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Abstract
In the present paper, we introduce a new weighted Lipschitz class
W (Lp(TN ), ξ1(s1), . . . , ξN (sN )) and Zygmund class Z(Lp(TN ), ξ1(s1), . . . , ξN (sN ))
for N ∈ N, which generalizes the classes given in [12, 16]. We prove two theorems about
the degree (error) of approximation of functions, conjugate to the N -variable functions
(2π-periodic in each variable) belonging to these classes using the N -multiple matrix
means of their N -multiple conjugate Fourier series. We improve the results of Móricz and
Rhoades [11] and Móricz and Shi [12], which are given in the form of corollaries.
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1. Introduction
Many investigators [1,3–11,16] have investigated the approximation of 2π-periodic func-

tions of two variables belonging to various Lipschitz and Zygmund classes using different
summability techniques. In 1987, Móricz and Rhoades [10] obtained some results on er-
ror of approximation for 2π-periodic functions of two variables belonging to Lip(α), for
α ∈ (0, 1], using Nörlund means. They also used the same summability method in [11]
to approximate continuous functions g(x, y) belonging to function classes Lip(α, β) and
Z(α, β). Recently, Rathore and Singh [16] generalized the classes Lip(α, β) and Z(α, β) by
introducing the classes Lip(α, β; p) and Z(α, β; p), respectively. They approximated func-
tions of two variables belonging to these classes using almost Euler means of their double
Fourier series. It seems that less research work has been conducted in the direction of ap-
proximating the conjugate functions of two variables using the conjugate double Fourier
series, as evidenced by the limited body of work published in [12–15]. In 1987, Móricz
and Shi [12] approximated conjugate functions of two variables belonging to Lip(α, β) and
Z(α, β) classes using Cesàro means of conjugate double Fourier series. In 2012, Nigam
and Sharma [14] approximated the conjugate of functions of two variables using double
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matrix means of its double conjugate Fourier series. In 2022, Nigam and Saha [13] ap-
proximated the conjugate of functions of two variables belonging to generalized Hölder
space by double Hausdorff means of its double conjugate Fourier series. Recently, Patel
and Vyas [15] approximated the functions, conjugate to the functions of two variables in
mixed Lebegue space using double Karmata means of their double conjugate Fourier series.

2. Results for functions of two variables
Let g(x, y) be a complex valued function, 2π-periodic in each variable, integrable over

the two-dimensional torus T 2 = (−π, π) × (−π, π).
The double Fourier series of a function g(x, y) is given by [12]

g(x, y) =
∞∑

k=−∞

∞∑
l=−∞

ckl e
i(kx+ly), (2.1)

where

ckl = ckl(g) = 1
(2π)2

∫ π

−π

∫ π

−π
g(s, t) e−i(ks+lt)ds dt, k, l ∈ Z.

The conjugate series of (2.1) is given by [12]:
∞∑

k=−∞

∞∑
l=−∞

(−i sign k)(−i sign l)ckl e
i(kx+ly), (2.2)

(conjugate with respect to x and y).
The conjugate function of g(x, y), denoted by g̃(x, y), is defined as [12]

g̃(x, y) = 1
π2

∫ π

0

∫ π

0

1
tan s

2 tan t
2

{g(x+ s, y + t) − g(x− s, y + t)

−g(x+ s, y − t) + g(x− s, y − t)} ds dt. (2.3)

Let {s̃k,l} be the sequence of (k + 1, l + 1)th partial sums corresponding to the conjugate
Fourier series (2.2), which is defined as

s̃k,l =
k∑

m=0

l∑
n=0

(−i signm)(−i signn) cmn e
i(mx+ny).

