coprime (r+1)-tuples together with i.

The Jordan function Jr is multiplicative, i.e. for n1,n2 ∈ N with the greatest common divisor 1 the relation Jr(n1n2) =
Jr(n1)Jr(n2) holds.

Let pa1
1 pa2

2 ...pak
k be the unique prime decomposition of i ∈ N, then

Jr(i) = ir(1− 1
pr

1
)(1− 1

pr
2
)...(1− 1

pr
k
).

Also, the following equations hold:

∑
j|i

Jr( j) = ir

and

∑
j|i

µ( j)
jr =

Jr(i)
ir

.
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In [28], the authors have defined a new matrix ϒr = (υr
i j) as

υ
r
i j =

{ Jr( j)
ir , if j | i
0 , if j - i

for each r ∈ N. It is observed that this matrix is regular; that is a limit preserving mapping c into c. By using this matrix they
introduce a space consisting of sequences whose ϒr-transforms are in the space `p for 1≤ p < ∞. Also, in [29], new Banach
spaces are obtained by the aid of matrix domain of this matrix in the spaces `∞, c, c0. In [30], the authors have studied the
compact operators on the resulting spaces.

The Riesz matrix E = (ei j) is defined as

ei j =

{ q j
Qi

, if 0≤ j ≤ i
0 , if j > i,

where (q j) is a sequence of positive numbers and Qi = ∑
i
j=1 q j for all i ∈ N.

In a recent paper [31], the authors have constructed a new matrix called Riesz Euler totient matrix and study the domain of
the matrix in the space `p. The Riesz Euler totient matrix RΦ = (ri j) is defined as

ri j =

{
q jϕ( j)

Qi
, if j | i

0 , if j - i.

The main purpose of this study is to construct new Banach spaces `∞(Rϒr), `p(Rϒr), `(Rϒr). The matrix Rϒr is obtained by
combining Jordan totient matrix and Riesz matrix. After studying certain properties of the resulting spaces, α-, β - and γ-duals
are computed. Finally some matrix mappings from the resulting spaces to the classical spaces are characterized.

2. The Sequence Spaces `∞(Rϒr), `p(Rϒr), `(Rϒr)

In the present section, we introduce the sequence spaces `∞(Rϒr), `p(Rϒr), `(Rϒr) by using the matrix Rϒr , where 1 < p < ∞.
Also, we present some theorems which give inclusion relations concerning these spaces.

The matrix Rϒr = (νi j) is defined as

νi j =

{
q jJr( j)

Qr
i

, if j | i
0 , if j - i,

where Qi = q1 +q2 + ...+qi. We call this matrix as Riesz Jordan totient matrix operator.
Observe that in the special cases this matrix is reduced to the some matrices mentioned in the first section. If r = 1 and

q j = 1 for each j, it gives the Euler totient matrix. If r = 1, it gives the Riesz Euler totient matrix. If q j = 1 for each j, it gives
the Jorden totient matrix.

The inverse R−1
ϒr = (ν−1

i j ) of the matrix Rϒr is computed as

ν
−1
i j =

{
µ( i

j )

Jr(i)
Qr

j
qi

, if j | i
0 , if j - i

for all i, j ∈ N.
Now, we introduce the sequence spaces `∞(Rϒr), `p(Rϒr), `(Rϒr) by

`∞(Rϒr) =

{
u = (ui) ∈ ω : sup

i

∣∣∣∣∣ 1
Qr

i
∑
j|i

q jJr( j)u j

∣∣∣∣∣< ∞

}
,

`p(Rϒr) =

{
u = (ui) ∈ ω : ∑

i

∣∣∣∣∣ 1
Qr

i
∑
j|i

q jJr( j)u j

∣∣∣∣∣
p

< ∞

}
(1 < p < ∞),
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`(Rϒr) =

{
u = (ui) ∈ ω : ∑

i

∣∣∣∣∣ 1
Qr

i
∑
j|i

q jJr( j)u j

∣∣∣∣∣< ∞

}
.

