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1. Introduction 

The differential geometry of slant submanifolds has shown an increasing development since Chen [1] defined 

slant submanifolds in complex manifolds as a natural generalization of both invariant and anti-invariant 

submanifolds. Since then, many research articles have appeared on the existence of these submanifolds in 

different known spaces. The slant submanifolds of an almost contact metric manifolds were defined and 

studied by Lotta [2]. After, these submanifolds were studied by Cabrerizo et al. [3] in the setting of Sasakian 

manifolds. 

The notion of semi-slant submanifolds of an almost Hermitian manifold was introduced by Papagiuc [4]. 

Hemi-slant submanifolds were first introduced by Carrizo [5], and he called them pseudo-slant submanifolds. 

Recently, there have been many studies conducted on this subject [6-9]. Finally, Chanyal [10] has studied slant 

submanifolds on an almost paracontact metric manifold. 

In this paper, we study pseudo-slant submanifolds of a para-Sasakian (p-Sasakian) manifold. In Section 2, we 

review basic formulas and definitions for a p-Sasakian manifold and its submanifolds, which will be used later. 

In Section 3, we recall the definition and some basic results of a contact pseudo-slant submanifold of almost 

paracontact metric manifold. We obtain some results for these submanifolds in the setting of a p-Sasakian 

manifolds. We also research the geodetic states of the distributions. 

2. Preliminaries 

Let 𝑀̃ be an 𝑛-dimensional contact manifold with contact form 𝜂, i.e., 𝜂 ∧ 𝑑𝜂 ≠ 0. It is well known that a 

contact manifold admits a vector field 𝜉 called the characteristic vector field, shuch that 𝜂(𝜉) = 1 and 
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𝑑𝜂(𝑋, 𝜉) = 0, for every 𝑋 ∈ Γ(𝑇𝑀̃). Furthermore, 𝑀̃ admits a Rieman metric 𝑔 and a vector field 𝜙 of type 

(1,1) shuch that  

𝜙2𝑋 = 𝑋 − 𝜂(𝑋)𝜉, 𝜂(𝑋) = 𝑔(𝑋, 𝜉), 𝑔(𝑋, 𝜙𝑌) = 𝑑𝜂(𝑋, 𝑌) (2.1) 

We then say that (𝜙, 𝜉, 𝜂, 𝑔) is a contact metric structure. A contact metric is said to be a Sasakian if  

(∇̃𝑋𝜙)𝑌 = 𝑔(𝑋, 𝑌)𝜉 − 𝜂(𝑌)𝑋 (2.2) 

in which case  

∇̃𝑋𝜉 = 𝜙𝑋, Ȓ(X, Y)ξ = 𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌 (2.3) 

We provide a structure similar to Sasakian but not having contact. 

An 𝑛-dimensional diferentiable manifold is said to admit an almost paracontact Rieman structure (𝜙, 𝜉, 𝜂, 𝑔), 

where 𝜙 of type (1,1) tensor field 𝜉 is a vector field, 𝜂 ia a 1-form and 𝑔 is a Rieman metric on 𝑀̃ such that  

𝜙𝜉 = 0, 𝜂(𝜙𝑋) = 0, 𝜂(𝜉) = 1, 𝜂(𝑋) = 𝑔(𝑋, 𝜉) (2.4) 

𝜙2𝑋 = 𝑋 − 𝜂(𝑋)𝜉, 𝑔(𝜙𝑋, 𝜙𝑌) = 𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌) (2.5) 

for any vector fields 𝑋, 𝑌 on 𝑀̃. The equation 𝜂(𝜉) = 1 is equivalent to |𝜂| ≡ 1, and then 𝜉 is just the metric 

dual of 𝜂. If (𝜙, 𝜉, 𝜂, 𝑔) satisfy the equations  

𝑑𝜂 = 0, ∇̃𝑋𝜉 = 𝜙𝑋 (2.6) 

(∇̃𝑋𝜙)𝑌 = −𝑔(𝑋, 𝑌)𝜉 − 𝜂(𝑌)𝑋 + 2𝜂(𝑌)𝜂(𝑌) (2.7) 

then 𝑀̃ is called a  p-Sasakian manifold or briefly, a p-Sasakian, especially, a  p-Sasakian manifold 𝑀̃ is called 

a special  p-Sasakian manifold or briefly a sp-Sasakian manifold if 𝑀̃ admits a 1-form 𝜂 satisfiying  

(∇̃𝑋𝜂)𝑌 = −𝑔(𝑋, 𝑌) + 𝜂(𝑌)𝜂(𝑋) 

where ∇̃ is the Levi-Civita connections of 𝑔. 