Define

t̃A,B
k,l =

k∑
i=0

l∑
j=0

ak,i bl,j s̃i,j , k, l ∈ N ∪ {0},

where A ≡ (ak,i) and B ≡ (bl,j) are two lower triangular matrices with non-decreasing
and non-negative entries with respect to i and j such that ak,−1 = bl,−1 = 0, Ak,σ =∑σ

i=0 ak,i, Bl,τ =
∑τ

j=0 bl,j , and Ak,k = Bl,l = 1. If t̃A,B
k,l → s1 as k → ∞ and l → ∞, then

the conjugate series (2.2) is said to be summable to s1 by the double matrix means.
The regularity conditions of the double matrix means are same as given in [14].
Some particular cases of double matrix means are as follows:

(1) If we take ak,i = k! γ!
(k+γ)!

(k+γ−i−1
γ−1

)
and bl,j = l! δ!

(l+δ)!
(l+δ−j−1

δ−1
)
, where γ, δ > −1, then

double matrix means reduces to double Cesàro means of order γ and δ, denoted
by (C, γ, δ)-means.

(2) If we take γ = δ = 1 in the above matrix, then (C, γ, δ)-means reduces to (C, 1, 1)-
means.

(3) If we take ak,i = 1
(k−i+1) log(k+1) and bl,j = 1

(l−j+1) log(l+1) , then double matrix
means reduces to double Harmonic means, denoted by (H, 1, 1)-means.
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(4) If we take ak,i = 1
(1+q1)k

(k
i

)
qk−i

1 and bl,j = 1
(1+q2)l

(l
j

)
ql−j

2 , where q1, q2 > 0, then
double matrix means reduces to double Euler summability of order q1 and q2,
denoted by (E, q1, q2)-means.

(5) If we take q1 = q2 = 1 in the above matrix, then (E, q1, q2)-means reduces to
(E, 1, 1)-means.

(6) If we take ak,i = pk−i

Pk
and bl,j = ql−j

Ql
, where Pk =

∑k
i=0 pi ̸= 0 and Ql =

∑l
j=0 qj ̸=

0, then double matrix means reduces to double Nörlund summability, denoted by
(N, pk, ql)-means.

The degree (error) of approximation, Ek,l, of a function g̃(x, y) ∈ Lp(T 2) by trigonometric
polynomial T̃k,l(x, y) of degree (k + l) is given by

Ek,l(g̃) = min
T̃k,l

∥g̃(x, y) − T̃k,l(x, y)∥p.

The T̃k,l(x, y) is called approximant of g̃(x, y) and this method of approximation is called
the trigonometric Fourier approximation.
The space of Lebesgue functions on T 2 is denoted by Lp(T 2), p ≥ 1 and the norm on it is
defined by

∥g∥p =
{ 1

4π2

∫ π

−π

∫ π

−π
|g(x, y)|pdx dy

} 1
p

(1 ≤ p < ∞) and

∥g∥∞ = sup
−π≤x,y≤π

|g(x, y)|.

Let Lµ,ν
1 (g, s, t) be a weighted integral modulus of continuity of function g, which is defined

as
Lµ,ν

1 (g, s, t) = sup
|η|≤s,|θ|≤t

{
∥{g(x+ η, y + θ) − g(x, y)}w(s, t)∥p

}
,

where w(s, t) is a weight function, defined by

w(s, t) =

√
s2 sin2µ(x

2 ) + t2 sin2ν(y
2 )

s2 + t2
for µ, ν ≥ 0, s2 + t2 ̸= 0. (2.4)

The new weighted Lipschitz class W (Lp(T 2), ξ1(s), ξ2(t)) is introduced as follows:

Definition 2.1 (W (Lp(T 2), ξ1(s), ξ2(t))-class). For positive increasing functions ξ1(s) and
ξ2(t), the weighted Lipschitz class, denoted by W (Lp(T 2), ξ1(s), ξ2(t)), is defined as

W (Lp(T 2), ξ1(s), ξ2(t)) =
{
g ∈ Lp(T 2) : Lµ

1,x(g, s) = O(ξ1(s)) and

Lν
1,y(g, t) = O(ξ2(t))

}
,

where Lµ
1,x(g, s) and Lν

1,y(g, t) are partial weighted integral moduli of continuity of function
g, which are defined as

Lµ
1,x(g, s) = Lµ,ν

1 (g, s, 0) = sup
|η|≤s

{∥{g(x+ η, y) − g(x, y)} sinµ(x
2 )∥p},

and
Lν

1,y(g, t) = Lµ,ν
1 (g, 0, t) = sup

|θ|≤t
{∥{g(x, y + θ) − g(x, y)} sinν(y

2 )∥p}.