Unless otherwise stated, v = (vi) will be the Rϒr -transform of a sequence u = (ui), that is, vi = (Rϒr u)i =
1

Qr
i

∑ j|i q jJr( j)u j

for all i ∈ N.

Theorem 2.1. The spaces `∞(Rϒr), `p(Rϒr), `(Rϒr) are Banach spaces with the norms given by

‖u‖`∞(Rϒr ) = sup
i

∣∣∣∣∣ 1
Qr

i
∑
j|i

q jJr( j)u j

∣∣∣∣∣ ,
‖u‖`p(Rϒr ) =

(
∑

i

∣∣∣∣∣ 1
Qr

i
∑
j|i

q jJr( j)u j

∣∣∣∣∣
p)1/p

(1 < p < ∞),

‖u‖`(Rϒr ) = ∑
i

∣∣∣∣∣ 1
Qr

i
∑
j|i

q jJr( j)u j

∣∣∣∣∣ .
Proof. We omit the proof which is straightforward.

Corollary 2.2. The spaces `∞(Rϒr), `p(Rϒr), `(Rϒr) are BK-spaces, where 1 < p < ∞.

Theorem 2.3. The space U(Rϒr) is linearly isomorphic to U, where U ∈ {`∞, `p, `} and 1 < p < ∞.

Proof. Let f be a mapping defined from U(Rϒr) to U such that f (u) = Rϒr u for all u ∈U(Rϒr). It is clear that f is linear. Also
it is injective since the kernel of f consists of only zero. To prove that f is surjective consider the sequence u = (ui) whose
terms are

ui = ∑
j|i

µ( i
j )

Jr(i)

Qr
j

qi
v j

for all i ∈ N, where v = (v j) is any sequence in U . It follows from (1.1) that

(Rϒr u)i =
1

Qr
i
∑
j|i

q jJr( j)u j =
1

Qr
i
∑
j|i

q jJr( j)∑
k| j

µ( j
k )

Jr( j)
Qr

k
q j

vk

=
1

Qr
i
∑
j|i

∑
k| j

µ(
j
k
)Qr

kvk =
1

Qr
i
∑
j|i

(
∑
k| j

µ(k)

)
Qr

i
j
v i

j
=

1
Qr

i
µ(1)Qr

i vi = vi

and so u = (ui) ∈U(Rϒr). f preserves norms since the equality ‖u‖U(Rϒr ) = ‖ f (u)‖U holds.

Remark 2.4. The space `2(Rϒr) is an inner product space with the inner product defined as 〈u, ũ〉`2(Rϒr ) = 〈Rϒr u,Rϒr ũ〉`2 ,
where 〈., .〉`2 is the inner product on `2 which induces ‖.‖`2 .

Theorem 2.5. The space `p(Rϒr) is not an inner product space for p 6= 2.

Proof. Consider the sequences u = (ui) and ũ = (ũi), where

ui =

 µ(i)
Jr(i)

Qr
1

qi
+

µ( i
2 )

Jr(i)
Qr

2
qi

, if i is even
µ(i)
Jr(i)

Qr
1

qi
, if i is odd

and

ũi =

 µ(i)
Jr(i)

Qr
1

qi
− µ( i

2 )

Jr(i)
Qr

2
qi

, if i is even
µ(i)
Jr(i)

Qr
1

qi
, if i is odd

for all i ∈ N. Then, we have Rϒr u = (1,1,0, ...,0, ...) ∈ `p and Rϒr ũ = (1,−1,0, ...,0, ...) ∈ `p. Hence, one can easily observe
that

‖u+ ũ‖2
`p(Rϒr )+‖u− ũ‖2

`p(Rϒr ) 6= 2
(
‖u‖2

`p(Rϒr )+‖ũ‖
2
`p(Rϒr )

)
.



New Banach Sequence Spaces Defined by Jordan Totient Function — 215/225

Theorem 2.6. The inclusion `p(Rϒr)⊂ `q(Rϒr) strictly holds for 1≤ p < q < ∞.

