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ABSTRACT. This paper presents an analytic study of determining all the pos-
sible solutions of the Diophantine equations such that qx = JmJn and Jp =
gmqn. These give intersections of the Modified Pell and Jacobsthal numbers
too for the case where m =1 or n = 1.

1. INTRODUCTION

It is well-known that the Pell, Modified Pell, and Jacobsthal numbers are defined
by the recurrence relations

Py=0, PP =1and P41 =2P, + P,_1 for all n > 2, (1)
g =1, g1 =1and gny1 = 2¢n + gn—1 for all n > 2, (2)

and
Jo=0, J1=1land Jyy1 = J, +2J,-1 forall n > 2, (3)

respectively. These integer sequences have very interesting characteristics. For this
reason, a heavy interest has been devoted to investigation of the subject by a great
number of researchers. Here, it is proposed that two fundamental books given by
Vajda [1] and Koshy [2] are investigated for a piece of wide information.

As shown from Equations —, all the desired terms of the related sequence
can be computed recursively by using the respective recurrence relation. Also, as a
second way, we can employ the following equations that are called Binet’s formulas:
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where v and § are the positive and negative roots of 2 — 2z —1 =0, and « and 3
are the positive and negative roots of 22 —x — 2 = 0.

Up to the present, many articles have been governed related to the identities and
applications of the Modified Pell and Jacobsthal sequences. Let us briefly mention
some of the relevant research. In [3], Horadam gave the definition of the Modified
Pell numbers, including some elementary identities, and showed that @, = 2q,,
where @, is the nth Pell-Lucas numbers. In [4], the author defined the Jacobsthal
numbers and presented their characteristic identities. In [5], Dagdemir developed an
interesting matrix technique to find relationships between the Pell, Pell-Lucas, and
Modified Pell numbers. In [6] and [7], Dagdemir brought rich elementary context
related to the Jacobsthal and Jacobsthal-Lucas numbers to the available literature
by using some matrix identities. In [8], Arslan and Kéken presented the Jacobsthal
and Jacobsthal-Lucas numbers with rational subscripts based on the idea of com-
puting square roots of the matrices of order 2 x 2. In [9], Catarino and Campos
introduced the Gaussian Modified Pell numbers, including Binet’s formula, the gen-
erating function, and some sum formula. In |10, Radicic computed determinants,
eigenvalues, and the values and boundaries of certain norms for a k-circulant matrix
involving the Pell Numbers. In |11, Dagdemir expanded the usual Mersene, Jacob-
sthal, and Jacobsthal-Lucas numbers to the ones with negative indexes. In [12],
Soykan and Goécen presented the definition, Binet formula, and generating functions
of the generalized hyperbolic Pell numbers over the bi-dimensional Clifford algebra.
In [13], Uygun defined the bi-periodic Jacobsthal and bi-periodic Jacobsthal-Lucas
numbers and discovered some features between them.

The above brief literature survey shows that many researchers have genuinely
interested in investigating the elementary identities and properties of the Modified
Pell numbers and the Jacobsthal numbers with structural configurations and this
trend is growing day by day. Motivated by these developments, in this paper, we
consider the Diophantine equations

and
k. = JmJn (6)

for any positive integer k, m, and n under m < n. The fundamental outputs of the
paper are to determine the m, n, and k numbers that satisfy Equations and @

2. AUXILIARY DESCRIPTIONS
The following will be used extensively in the rest of the paper

Definition 1. Let n be an algebraic number of degree d with minimal primitive
polynomial over

d .
apr? + a1zt + -+ ag = ag H ) (m —n(l)>,
1=
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where ag is positive and ) is the conjugate of n. Then,

h(n) = % (log lao| + ijl log (max{‘n(i)‘ ,1})) , (7)

is called the logarithmic height of 7).
It should be noted that this function satisfies the following properties:
h(a¥FB) <h(a)+h(B)+1log2, h(af™) <h(a)+h(B), and h(a®) = sh(a).

Theorem 1 (Matveev [14]). Let ny,7,,...,n, be real algebraic numbers and let
b1,ba,...,bs be nonzero rational integers. Let dg be the degree of the number field
Q(n,mg---,n,) over Q and let A; be the positive real number defined by

A= n (nj) = max {th(nj), 70.16} forj=1,2,...,1L

log (11;)
Put
A=mnny...n;—1 and D = max {|b1|,...,|b|}.
If A #£0, then
log (JA]) > —1.4 x 30""3 x 1*® x dZ x (14 log (dL)) (1 +log (D)) Ay As... A;.

Lemma 1 (Dujella and Petho [16]). Let M be a positive integer, p/q be a convergent
of the continued fraction of the irrational T such that ¢ > 6M, and let A, B, T be
positive rational numbers with A > 0 and B > 1. Lete = ||ug||— M ||7q||, where ||-]]
is the distance from the nearest integer. If € > 0, then there is no integer solution
(m,n, k) of inequality
0<mr—n+u<AB™F
with
log (A
m< M andk > M.

log B

Lemma 2. Let k be a positive integer and let x, y, and z be positive real numbers.

Further, let \/z and \/z be irrational numbers. Then, \/z(y + \/E)k is an irrational
number.

Proof. Introduce A := /x(y + \/E)k From Binomial expansion, we can write

k

A:\/EZ< l;" )y’“‘i(ﬁ)i

i=0
k k _ k _
() (1)rve (5 ) ey
If k£ is even, then we have

A=z (B+C)=Byr+ Cyx,

+
_l’_
N
I
N~
—~
D
SN—
x>
—_
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where

B:=y" + ( l; )y’“‘z(\/é)2+...+(kk2 )yz(\/i)k_QJr(\/?)k,
C = ( ]f )yk_l(ﬁ)1+...+< kﬁl )y(ﬁ)k_l.