Definition 2.2 (Lip(α, β; p)-class [16]). For α, β ∈ (0, 1], the Lip(α, β; p)-class is defined
as

Lip(α, β; p) =
{
g ∈ Lp(T 2) : Lp

1,x(g, s) = O(sα) andLp
1,y(g, t) = O(tβ)

}
,

where Lp
1,x(g, s) and Lp

1,y(g, t) are given by

Lp
1,x(g, s) = sup

|η|≤s
{∥g(x+ η, y) − g(x, y)∥p},
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and
Lp

1,y(g, t) = sup
|θ|≤t

{∥g(x, y + θ) − g(x, y)∥p}.

Definition 2.3 (Lip(α, β)-class [12]). For α, β ∈ (0, 1], the Lip(α, β)-class is defined as

Lip(α, β) =
{
g : T 2 → R : L1,x(g, s) = O(sα) andL1,y(g, t) = O(tβ)

}
,

where L1,x(g, s) and L1,y(g, t) are given by
L1,x(g, s) = sup

x,y
sup
|η|≤s

{|g(x+ η, y) − g(x, y)|},

and
L1,y(g, t) = sup

x,y
sup
|θ|≤t

{|g(x, y + θ) − g(x, y)|}.

Remark 2.4. If we take µ = 0, ν = 0, ξ1(s) = sα, and ξ2(t) = tβ, for α, β ∈ (0, 1] in
Definition 2.1, then W (Lp(T 2), ξ1(s), ξ2(t)) reduces to Lip(α, β; p). If we take p → ∞ in
Definition 2.2, then Lip(α, β; p) reduces to Lip(α, β). Then, we can write

Lip(α, β) ⊆ Lip(α, β; p) ⊆ W (Lp(T 2), ξ1(s), ξ2(t)).

Here, we define the total weighted integral modulus of symmetric smoothness of a function
g by

Zµ,ν
2 (g, s, t) = sup

|η|≤s,|θ|≤t

{
∥ψ(η, θ)w(s, t)∥p

}
,

where w(s, t) is weight function, defined as (2.4), and
ψ(η, θ) = g(x+ η, y + θ) + g(x− η, y + θ) + g(x+ η, y − θ) + g(x− η, y − θ) − 4g(x, y).

Now, the new weighted Zygmund class Z(Lp(T 2), ξ1(s), ξ2(t)) is introduced as follows:

Definition 2.5 (Z(Lp(T 2), ξ1(s), ξ2(t))-class). For positive increasing functions ξ1(s) and
ξ2(t), the weighted Zygmund class, denoted by Z(Lp(T 2), ξ1(s), ξ2(t)), is defined as

Z(Lp(T 2), ξ1(s), ξ2(t)) =
{
g ∈ Lp(T 2) : Zµ

2,x(g, s) = O(ξ1(s)) and

Zν
2,y(g, t) = O(ξ2(t))

}
,

where Zµ
2,x(g, s) and Zν

2,y(g, t) are partial weighted integral moduli of smoothness of func-
tion g, which are defined as

Zµ
2,x(g, s) = Zµ,ν

2 (g, s, 0)
2

= sup
|η|≤s

{∥{g(x+ η, y) + g(x− η, y) − 2g(x, y)} sinµ(x
2 )∥p},

and

Zν
2,y(g, t) = Zµ,ν

2 (g, 0, t)
2

= sup
|θ|≤t

{∥{g(x, y + θ) + g(x, y − θ) − 2g(x, y)} sinν(y
2 )∥p}.