Proof. It is clear that the inclusion `p(Rϒr) ⊂ `q(Rϒr) holds since `p ⊂ `q for 1 ≤ p < q < ∞. Also, `p ⊂ `q is strict and so
there exists a sequence z = (zi) in `q\`p. By defining a sequence u = (ui) as

ui = ∑
j|i

µ( i
j )

Jr(i)

Qr
j

qi
z j

for all i ∈ N, we conclude that u ∈ `q(Rϒr)\`p(Rϒr). Hence, the desired inclusion is strict.

Theorem 2.7. The inclusion `p(Rϒr)⊂ `∞(Rϒr) strictly holds for 1≤ p < ∞.

Proof. The inclusion is obvious since `p ⊂ `∞ holds for 1≤ p < ∞. Let u = (ui) be a sequence such that ui = ∑ j|i(−1) j µ( i
j )

Jr(i)
Qr

j
qi

for all i∈N. We obtain that Rϒr u=
(

1
Qr

i
∑ j|i q jJr( j)∑k| j(−1)k µ( j

k )

Jr( j)
Qr

k
q j

)
=((−1)i)∈ `∞\`p which implies that u∈ `∞(Rϒr)\`p(Rϒr)

for 1≤ p < ∞.

Lemma 2.8. [32] The necessary and sufficient conditions for Λ = (λi j) ∈ (U,V ) with U,V ∈ {`∞,c,c0, `p, `} and p > 1 can
be read from Table 1. Here and in what follows, N denotes the family of all finite subsets of N.

To `∞ c c0 `p `
From

`∞ 1. 4. 9. 14. 16.

c 1. 5. 10. 14. 16.
c0 1. 6. 11. 14. 16.
`p 2. 7. 12. - 17.
` 3. 8. 13. 15 18.

Table 1. The characterization of the class (U,V ), where U,V ∈ {`∞,c,c0, `p, `}.

1.

sup
i

∑
j

∣∣λi j
∣∣< ∞ (2.1)

2.

sup
i

∑
j

∣∣λi j
∣∣q < ∞ (2.2)

3.

sup
i, j

∣∣λi j
∣∣< ∞ (2.3)

4.

lim
i

λi j exists for each j ∈ N, (2.4)

lim
i ∑

j

∣∣λi j
∣∣= ∑

j

∣∣∣∣limi λi j

∣∣∣∣
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5. (2.1), (2.4) and

lim
i ∑

j
λi j exists.

6. (2.1) and (2.4)

7. (2.2) and (2.4)

8. (2.3) and (2.4)

9.

lim
i ∑

j

∣∣λi j
∣∣= 0

10. (2.1) and

lim
i

λi j = 0 for each j ∈ N, (2.5)

lim
i ∑

j
λi j = 0

11. (2.1) and (2.5)

12. (2.2) and (2.5)

13. (2.3) and (2.5)

14.

sup
K∈N

∑
i

∣∣∣∣∣∑j∈K
λi j

∣∣∣∣∣
p

< ∞

15.

sup
j

∑
i

∣∣λi j
∣∣p < ∞

16.

sup
N,K∈N

∣∣∣∣∣∑i∈N
∑
j∈K

λi j

∣∣∣∣∣< ∞⇔ sup
N∈N

∑
j

∣∣∣∣∣∑i∈N
λi j

∣∣∣∣∣< ∞⇔ sup
K∈N

∑
i

∣∣∣∣∣∑j∈K
λi j

∣∣∣∣∣< ∞

17.

sup
N∈N

∑
j

∣∣∣∣∣∑i∈N
λi j

∣∣∣∣∣
q

< ∞

18.

sup
j

∑
i

∣∣λi j
∣∣< ∞
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3. The α-, β - and γ-duals

In this section, we determine the α-, β - and γ-duals of the sequence spaces `∞(Rϒr), `p(Rϒr), `(Rϒr), where 1 < p < ∞.
In the following theorem, we determine the α-duals.