Let 𝑀 denotes an immersed submanifold of a p-Sasakian manifold 𝑀̃. Considering the non degenerate metric 

induced on 𝑀 by the same symbol 𝑔 as on 𝑀̃. Further, the Gauss and Weingarten formulas are respectively 

given as, 

∇̃𝑋𝑌 = ∇𝑋𝑌 + 𝜎(𝑋, 𝑌) (2.8) 

and 

∇̃𝑋𝑉 = −𝐴𝑉𝑋 + ∇𝑋
 ⊥𝑉 (2.9) 

for all 𝑋, 𝑌 ∈ Γ(𝑇𝑀) and 𝑉 ∈ Γ(𝑇⊥𝑀) where, 

i. 𝑋, 𝑌 ∈ Γ(𝑇𝑀) (tangent bundle) and 𝑉 ∈ Γ(𝑇⊥𝑀) (normal bundle), 

ii. Induced Levi-Civita connection 𝛻 on 𝑀, 

iii. Normal connection ∇⊥ on Γ(𝑇⊥𝑀)  

iv. Second fundamental form 𝜎 on 𝑀, 
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v. Shape operator 𝐴𝑉 associated with the normal section 𝑉. 

Moreover, the second fundamental form 𝜎 and shape operator 𝐴𝑉 are related by 

𝑔(𝐴𝑉𝑋, 𝑌) = 𝑔(𝜎(𝑋, 𝑌), 𝑉) (2.10) 

for all 𝑋, 𝑌 ∈ Γ(𝑇𝑀) and 𝑉 ∈ Γ(𝑇⊥𝑀). 

The mean curvature vector 𝐻 of 𝑀 is given by 

𝐻 =
1

𝑚
∑

𝑛

𝑖=1

𝜎(𝑒𝑖 , 𝑒𝑖) (2.11) 

where 𝑚 is the dimension of 𝑀 and {𝑒1, 𝑒2, . . . , 𝑒𝑚} is a local orthonormal frame of 𝑀. 

A submanifold 𝑀 of an paracontact metric manifold 𝑀̃ is said to be totally umbilical if  

𝜎(𝑋, 𝑌) = 𝑔(𝑋, 𝑌)𝐻 (2.12) 

where 𝐻 is the mean curvature vector. A submanifold 𝑀 is said to be totally geodesic if 𝜎(𝑋, 𝑌) = 0, for each 

𝑋, 𝑌 ∈ Γ(𝑇𝑀) and 𝑀 is said to be minimal if 𝐻 = 0. 

Let 𝑀 be a submanifold of an almost paracontact metric manifold 𝑀̃. Then, for any 𝑋 ∈ Γ(𝑇𝑀), we can write 

𝜙𝑋 = 𝑇𝑋 + 𝑁𝑋 (2.13) 

where 𝑇𝑋 is the tangential component and 𝑁𝑋 is the normal component of 𝜙𝑋. 

Similary, for 𝑉 ∈ Γ(𝑇⊥𝑀), we can write 

𝜙𝑉 = 𝑡𝑉 + 𝑛𝑉 (2.14) 

where 𝑡𝑉 is the tangential component and 𝑛𝑉 is the normal component of 𝜙𝑉. 

Furthermore, for any 𝑋, 𝑌 ∈ Γ(𝑇𝑀), we have 𝑔(𝑇𝑋, 𝑌) = −𝑔(𝑋, 𝑇𝑌), 𝑔(𝑁𝑋, 𝑌) = −𝑔(𝑋, 𝑁𝑌), and 𝑉, 𝑈 ∈

Γ(𝑇⊥𝑀), we get 𝑔(𝑈, 𝑛𝑉) = −𝑔(𝑛𝑈, 𝑉). These relations show that 𝑁 and 𝑛 are also skew-symmetric tensor 

fields. Moreover, for any 𝑋 ∈ Γ(𝑇𝑀) and 𝑉 ∈ Γ(𝑇⊥𝑀), we have 𝑔(𝑁𝑋, 𝑉) = −𝑔(𝑋, 𝑡𝑉), which gives the 

relation between 𝑁 and 𝑡. 