Definition 2.6 (Z(α, β; p)-class [16]). For α, β ∈ (0, 2], the Z(α, β; p)-class is defined as

Z(α, β; p) =
{
g ∈ Lp(T 2) : Zp

2,x(g, s) = O(sα) andZp
2,y(g, t) = O(tβ)

}
,

where Zp
2,x(g, s) and Zp

2,y(g, t) are given by

Zp
2,x(g, s) = sup

|η|≤s
{∥g(x+ η, y) + g(x− η, y) − 2g(x, y)∥p},

and
Zp

2,y(g, t) = sup
|θ|≤t

{∥g(x, y + θ) + g(x, y − θ) − 2g(x, y)∥p}.



On approximation of functions, conjugate... 5

Definition 2.7 (Z(α, β)-class [12]). For α, β ∈ (0, 2], the Z(α, β)-class is defined as

Z(α, β) =
{
g : T 2 → R : Z2,x(g, s) = O(sα) andZ2,y(g, t) = O(tβ)

}
,

where Z2,x(g, s) and Z2,y(g, t) are given by
Z2,x(g, s) = sup

x,y
sup
|η|≤s

{|g(x+ η, y) + g(x− η, y) − 2g(x, y)|},

and
Z2,y(g, t) = sup

x,y
sup
|θ|≤t

{|g(x, y + θ) + g(x, y − θ) − 2g(x, y)|}.

Remark 2.8. If we take µ = 0, ν = 0, ξ1(s) = sα, and ξ2(t) = tβ, for α, β ∈ (0, 2] in
Definition 2.5, then Z(Lp(T 2), ξ1(s), ξ2(t)) reduces to Z(α, β; p). If we take p → ∞ in
Definition 2.6, then Z(α, β; p) reduces to Z(α, β). Then, we can write

Z(α, β) ⊆ Z(α, β; p) ⊆ Z(Lp(T 2), ξ1(s), ξ2(t)).

It is clear that Zµ,ν
2 (g, s, t), Zµ

2,x(g, s), and Zν
2,y(g, t) are increasing functions of s and t,

and they satisfies the following inequalities
2 max{Zµ

2,x(g, s), Zν
2,y(g, t)} ≤ Zµ,ν

2 (g, s, t) ≤ 2{Zµ
2,x(g, s) + Zν

2,y(g, t)},
and

Zµ
2,x(g, s) ≤ 2Lµ

1,x(g, s), Zν
2,y(g, t) ≤ 2Lν

1,y(g, t). (2.5)
From (2.5), it is clear that

W (Lp(T 2), ξ1(s), ξ2(t)) ⊆ Z(Lp(T 2), ξ1(s), ξ2(t)).
We also write

R̃k(s) =
k∑

i=0

ak,k−i cos(2k − 2i+ 1) s
2

2π sin s
2

, S̃l(t) =
l∑

j=0

bl,l−j cos(2l − 2j + 1) t
2

2π sin t
2

,

σ := [1
s ], and τ := [1

t ] are the integral part of 1
s and 1

t , respectively and

φ(s, t) = g(x+ s, y + t) − g(x+ s, y − t) − g(x− s, y + t) + g(x− s, y − t).

Note 2.9. We can prove the following inequalities:
|φ(s, t)| ≤ 2(Z2,x(g, s) + Z2,y(g, t)), (2.6)

and

∥φ(s, t)∥p ≤ 2
(
Zµ

2,x(g, s)
sµ

+
Zν

2,y(g, t)
tν

)
, for s, t ̸= 0. (2.7)

Here we need some lemmas to prove our theorems:

Lemma 2.10. |R̃k(s)| = O
(

1
s

)
, for 0 < s ≤ π

k+1 and |S̃l(t)| = O
(

1
t

)
, for 0 < t ≤ π

l+1 .

The proof is given in [17, Lemma 1].

Lemma 2.11. |R̃k(s)| = O
(

Ak,k−σ

s

)
, for π

k+1 < s ≤ π and |S̃l(t)| = O
(

Bl,l−τ

t

)
,

for π
l+1 < t ≤ π.