Theorem 3.1. The α-duals of the spaces `∞(Rϒr), `p(Rϒr), `(Rϒr) are as follows:

(`∞(Rϒr))α =

{
t = (ti) ∈ ω : sup

N∈N
∑

j

∣∣∣∣∣ ∑
i∈N, j|i

µ( i
j )

Jr(i)

Qr
j

qi
ti

∣∣∣∣∣< ∞

}
,

(`p(Rϒr))α =

{
t = (ti) ∈ ω : sup

N∈N
∑

j

∣∣∣∣∣ ∑
i∈N, j|i

µ( i
j )

Jr(i)

Qr
j

qi
ti

∣∣∣∣∣
q

< ∞

}
,

(`(Rϒr))α =

{
t = (ti) ∈ ω : sup

j
∑

i∈N, j|i

∣∣∣∣∣µ(
i
j )

Jr(i)

Qr
j

qi
ti

∣∣∣∣∣< ∞

}
.

Proof. Consider the matrix C = (ci j) defined by

ci j =

{
µ( i

j )

Jr(i)
Qr

j
qi

ti , j | i
0 , j - i

for any sequence t = (ti) ∈ ω . Let U ∈ {`∞, `p, `}. Given any u = (ui) ∈U(Rϒr), we have tiui = (Cv)i for all i ∈ N. This
implies that tu ∈ ` with u ∈U(Rϒr) if and only if Cv ∈ ` with v ∈U . It follows that t ∈ (U(Rϒr))α if and only if C ∈ (U, `)
which completes the proof in view of Lemma 2.8.

Lemma 3.2. [33, Theorem 3.1] Let B = (bi j) be defined via a sequence t = (tk) ∈ ω and the inverse matrix ∆̃ = (δ̃i j) of the
triangle matrix ∆ = (δi j) by

bi j =
i

∑
k= j

tkδ̃k j

for all i, j ∈ N. Then,
Uβ

∆
= {t = (tk) ∈ ω : B ∈ (U,c)}

and
U γ

∆
= {t = (tk) ∈ ω : B ∈ (U, `∞)}.

Consequently, we have the following theorem.

Theorem 3.3. Let define the following sets:

A1 =

{
t = (tk) ∈ ω : lim

i

i

∑
k= j, j|k

µ( k
j )

Jr(k)

Qr
j

qk
tk exists for each j ∈ N

}
,

A2 =

{
t = (tk) ∈ ω : sup

i
∑

j

∣∣∣∣∣ i

∑
k= j, j|k

µ( k
j )

Jr(k)

Qr
j

qk
tk

∣∣∣∣∣
q

< ∞

}
,

A3 =

{
t = (tk) ∈ ω : lim

i ∑
j

∣∣∣∣∣ i

∑
k= j, j|k

µ( k
j )

Jr(k)

Qr
j

qk
tk

∣∣∣∣∣= ∑
j

∣∣∣∣∣ ∞

∑
k= j, j|k

µ( k
j )

Jr(k)

Qr
j

qk
tk

∣∣∣∣∣
}
,

A4 =

{
t = (tk) ∈ ω : sup

i, j

∣∣∣∣∣ i

∑
k= j, j|k

µ( k
j )

Jr(k)

Qr
j

qk
tk

∣∣∣∣∣< ∞

}
.

The β - and γ-duals of the spaces `∞(Rϒr), `p(Rϒr), `(Rϒr) are as follows:
(`∞(Rϒr))β = A1∩A3, (`p(Rϒr))β = A1∩A2, (`(Rϒr))β = A1∩A4.
(`∞(Rϒr))γ = A2 with q = 1, (`p(Rϒr))γ = A2, (`(Rϒr))γ = A4.
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Proof. Let t = (tk) ∈ ω , U ∈ {`∞, `p, `} and B = (bi j) be an infinite matrix with terms

bi j =

{
∑

i
k= j, j|k tk

µ( k
j )

Jr(k)
Qr

j
qk

, if 1≤ j ≤ i
0 , if j > i.