Thus, by using (2.1), (2.13), and (2.14), we obtain 

𝑇2 = 𝐼 − 𝜂 ⊗ 𝜉 − 𝑡𝑁, 𝑁𝑇 + 𝑛𝑁 = 0 (2.15) 

and 

𝑇𝑡 + 𝑡𝑛 = 0, 𝑁𝑇 + 𝑛2 = 𝐼 (2.16) 

where the covariant derivatives of the tensor field 𝑇, 𝑁, 𝑡, and 𝑛 are, respectively, defined by 

(∇𝑋𝑇)𝑌 = ∇𝑋𝑇𝑌 − 𝑇∇𝑋𝑌 (2.17) 

(∇𝑋𝑁)𝑌 = ∇𝑋
⊥𝑁𝑌 − 𝑁∇𝑋𝑌 (2.18) 

(∇𝑋𝑡)𝑉 = ∇𝑋𝑡𝑉 − 𝑡∇𝑋
⊥𝑉 (2.19) 

and 
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(∇𝑋𝑛)𝑉 = ∇𝑋
⊥𝑛𝑉 − 𝑛∇𝑋

⊥𝑉 (2.20) 

for any 𝑋, 𝑌 ∈ Γ(𝑇𝑀) and for any 𝑉 ∈ Γ(𝑇⊥𝑀). 

By direct calculations, we obtain the following formulas 

(∇𝑋𝑇)𝑌 = 𝐴𝑁𝑌𝑋 + 𝑡𝜎(𝑋, 𝑌) + 𝑔(𝑋, 𝑌)𝜉 − 𝜂(𝑌)𝑋 (2.21) 

and 

(∇𝑋𝑁)𝑌 = 𝑛𝜎(𝑋, 𝑌) − 𝜎(𝑋, 𝑇𝑌) (2.22) 

for any 𝑋, 𝑌 ∈ Γ(𝑇𝑀), 

Similary, we obtain 

(∇𝑋𝑡)𝑉 = 𝐴𝑛𝑉𝑋 − 𝑇𝐴𝑉𝑋 (2.23) 

and 

(∇𝑋𝑛)𝑉 = −𝑁𝐴𝑉𝑋 − 𝜎(𝑡𝑉, 𝑋) (2.24) 

for any 𝑋 ∈ Γ(𝑇𝑀) and for any 𝑉 ∈ Γ(𝑇⊥𝑀). 

Lemma 2.1. If 𝑀 is an immersed submanifold of a p-Sasakian manifold 𝑀̃ with 𝜉 ∈ Γ(𝑇𝑀), then 

∇𝑋𝜉 = 𝑇𝑋 (2.25) 

and 

𝜎(𝑋, 𝜉) = 𝑁𝑋 (2.26) 

𝐴𝑉𝜉 = −𝑡𝑉 (2.27) 

𝑋 ∈ Γ(𝑇𝑀) and 𝑉 ∈ Γ(𝑇⊥𝑀). 

Proof.  

In (2.8), if 𝑌 = 𝜉 is written, we have  

∇̃𝑋𝜉 = ∇𝑋𝜉 + 𝜎(𝑋, 𝜉) 

Using (2.13), the tangential and normal parts of the last equation give, respectively, us  

∇𝑋𝜉 = 𝑇𝑋 

and 

𝜎(𝑋, 𝜉) = 𝑁𝑋 

Besides, in (2.10), if 𝑌 = 𝜉 is written and from (2.26), we have  

𝑔(𝐴𝑉𝑋, 𝜉) = 𝑔(𝑁𝑋, 𝑉) = −𝑔(𝑋, t𝑉) ◻ 

Definition 2.2. [2] Let 𝑀 be a submanifold of a p-Sasakian manifold 𝑀̃. For each non-zero vector 𝑋 tangent 

to 𝑀 at 𝑥, the angle 𝜃(𝑥), 𝜃(𝑥) ∈ [0,
𝜋

2
], between 𝜙𝑋 and 𝑇𝑥𝑀 is called the slant angle or the Wirtinger angle 

of 𝑀. If the slant angle is constant, then the submanifold is also called the slant submanifold. If 𝜃 = 0 the 
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submanifold is invariant submanifold. If 𝜃 =
𝜋