The proof is given in [17, Lemma 2].

Theorem 2.12. Let g̃(x, y) be the conjugate function of 2π-periodic function g(x, y) be-
longing to Z(Lp(T 2), ξ1(s), ξ2(t)). Then the degree (error) of approximation of function
g̃(x, y) through the double matrix means of its double conjugate Fourier series is given by:

∥t̃A,B
k,l − g̃∥p = O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
,
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provided the positive increasing functions ξ1(s) and ξ2(t) satisfy following conditions:(∫ π

π
k+1

(
ξ1(s)
sµ+1

)p

ds

) 1
p

= O

(
(k + 1)µ+1− 1

p ξ1

(
π

k + 1

))
, (2.8)

and (∫ π

π
l+1

(
ξ2(t)
tν+1

)q

dt

)1/q

= O

(
(l + 1)ν+1− 1

q ξ2

(
π

l + 1

))
. (2.9)

Proof. We have

s̃k,l − g̃ = 1
4π2

∫ π

0

∫ π

0
φ(s, t) ×

{
cos(k + 1

2)s cos(l + 1
2)t

sin t
2 sin s

2

−
cos(k + 1

2)s cos t
2

sin t
2 sin s

2
−

cos s
2 cos(l + 1

2)t
sin t

2 sin s
2

}
ds dt.

Then

t̃A,B
k,l − g̃ =

k∑
i=0

l∑
j=0

ak,i bl,j{ s̃i,j − g̃ }

=
∫ π

0

∫ π

0

φ(s, t)
4π2

k∑
i=0

l∑
j=0

ak,i bl,j

{
cos(2i+ 1) s

2 cos(2j + 1) t
2

sin s
2 sin t

2

−
cos(2i+ 1) s

2 cos t
2

sin s
2 sin t

2
−

cos(2j + 1) t
2 cos s

2
sin s

2 sin t
2

}
ds dt

=
∫ π

0

∫ π

0

φ(s, t)
2π

{2π R̃k(s) S̃l(t) − cot s
2 S̃l(t) − cot t

2 R̃k(s)}ds dt.

Using inequality (2.7), we have

∥t̃A,B
k,l − g̃∥p =

∫ π

0

∫ π

0
∥φ(s, t)∥p{2π R̃k(s) S̃l(t) − cot s

2 S̃l(t) − cot t
2 R̃k(s)}ds dt

=
(∫ π

k+1

0

∫ π
l+1

0
+
∫ π

π
k+1

∫ π
l+1

0
+
∫ π

k+1

0

∫ π

π
l+1

+
∫ π

π
k+1

∫ π

π
l+1

)
∥φ(s, t)∥p ×

{2π R̃k(s) S̃l(t) − cot s
2 S̃l(t) − cot t

2 R̃k(s)}ds dt

≤
(∫ π

k+1

0

∫ π
l+1

0
+
∫ π

π
k+1

∫ π
l+1

0
+
∫ π

k+1

0

∫ π

π
l+1

+
∫ π

π
k+1

∫ π

π
l+1

)(
Zµ

2,x(g, s)
sµ

+

Zν
2,y(g, t)
tν

)
{2π R̃k(s) S̃l(t) − cot s

2 S̃l(t) − cot t
2 R̃k(s)}ds dt

=
(∫ π

k+1

0

∫ π
l+1

0
+
∫ π

π
k+1

∫ π
l+1

0
+
∫ π

k+1

0

∫ π

π
l+1

+
∫ π

π
k+1

∫ π

π
l+1

)
×{(

ξ1(s)
sµ

|R̃k(s)| |S̃l(t)| ds dt+ ξ2(t)
tν

|R̃k(s)| |S̃l(t)| ds dt
)

+
(
ξ1(s)
sµ

| cot s
2 | |S̃l(t)| ds dt+ ξ2(t)

tν
| cot s

2 | |S̃l(t)| ds dt
)