Hence it follows that
i

∑
j=1

t ju j =
j

∑
j=1

t j

(
∑
k| j

µ( j
k )

Jr( j)
Qr

k
q j

vk

)
=

i

∑
j=1

(
i

∑
k= j, j|k

tk
µ( k

j )

Jr(k)

Qr
j

qk

)
v j = (Bv)i

for any u = (ui) ∈ U(Rϒr). This equality yields that tu ∈ cs for u ∈ U(Rϒr) if and only if Bv ∈ c for v ∈ U . That is,
t ∈ (U(Rϒr))β if and only if B∈ (U,c). Hence, by Lemma 2.8, it is concluded that (`∞(Rϒr))β = A1∩A3, (`p(Rϒr))β = A1∩A2,
(`(Rϒr))β = A1∩A4.

This equality also yields that tu ∈ bs for u ∈U(Rϒr) if and only if Bv ∈ `∞ for v ∈U . That is, t ∈ (U(Rϒr))γ if and only if
B ∈ (U, `∞). Hence, by Lemma 2.8, it is concluded that (`∞(Rϒr))γ = A2 with q = 1, (`p(Rϒr))γ = A2, (`(Rϒr))γ = A4.

4. Certain Matrix Transformations
In this section, characterization of certain classes of matrices is given. The following result is obtained from Theorem 4.1

in [34] and this result is required to characterize the classes of matrices from `∞(Rϒr), `p(Rϒr), `(Rϒr) into `∞,c,c0, `.

Theorem 4.1. Let 1 < p < ∞, U ∈ {`∞, `p, `} and V ⊂ ω . Then, Λ = (λi j) ∈ (URϒr ,V ) if and only if Θ(i) =
(

θ
(i)
l j

)
∈

(U,c) f or each f ixed i ∈ N and Θ = (θi j) ∈ (U,V ), where

θ
(i)
l j =

{
∑

l
k= j, j|k λik

µ( k
j )

Jr(k)
Qr

j
qk

, 1≤ j ≤ l
0 , j > l

and

θi j =
∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk
.

Proof. Let Λ ∈ (URϒr ,V ) and u ∈URϒr . Then, the equality

l

∑
j=1

λi ju j =
l

∑
j=1

λi j

(
∑
k| j

µ( j
k )

Jr( j)
Qr

k
q j

vk

)
(4.1)

=
l

∑
j=1

(
l

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

)
v j =

l

∑
j=1

θ
(i)
l j v j

holds. Since Λu exists, it follows that Θ(i) ∈ (U,c) for each fixed i ∈ N. It is deduced that Λu = Θv as l→ ∞ in (4.1). Hence,
Λu ∈V implies that Θv ∈V ; that is Θ ∈ (U,V ).

Conversely, suppose that Θ(i) =
(

θ
(i)
l j

)
∈ (U,c) f or each f ixed i ∈ N and Θ = (θi j) ∈ (U,V ). Let u ∈ URϒr . Then,

(θi j) ∈Uβ for each fixed i ∈ N implies that (λi j) ∈Uβ

Rϒr for each fixed i ∈ N. Hence, Λu exists. From equality (4.1), it follows
that Λu = Θv as l→ ∞. This proves that Λ ∈ (URϒr ,V ).

Theorem 4.2. Let Λ = (λi j) be an infinite matrix. Then, the following statements hold:

1. Λ ∈ (`∞(Rϒr), `∞) if and only if

lim
l→∞

l

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk
exists for each fixed i, j ∈ N, (4.2)

lim
l

∑
j

∣∣∣∣∣ l

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣= ∑
j

∣∣∣∣∣liml l

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣ (4.3)



New Banach Sequence Spaces Defined by Jordan Totient Function — 219/225

and

sup
i

∑
j

∣∣∣∣∣ ∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣< ∞. (4.4)

2. Λ ∈ (`∞(Rϒr),c) if and only if (4.2), (4.3),

lim
i

∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk
exists for each j ∈ N, (4.5)

lim
i ∑

j

∣∣∣∣∣ ∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣= ∑
j

∣∣∣∣∣limi ∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣ .
3. Λ ∈ (`∞(Rϒr),c0) if and only if (4.2), (4.3),

lim
i ∑

j

∣∣∣∣∣ ∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣= 0.