2
, then it is called anti-invariant submanifold. If 𝜃(𝑥) ∈ (0,

𝜋

2
), 

then it is called proper-slant submanifold.  

We prove the following characterization theorem for slant submanifold. 

Theorem 2.3. [10] Let 𝑀 be a slant submanifold of an almost paracontact metric manifold (𝑀̃, 𝜙, 𝜉, 𝜂, 𝑔) such 

that 𝜉 ∈ 𝑇𝑀. Then,  

i. 𝑀 is slant of type 1 if and only if for any time like (space-like) vector field 𝑋 ∈ 𝜒(𝑀) − 〈𝜉〉, 𝑇𝑋 is time like 

(space-like), and there exists a constant 𝜆 ∈ (1, +∞) such that 

𝑇2 = 𝜆(𝐼 − 𝜂 ⊗ 𝜉) 

We write 𝜆 = cosh2𝜃, with 𝜃〉0. 

ii. 𝑀 is slant of type 2 if and only if for any time like (space-like) vector field 𝑋 ∈ 𝜒(𝑀) − 〈𝜉〉, 𝑇𝑋 is time like 

(space-like), and there exists a constant 𝜆 ∈ (0,1) such that 

𝑇2 = 𝜆(𝐼 − 𝜂 ⊗ 𝜉) 

We write 𝜆 = cos2𝜃, with 𝜃 ∈ (0,
Π

2
). 

iii. 𝑀 is slant of type 3 if and only if for any time like (space-like) vector field 𝑋 ∈ 𝜒(𝑀) − 〈𝜉〉, 𝑇𝑋 is time 

like (space-like), and there exists a constant 𝜆 ∈ (−∞, 0) such that 

𝑇2 = 𝜆(𝐼 − 𝜂 ⊗ 𝜉) 

We write 𝜆 = −sinh2𝜃, with 𝜃〉0. In each case 𝜃 is called the slant angle. 

Corollary 2.4. [10] Let 𝑀 be a slant submanifold of an almost paracontact metric manifold (𝑀̃, 𝜙, 𝜉, 𝜂, 𝑔) with 

slant angle 𝜃. Then, for any 𝑋, 𝑌 ∈ Γ(𝑇𝑀), we have  

If 𝑀 is of type 1, then 

𝑔(𝑇𝑋, 𝑇𝑌) = −cosh2𝜃{𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)} (2.28) 

and  

𝑔(𝑁𝑋, 𝑁𝑌) = sinh2𝜃{𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)} (2.29) 

If 𝑀 is of type 2, then 

𝑔(𝑇𝑋, 𝑇𝑌) = −cos2𝜃{𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)} (2.30) 

and  

𝑔(𝑁𝑋, 𝑁𝑌) = −sin2𝜃{𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)} (2.31) 

If 𝑀 is of type 3, then 

𝑔(𝑇𝑋, 𝑇𝑌) = sinh2𝜃{𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)} (2.32) 

and  

𝑔(𝑁𝑋, 𝑁𝑌) = −cosh2𝜃{𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)} (2.33) 
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Proof. 