Here, B € Q, C € R—Q, and B,C > 0. C4/x can be rational or irrational
depending on xz. However, By/r € R — Q due to B € Q. As aresult, A € R — Q.
When £k is odd, a similar evaluation can be done. This completes the proof. ([

3. MAIN RESULTS
In this section, we present the fundamental outcomes of the paper.

Theorem 2. Let k, m, and n be any positive integers m < n. Then, all the
solutions to Equation are

(k,m,n) €{(1,1,1),(2,1,1),(3,1,2),(6,2,3)} (8)
and the ones of Equation @
(k,m,n) € {(1,1,1),(1,1,2),(1,2,2),(2,1,3),(2,2,3)} . 9)

Proof. For validation, we apply a proof strategy of two steps. To this aim, appro-
priate boundaries will be computed separately for Equations and @ First, let
us consider Equation by considering the equations

a"? < J, <ot (10)

and

Y < g <A (11)
These can be proved easily by applying the induction method n. Then, we can
write

a" < Tp = gnegm <A™ and @ > Ty = gugm =R
and ) )
14 287 (m+n—-2)<k<2+ 087 (m+n),
log v log v

concluding k < 4n. Further, using the Binet’s formulas of the Jacobsthal and
Modified Pell numbers yields

3 4 3 4 3 4
3 3=
< 5max{|ﬁ|k77”_m} = 772
or equally
4 k. —n—m 6
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Considering the Matveev’s theroem, we consider the following case:

4 1
A= gak’y*’%m—l,l =3,n = 57772 =a,N3=7,d1 =1,dy =k+2,d3 = —n—m.

Here, it is easy to verify A; # 0. If the reverse were true anyway, %ak = yntm
would have to be. But, while %a”“ € Q, y"*™ ¢ Q. In this case, the assertion is
true. If choosing ny,7n5,m3 € L :=Q (\/5), dy, = 2. This means that

h(n) =log3, h(ny) =loga, h(ng) = loﬂ, Ay =2log3, Ay =2loga, Az = log~y
and D = 4n. As a result, we have
log |A1] > —2.61 x 10 (1 + log 4n) . (13)
As compared Equation to Equation , we finally get
mlogy +log3 < 1.4 x 10" (1 + log 4n) . (14)

Doing some mathematical arrangements by using the Binet’s formulas in Equa-
tions , we compute

2 . . ‘ 2
—ay =1 < —. 15
30 o (15)
Accordingly, from Matveev’s theorem, the following equations can be obtained:
2
A2: ?ak’y_n_lal:?’ﬂh :3Q’m7 Mgy = &, N3 =7, dl :_17 d2:k+1a
m
and, dg = —n.

1
h(ny) =loga, h(ng) = 3 logy Ay = 2log e, and A3z = log .
It should be noted that 7, is also a root of the polynomial 222 — 9P,,%. Then,

h(n) = % (log 1 +10g |3Gm| + log |—3¢m|) = log ¢m + log 3 < mlog~y + log 3.
From Equation , we have
Ay =2.8 x 10" (1 +log4n) > 2h (1) .
Letting D = 4n. In this case, by Lemma[2] we can find
log |Ag| > —3.32 x 10%4(1 4 log 4n)>. (16)
and from Equation ,
log |As| < log2 —nlogH. (17)
Solving Equations and together, we get
n < 1.72 x 10®® and k < 4n. (18)
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A similar method can be applied to Equation @ Here, to reduce the size of
the current paper, we neglect an explicit proof. But, for Equation @, we get the
following boundaries:

n <9 x10*® and k < 3n. (19)

Accordingly, from both Equations and (19), our widest solution range is as
follows.

k< 4n and n <9 x 10%. (20)

Everything is ok but since our last range is not economical, investigating a so-

lution is very difficult. Therefore, we will take an additional approach, taking into

account four different situations.
Case I: For the case where m > 2 in Equation ([12]), we define

4
Iy :=kloga — (n+m) log7+log§,

or in another form,
1

57
which means that [I'y| < %. By the way, |z| < 1, |2| < £ |e® — 1] holds for z € R
without the loss of generality. For the case where x = I'y, we obtain

|eF1—1\:\A1\<A/2im< (21)

9
T < S (22)

Due to A; £ 0, I'1 #£ 0 too. As aresult, 'y <0or I'y > 0. When I'1 >0,
1 log(4/3 9 11
O<k<0ga>(n+m)+(og(/)>< <W.

logy logy (log ) 2™
According to Dujella and Pethd’s lemma for M = 3.6 x 10%%, we get
1 log (4/3
Pl Ms(/3) gy na B2 (23)
log vy log y
T = |ag, a1, ...] is turned on to the continued fraction as follows:

o] = P20 6332847229674209482244367144203
Or e C60L T e~ 8052552813322770308759378039685

such that 6M < 2.2 x 10%0 < ¢. As a result, e = ||ug| — M ||7q|| > 0.41. This
means that m < 42. Also, for the case where I'y < 0, a similar result can be found.

Case II: In Equation for n > 1 under the same assumptions, we find that
n < 89.

Case III: In Equation @ for the case m > 4, we conclude that m < 109.

Case IV: Similarly, In Equation @ for the case where n > 1, we can obtain
that n < 117.

According to all the above results, we obtain the widest range such as n < 117
and k < 469. If checking the possible cases by using a PC algorithm composed of in
Mathematica, we see the intersection set such that {1,3}. This exhausts the proof.
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