+
(
ξ1(s)
sµ

|R̃k(s)| | cot t
2 | ds dt+ ξ2(t)

tν
|R̃k(s)| | cot t

2 | ds dt
)}

=
(
Ĩ1 + Ĩ2 + Ĩ3 + Ĩ4

)
×
{
J̃1 + J̃2 + J̃3

}
, (say). (2.10)
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Using Lemma 2.10, second mean value theorem for integrals, and Hölder’s inequality, we
have

|Ĩ1J̃1| =
(∫ π

k+1

0

∫ π
l+1

0

{
ξ1(s) |R̃k(s)|

sµ

}p

ds dt

) 1
p
(∫ π

k+1

0

∫ π
l+1

0

{
|S̃l(t)|

}q
ds dt

) 1
q

+
(∫ π

k+1

0

∫ π
l+1

0

{
|R̃k(s)|

}p
ds dt

) 1
p
(∫ π

k+1

0

∫ π
l+1

0

{
ξ2(t) |S̃l(t)|

tν

}q

ds dt

) 1
q

= O

(
ξ1

(
π

k + 1

)
(k + 1)

(
π

k + 1

) 1
p

−µ+ 1
q

(l + 1)
(

π

l + 1

) 1
q

+ 1
p

)

+O
(

(k + 1)
(

π

k + 1

) 1
q

+ 1
p

ξ2

(
π

l + 1

)
(l + 1)

(
π

l + 1

) 1
q

−ν+ 1
p

)

= O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
. (2.11)

Using Lemma 2.10, sin( s
2) ≥ s

π , cos( s
2) ≤ 1, second mean value theorem for integrals, and

Hölder’s inequality, we have

|Ĩ1J̃2| =
(∫ π

k+1

0

∫ π
l+1

0

{
ξ1(s)
sµ+1

}p

ds dt

) 1
p
(∫ π

k+1

0

∫ π
l+1

0

{
|S̃l(t)|

}q
ds dt

) 1
q

+
(∫ π

k+1

0

∫ π
l+1

0

{1
s

}p

ds dt

) 1
p
(∫ π

k+1

0

∫ π
l+1

0

{
ξ2(t) |S̃l(t)|

tν

}q

ds dt

) 1
q

= O

(
ξ1

(
π

k + 1

)
(k + 1)

(
π

k + 1

) 1
p

−µ+ 1
q

(l + 1)
(

π

l + 1

) 1
q

+ 1
p

)

+O
(

(k + 1)
(

π

k + 1

) 1
q

+ 1
p

ξ2

(
π

l + 1

)
(l + 1)

(
π

l + 1

) 1
q

−ν+ 1
p

)

= O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
. (2.12)

Similarly, we can prove

|Ĩ1J̃3| = O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
. (2.13)

Using (2.8), second mean value theorem for integrals, Lemma 2.10, 2.11, and Hölder’s
inequality, we have

|Ĩ2J̃1| =
(∫ π

π
k+1

∫ π
l+1

0

{
ξ1(s)
sµ+1

}p

ds dt

) 1
p
(∫ π

π
k+1

∫ π
l+1

0

{
s |R̃k(s)| |S̃l(t)|

}q
ds dt

) 1
q

+
(∫ π

π
k+1

∫ π
l+1

0

∣∣∣∣Ak,k−σ

s

∣∣∣∣p ds dt
) 1

p
(∫ π

π
k+1

∫ π
l+1

0

{
ξ2(t) (l + 1)

tν

}q

ds dt

) 1
q

= O

(
ξ1

(
π

k + 1

) (
π

l + 1

) 1
p

(k + 1)µ+1− 1
p (k + 1)1− 1

q
(l + 1)
(k + 1)

(
π

l + 1

) 1
q

)

+O
((

π

l + 1

) 1
p π

(k + 1)
(k + 1)2− 1

p

(
π

k + 1

) 1
q

ξ2

(
π

l + 1

)
(l + 1) (l + 1)ν− 1

q

)

= O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
, (2.14)
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as Ak,k−σ = O
(

π
(k+1)s

)
(with the help of regularity condition of ak,i).