From the anti-symetry of 𝑇 and Theorem 2.3, we have 

𝑔(𝑇𝑋, 𝑇𝑌) = −𝑔(𝑇2𝑋, 𝑌) = −𝜆{𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)} = 𝜆{𝑔(𝜙𝑋, 𝜙𝑌)} 

(2.13) yields 

𝑔(𝜙𝑋, 𝜙𝑌) = 𝑔(𝑇𝑋, 𝑇𝑌) + 𝑔(𝑁𝑋, 𝑁𝑌) 

from last two equations, we obtain 

𝑔(𝑁𝑋, 𝑁𝑌) = (1 − 𝜆)𝑔(𝜙𝑋, 𝜙𝑌) 

Hence, the corallary follows from the values of 𝜆 in the Theorem 2.3. ◻ 

3. Contact Pseudo-Slant Submanifolds of a Para-Sasakian Manifold 

Definition 3.1. [11] We say that 𝑀 is a contact pseudo-slant submanifold of an almost paracontact metric 

manifold 𝑀̃ if there exist two orthogonal distributions 𝐷𝜃 and 𝐷⊥ on 𝑀 such that 

i. 𝑇𝑀 admits the orthogonal direct decomposition 𝑇𝑀 = 𝐷⊥ ⊕ 𝐷𝜃, 𝜉 ∈ Γ(𝐷𝜃), 

ii. The distribution 𝐷⊥ is anti-invariant (totally-real), i.e., 𝜙𝐷⊥ ⊂ (𝑇⊥𝑀), 

iii. The distribution 𝐷𝜃 is a slant with slant angle 𝜃 ≠
𝜋

2
, that is, the angle between 𝐷𝜃 and 𝜙(𝐷𝜃) is a constant.  

From the definition, it is clear that if 𝜃 = 0, then the contac pseudo-slant submanifold is a semi-invariant 

submanifold, 𝜃 =
𝜋

2
 submaifold becomes an anti-invariant. 

We suppose that 𝑀 is a contact pseudo-slant submanifold of an almost paracontact metric manifold 𝑀̃. 

Furthermore, let 𝑑1 = dim(𝐷⊥) and 𝑑2 = dim (𝐷𝜃). We distinguish the following six cases. 

i. If 𝑑2 = 0, then 𝑀 is an anti-invariant submanifold. 

ii. If 𝑑1 = 0 and 𝜃 = 0, then 𝑀 is invariant submanifold. 

iii. If 𝑑1 = 0 and 𝜃 ∈ (0,
𝜋

2
), then 𝑀 is a proper slant submanifold. 

iv. If 𝜃 =
𝜋

2
 then, 𝑀 is an anti-invariant submanifold. 

v. If 𝑑2𝑑1 ≠ 0 and 𝜃 = 0, then 𝑀 is a semi-invariant submanifold. 

vi. If 𝑑2𝑑1 ≠ 0 and 𝜃 ∈ (0,
𝜋

2
), then 𝑀 is a contact pseudo-slant submanifold.  

If we denote the orthogonal complementary of 𝜑𝑇𝑀 in 𝑇⊥𝑀 by 𝜇, then the normal bundle 𝑇⊥𝑀 can be 

decomposed as follows:  

𝑇⊥𝑀 = 𝑁(𝐷⊥) ⊕ 𝑁(𝐷𝜃) ⊕ 𝜇 (3.1) 

Theorem 3.2. The necessary ond sufficient condition for submanifold 𝑀 of a p-Sasakian manifold 𝑀̃ to be a 

contact pseudo-slant submanifold is that ∃ a distribution 𝐷 on 𝑀 and a constant 𝜆 ∈ (−∞, +∞) satisfiying  

i. 𝐷 = {𝑋 ∈ Γ(𝑇𝑀): 𝑇2𝑋 = −𝜆𝑋} 

ii. 𝑇𝑋 = 0, for tangent vectorfield 𝑋 orthogonal to 𝐷 
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Further, 𝜆 can be cosh2 θ, cos2 𝜃, or − sinh2 𝜃 [10]. 

Proof. 

From Theorem 2.3 (i-iii), the proof of the theorem is obvious. ◻ 

Definition 3.3. A contact pseudo-slant submanifold 𝑀 of p-Sasakian manifold 𝑀̃ is said to be 𝐷𝜃-geodesic 

(resp. 𝐷⊥-geodesic) if 𝜎(𝑋, 𝑌) = 0, for 𝑋, 𝑌 ∈ Γ(𝐷𝜃) (resp. 𝜎(𝑍, 𝑊) = 0, for 𝑍, 𝑊 ∈ Γ(𝐷⊥). If for any 𝑋 ∈

Γ(𝐷𝜃) and 𝑍 ∈ Γ(𝐷⊥), 𝜎(𝑋, 𝑍) = 0, the 𝑀 is called mixed geodesic submanifold.  