4. Λ ∈ (`∞(Rϒr), `) if and only if (4.2), (4.3) and

sup
N,K∈N

∣∣∣∣∣∑i∈N
∑
j∈K

∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣< ∞. (4.6)

Proof. The proof follows from Lemma 2.8 and Theorem 4.1.

Theorem 4.3. Let Λ = (λi j) be an infinite matrix and p > 1. Then, the following statements hold:

1. Λ ∈ (`p(Rϒr), `∞) if and only if (4.2),

sup
l∈N

l

∑
j=1

∣∣∣∣∣ l

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣
q

< ∞ for each fixed i ∈ N, (4.7)

sup
i

∑
j

∣∣∣∣∣ ∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣
q

< ∞. (4.8)

2. Λ ∈ (`p(Rϒr),c) if and only if (4.2), (4.7), (4.5), (4.8).

3. Λ ∈ (`p(Rϒr),c0) if and only if (4.2), (4.7), (4.8),

lim
i

∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk
= 0 for each j ∈ N. (4.9)

4. Λ ∈ (`p(Rϒr), `) if and only if (4.2), (4.7),

sup
N∈N

∑
j

∣∣∣∣∣∑i∈N

∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣
q

< ∞.
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Proof. The proof follows from Lemma 2.8 and Theorem 4.1.

Theorem 4.4. Let Λ = (λi j) be an infinite matrix. Then, the following statements hold:

1. Λ ∈ (`(Rϒr), `∞) if and only if (4.2),

sup
l, j

∣∣∣∣∣ l

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣< ∞ for each fixed i ∈ N, (4.10)

sup
i, j

∣∣∣∣∣ ∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣< ∞. (4.11)

2. Λ ∈ (`(Rϒr),c) if and only if (4.2), (4.10), (4.5), (4.11).

3. Λ ∈ (`(Rϒr),c0) if and only if (4.2), (4.10), (4.9), (4.11).

4. Λ ∈ (`(Rϒr), `) if and only if (4.2), (4.10),

sup
j

∑
i

∣∣∣∣∣ ∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣< ∞.

Proof. The proof follows from Lemma 2.8 and Theorem 4.1.

Corollary 4.5. Let Λ = (λi j) be an infinite matrix. Then, the following statements hold:

1. Λ ∈ (`∞(Rϒr),bs) if and only if (4.2), (4.3),

sup
i

∑
j

∣∣∣∣∣ i

∑
l=1

∞

∑
k= j, j|k

λlk
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣< ∞. (4.12)

2. Λ ∈ (`∞(Rϒr),cs) if and only if (4.2), (4.3),

lim
i

i

∑
l=1

∞

∑
k= j, j|k

λlk
µ( k

j )

Jr(k)

Qr
j

qk
exists for each j ∈ N, (4.13)

lim
i ∑

j

∣∣∣∣∣ i

∑
l=1

∞

∑
k= j, j|k

λlk
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣= ∑
j

∣∣∣∣∣limi i

∑
l=1

∞

∑
k= j, j|k

λlk
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣ .
3. Λ ∈ (`∞(Rϒr),cs0) if and only if (4.2), (4.3)

lim
i ∑

j

∣∣∣∣∣ i

∑
l=1

∞

∑
k= j, j|k

λlk
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣= 0.

Corollary 4.6. Let Λ = (λi j) be an infinite matrix. Then, the following statements hold:

1. Λ ∈ (`p(Rϒr),bs) if and only if (4.2), (4.7),

sup
i

∑
j

∣∣∣∣∣ i

∑
l=1

∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣
q

< ∞. (4.14)
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2. Λ ∈ (`p(Rϒr),cs) if and only if (4.2), (4.7), (4.13), (4.14).

3. Λ ∈ (`p(Rϒr),cs0) if and only if (4.2), (4.7), (4.14),

lim
i

i

∑
l=1

∞

∑
k= j, j|k

λlk
µ( k

j )

Jr(k)

Qr
j

qk
= 0 for each j ∈ N. (4.15)

Corollary 4.7. Let Λ = (λi j) be an infinite matrix. Then, the following statements hold:

1. Λ ∈ (`(Rϒr),bs) if and only if (4.2), (4.10),

sup
i, j

∣∣∣∣∣ i

∑
l=1

∞

∑
k= j, j|k

λik
µ( k

j )

Jr(k)

Qr
j

qk

∣∣∣∣∣< ∞. (4.16)

2. Λ ∈ (`(Rϒr),cs) if and only if (4.2), (4.10), (4.13), (4.16).