Theorem 3.4. Let 𝑀 be a proper contact pseudo-slant submanifold of a p-Sasakian manifold 𝑀̃. If 𝑡 is parallel, 

then  

i. For type 2, 𝑀 is anti-invariant submanifold.  

ii. For type 3, 𝑀 is invariant submanifold.  

iii. 𝑀 is a mixed-geodesic submanifold. 

Proof. 

Consider (2.22) and (2.23) which gives the relation between 𝑡 and 𝑁. If 𝑡 is parallel, then 𝑁 is parallel, we 

obtain  

𝑛𝜎(𝑋, 𝑌) = 0 

for any 𝑋 ∈ Γ(𝐷𝜃) and 𝑌 ∈ Γ(𝐷⊥). Replacing 𝑋 by 𝑌 in (2.22) and taking into account to 𝑁 being parallel, we 

have  

𝑛𝜎(𝑌, 𝑇𝑋) − 𝜎(𝑌, 𝑇2𝑋) = cos2 𝜃 𝜎(𝑋, 𝑌) = sinh2 𝜃 𝜎(𝑋, 𝑌) = 0 

From type 2, we write  

cos2 𝜃 𝜎(𝑋, 𝑌) = 0 (𝜃 =
𝜋

2
 𝑀 is anti-invariant) 

From type 3, we write 

sinh2 𝜃 𝜎(𝑋, 𝑌) = 0 

Thus, 

2 sinh 𝜃 = 𝑒𝜃 − 𝑒−𝜃 = 0 (𝜃 = 0 𝑀 is invariant) 

Besides, for any 𝑋 ∈ Γ(𝐷𝜃) and 𝑌 ∈ Γ(𝐷⊥), 𝜎(𝑋, 𝑌) = 0, 𝑀 is a mixed geodesic submanifold. This proves 

our assertion. ◻ 

Theorem 3.5. Let 𝑀 be a proper contact pseudo-slant submanifold of a p-Sasakian manifold 𝑀̃. If 𝑁 is parallel, 

then either 𝑀 is a 𝐷⊥-geodesic or an anti-invariant submanifold of 𝑀̃.  

Proof. 

Consider (2.22) and (2.23) which gives the relation between 𝑡 and 𝑁. If 𝑡 is parallel, then 𝑁 is parallel, we 

obtain  

𝑇𝐴𝑁𝑌𝑍 = 0 

for any 𝑌, 𝑍 ∈ Γ(𝐷⊥). This implies that 𝑀 is either anti-invariant or 𝐴𝑁𝑌𝑍 = 0. Therefore, we obtain  

𝑔(𝜎(𝑍, 𝑊), 𝑁𝑌) = 0 

for any 𝑌, 𝑍, 𝑊 ∈ Γ(𝐷⊥). Moreover, by using (2.23), we conclude that  

𝑔(𝐴𝑛𝑉𝑍, 𝑌) − 𝑔(𝑇𝐴𝑉𝑍, 𝑌) = 𝑔(𝜎(𝑌, 𝑍), 𝑛𝑉) = 0 
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for any 𝑉 ∈ Γ(𝑇⊥𝑀). This tells us that 𝑀 is either 𝐷⊥-geodesic or it is an anti-invariant submanifold. ◻ 

Theorem 3.6. Let 𝑀 be a contact pseudo-slant submanifold of a p-Sasakian manifold 𝑀̃. If 𝑁 is parallel on 

𝐷𝜃, then either 𝑀 is a 𝐷𝜃-geodesic submanifold or 𝜎(𝑋, 𝑌) is an eigenvector of 𝑛2 with eigenvalues are 

cosh2 θ, cos2 𝜃, or − sinh2 𝜃, for type 1, type 2, and type 3, respectively. 

Proof. 

For all 𝑌, 𝑍 ∈ Γ(𝐷𝜃). From (2.22), we have 

𝑛𝜎(𝑍, 𝑌) − 𝜎(𝑍, 𝑇𝑌) = 0 (3.2) 

Besides, since 𝐷𝜃 is slant distribution, we get 

𝑛𝜎(𝑍, 𝑌 − 𝜂(𝑌)𝜉) − 𝜎(𝑍, 𝑇(𝑌 − 𝜂(𝑌)𝜉)) = 0 

From (2.4) and (2.13), we get 

𝑛𝜎(𝑍, 𝑌 − 𝜂(𝑌)𝜉) − 𝜎(𝑍, 𝑇𝑌) = 0 (3.3) 

Applying 𝑛 to (3.3), we have 

𝑛2𝜎(𝑍, 𝑌 − 𝜂(𝑌)𝜉) − 𝑛𝜎(𝑍, 𝑇𝑌) = 0 

Moreover, by interchanging of 𝑌 and 𝑇𝑌 in (3.2), we have  

𝑛𝜎(𝑍, 𝑇𝑌) − 𝜎(𝑍, 𝑇2𝑌) = 0 

Hence, using Theorem 2.3, we obtain 

𝑛2𝜎(𝑍, 𝑌 − 𝜂(𝑌)𝜉) = 𝑛𝜎(𝑍, 𝑇𝑌) 

 = 𝜎(𝑍, 𝑇2𝑌) 

 = cosh2 θ 𝜎(𝑍, 𝑌 − 𝜂(𝑌)𝜉) 

 = cos2 𝜃 𝜎(𝑍, 𝑌 − 𝜂(𝑌)𝜉) 

 = − sinh2 𝜃 𝜎(𝑍, 𝑌 − 𝜂(𝑌)𝜉) 

This implies that either 𝜎 = 0 on 𝐷𝜃 or 𝜎 in an eigenvector of 𝑛2 with eigenvalues cosh2 θ, cos2 𝜃, or 

− sinh2 𝜃.◻ 

Theorem 3.7. Let 𝑀 be a totally umbilical proper contact pseudo-slant submanifold of a p-Sasakian manifold 

𝑀̃. If 𝑡 is parallel, then either 𝑀 is a minimal or an anti-invariant and invariant submanifold of 𝑀̃.  

Proof. 

For all 𝑌 ∈ Γ(𝐷⊥) and 𝑋 ∈ Γ(𝐷𝜃). Consider (2.22) and (2.23) which gives the relation between 𝑡 and 𝑁. If 𝑡 

is parallel then 𝑁 is parallel, we obtain 

𝑛𝜎(𝑋, 𝑌) − 𝜎(𝑋, 𝑇𝑌) = 0 

Replacing 𝑋 by 𝑇𝑋 in above equation, we get  

𝑛𝜎(𝑇𝑋, 𝑌) − 𝜎(𝑇𝑋, 𝑇𝑌) = 0 

For 𝑌 ∈ Γ(𝐷⊥), 𝑇𝑌 = 0. Thus, 

𝑛𝜎(𝑇𝑋, 𝑌) = 0 

Since 𝑀 is totally umbilical, from (2.12), we have  



50 

 

Dirik and Yiğit / JAUIST / 4(1) (2023) 42-51 

𝑛𝑔(𝑇𝑋, 𝑌)𝐻 = 0 

Replacing 𝑋 by 𝑇𝑋 in above equation and from Theorem 2.3, we obtain 

𝑛𝑔(𝑇2𝑋, 𝑌)𝐻 = −𝑛𝑔(𝑇𝑋, 𝑇𝑌)𝐻 

 = −𝑛 cosh2 θ 𝑔(𝑋, 𝑌)𝐻 

 = −𝑛 cos2 𝜃 𝑔(𝑋, 𝑌)𝐻 

 = 𝑛 sinh2 𝜃 𝑔(𝑋, 𝑌)𝐻 

 = 0 

Hence, from type 2 and type 3, we have either 𝜃 =
𝜋

2
 (𝑀 is anti invariant), 𝜃 = 0 (𝑀 is invariant), or 𝐻 = 0 

(𝑀 is minimal). ◻ 

4. Conclusion 

In this article, interesting results have been obtained regarding the contact pseudo-slant submanifolds of para-

Sasakian manifolds, taking into account the geodesic and parallelism situations of the tensors. These situations 

can be investigated on other contact metric manifolds. 
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