3. Λ ∈ (`(Rϒr),cs0) if and only if (4.2), (4.10), (4.15), (4.16).

Theorem 4.8. Let Λ = (λi j) be an infinite matrix and p > 1. Then, the following statements hold:
(a) Λ ∈ (`∞, `p(Rϒr)) = (c, `p(Rϒr)) = (c0, `p(Rϒr)) if and only if

sup
K∈N

∑
i

∣∣∣∣∣∑j∈K
∑
l|i

qlJr(l)
Qr

i
λl j

∣∣∣∣∣
p

< ∞.

(b) Λ ∈ (`,`p(Rϒr)) if and only if

sup
j

∑
i

∣∣∣∣∣∑l|i qlJr(l)
Qr

i
λl j

∣∣∣∣∣
p

< ∞.

Proof. The proof is given only for the matrix in (`∞, `p(Rϒr)) since the other case can be proven similarly. Given any infinite
matrix Λ = (λi j) ∈ (`∞, `p(Rϒr)), define a new matrix Λ̂ = (λ̂i j) by

λ̂i j = ∑
l|i

qlJr(l)
Qr

i
λl j

for all i, j ∈ N. Then, for any u = (u j) ∈ `∞, the equality

∑
j

λ̂i ju j = ∑
l|i

qlJr(l)
Qr

i
∑

j
λl ju j

means that (Λ̂u)i = (Rϒr(Λu))i for all i ∈ N. This implies that Λu ∈ `p(Rϒr) for u = (u j) ∈ `∞ if and only if Λ̂u ∈ `p for
u = (u j) ∈ `∞. Hence, we conclude from Lemma 2.8 that

sup
K∈N

∑
i

∣∣∣∣∣∑j∈K
∑
l|i

qlJr(l)
Qr

i
λl j

∣∣∣∣∣
p

< ∞.

Theorem 4.9. Let Λ = (λi j) be an infinite matrix. Then, the following statements hold:
(a) Λ ∈ (`∞, `∞(Rϒr)) = (c, `∞(Rϒr)) = (c0, `∞(Rϒr)) if and only if

sup
i

∑
j

∣∣∣∣∣∑l|i qlJr(l)
Qr

i
λl j

∣∣∣∣∣< ∞.

(b) Λ ∈ (`,`∞(Rϒr)) if and only if

sup
i, j

∣∣∣∣∣∑l|i qlJr(l)
Qr

i
λl j

∣∣∣∣∣< ∞.
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Proof. The proof follows with the same way in the proof of Theorem 4.8.

Theorem 4.10. Let Λ = (λi j) be an infinite matrix. Then, the following statements hold:
(a) Λ ∈ (`∞, `(Rϒr)) = (c, `(Rϒr)) = (c0, `(Rϒr)) if and only if

sup
K∈N

∑
i

∣∣∣∣∣∑j∈K
∑
l|i

qlJr(l)
Qr

i
λl j

∣∣∣∣∣< ∞.

(b) Λ ∈ (`,`(Rϒr)) if and only if

sup
j

∑
i

∣∣∣∣∣∑l|i qlJr(l)
Qr

i
λl j

∣∣∣∣∣< ∞.

Proof. The proof follows with the same way in the proof of Theorem 4.8.

Now, we investigate the norm of the bounded linear matrix operators from `∞(Rϒr), `p(Rϒr), `(Rϒr) into `∞(Rϒr) and
`(Rϒr). Firstly, we have a lemma which is essential for our investigation.

Lemma 4.11. Given any infinite matrix Λ = (λi j), the norm of bounded linear operators is defined by

‖Λ‖(`∞,`∞) = ‖Λ‖(`p,`∞) = sup
i

∑
j
|λi j|q

‖Λ‖(`,`∞) = sup
i, j
|λi j|

‖Λ‖(`∞,`) = ‖Λ‖(`p,`) = sup
K∈N

∑
j

∣∣∣∣∣∑i∈K
λi j

∣∣∣∣∣
q

‖Λ‖(`,`) = sup
j

∑
i
|λi j|.

Theorem 4.12. Let Λ = (λi j) be an infinite matrix.
(a) If Λ ∈ B(`∞(Rϒr), `∞(Rϒr)) or Λ ∈ B(`p(Rϒr), `∞(Rϒr)), then

sup
i

∑
j

∣∣∣∣∣∑j|l
µ( l

j )

Jr(l)

Qr
j

ql
∑
k|i

qkJr(k)
Qr

i
λkl

∣∣∣∣∣
q

< ∞

and

‖Λ‖(`∞(Rϒr ),`∞(Rϒr )) = ‖Λ‖(`p(Rϒr ),`∞(Rϒr )) = sup
i

∑
j

∣∣∣∣∣∑j|l
µ( l

j )

Jr(l)

Qr
j

ql
∑
k|i

qkJr(k)
Qr

i
λkl

∣∣∣∣∣
q

.

(b) If Λ ∈ B(`(Rϒr), `∞(Rϒr)), then

sup
i, j

∣∣∣∣∣∑j|l
µ( l

j )

Jr(l)

Qr
j

ql
∑
k|i

qkJr(k)
Qr

i
λkl

∣∣∣∣∣< ∞

and

‖Λ‖(`(Rϒr ),`∞(Rϒr )) = sup
i, j

∣∣∣∣∣∑j|l
µ( l

j )

Jr(l)

Qr
j

ql
∑
k|i

qkJr(k)
Qr

i
λkl

∣∣∣∣∣ .
(c) If Λ ∈ B(`∞(Rϒr), `(Rϒr)) or Λ ∈ B(`p(Rϒr), `(Rϒr)), then

sup
K∈N

∑
j

∣∣∣∣∣∑i∈K
∑
j|l

µ( l
j )

Jr(l)

Qr
j

ql
∑
k|i

qkJr(k)
Qr

i
λkl

∣∣∣∣∣
q

< ∞

and

‖Λ‖(`∞(Rϒr ),`(Rϒr )) = ‖Λ‖(`p(Rϒr ),`(Rϒr )) = sup
K∈N

∑
j

∣∣∣∣∣∑i∈K
∑
j|l

µ( l
j )

Jr(l)

Qr
j

ql
∑
k|i

qkJr(k)
Qr

i
λkl

∣∣∣∣∣
q

.
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(d) If Λ ∈ B(`(Rϒr), `(Rϒr)), then

sup
j

∑
i

∣∣∣∣∣∑j|l
µ( l

j )

Jr(l)

Qr
j

ql
∑
k|i

qkJr(k)
Qr

i
λkl

∣∣∣∣∣< ∞

and

‖Λ‖(`(Rϒr ),`(Rϒr )) = sup
j

∑
i

∣∣∣∣∣∑j|l
µ( l

j )

Jr(l)

Qr
j

ql
∑
k|i

qkJr(k)
Qr

i
λkl

∣∣∣∣∣ .
Proof. Let Λ̃ = Rϒr ΛR−1

ϒr . From Theorem 2.3, it is known that the spaces U(Rϒr) and U are linearly isomorphic. Hence, we
deduce from the following diagram

U(Rϒr)
Λ // V (Rϒr)

Rϒr

��
U

R−1
ϒr

OO

Λ̃=Rϒr ΛR−1
ϒr

// V

that ‖Λ‖(U(Rϒr ),V (Rϒr )) = ‖Λ̃‖(U,V ), where U ∈ {`∞, `p, `} and V ∈ {`∞, `}. Thus, the desired results follows from Lemma
4.11.
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[26] M. İlkhan, S. Demiriz, E. E. Kara, A new paranormed sequence space defined by Euler totient matrix, Karaelmas Sci. Eng.

J., 9(2) (2019), 277-282.
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