Using (2.8), sin( s
2) ≥ s

π , cos( s
2) ≤ 1, second mean value theorem for integrals, Lemma

2.10, 2.11, and Hölder’s inequality, we have

|Ĩ2J̃2| =
(∫ π

π
k+1

∫ π
l+1

0

{
ξ1(s)
sµ+1

}p

ds dt

) 1
p
(∫ π

π
k+1

∫ π
l+1

0

{
|S̃l(t)|

}q
ds dt

) 1
q

+
(∫ π

π
k+1

∫ π
l+1

0

{1
s

}p

ds dt

) 1
p
(∫ π

π
k+1

∫ π
l+1

0

{
ξ2(t) (l + 1)

tν

}q

ds dt

) 1
q

=
(

π

l + 1

) 1
p

(∫ π

π
k+1

{
ξ1(s)
sµ+1

}p

ds

) 1
p

(l + 1)
(

π

l + 1

) 1
q

(∫ π

π
k+1

ds

) 1
q

+
(

π

l + 1

) 1
p

(∫ π

π
k+1

ds

sp

) 1
p
(∫ π

π
k+1

ds

) 1
q

ξ2

(
π

l + 1

)
(l + 1)

(∫ π
l+1

0

dt

tqν

) 1
q

= O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
. (2.15)

Similarly, we can prove

|Ĩ2J̃3| = O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
. (2.16)

We can easily calculate Ĩ3J̃1, Ĩ3J̃2, and Ĩ3J̃3 using the similar steps of Ĩ2J̃1, Ĩ2J̃2, and Ĩ2J̃3,
respectively.
Using (2.8), (2.9), Lemma 2.11, second mean value theorem for integrals, and Hölder’s
inequality, we have

|Ĩ4J̃1| =
(∫ π

π
k+1

∫ π

π
l+1

{
ξ1(s)Bl,l−τ

sµ+1 t

}p

ds dt

) 1
p
(∫ π

π
k+1

∫ π

π
l+1

{Ak,k−σ}q ds dt

) 1
q

+
(∫ π

π
k+1

∫ π

π
l+1

{Bl,l−τ }p ds dt

) 1
p
(∫ π

π
k+1

∫ π

π
l+1

{
ξ2(t)Ak,k−σ

tν+1 s

}q

ds dt

) 1
q

= O

 (l + 1)2− 1
p

(l + 1)(k + 1)

 (∫ π

π
k+1

{
ξ1(s)
sµ+1

}p

ds

) 1
p ( π

l + 1

) 1
q

(∫ π

π
k+1

ds

sq

) 1
q

+O

 (k + 1)2− 1
q

(l + 1)(k + 1)

( π

k + 1

) 1
p

(∫ π

π
l+1

ds

tp

) 1
p
(∫ π

π
l+1

{
ξ2(t)
tν+1

}q

dt

) 1
q

= O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
, (2.17)

as Ak,k−σ = O
(

π
(k+1)s

)
and Bl,l−τ = O

(
π

(l+1)t

)
(with the help of regularity conditions of

ak,i and bl,j).
Using (2.8), (2.9), Lemma 2.11, sin( s

2) ≥ s
π , cos( s

2) ≤ 1, second mean value theorem for
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integrals, and Hölder’s inequality, we have

|Ĩ4J̃2| =
(∫ π

π
k+1

∫ π

π
l+1

{
ξ1(s)Bl,l−τ

sµ+1 t

}p

ds dt

) 1
p
(∫ π

π
k+1

∫ π

π
l+1

{1
s

}q

ds dt

) 1
q

+
(∫ π

π
k+1

∫ π

π
l+1

{Bl,l−τ }p ds dt

) 1
p
(∫ π

π
k+1

∫ π

π
l+1

{
ξ2(t)
tν+1 s2

}q

ds dt

) 1
q

= O

 (l + 1)2− 1
p

(l + 1)(k + 1)

 (∫ π

π
k+1

{
ξ1(s)
sµ+1

}p

ds

) 1
p ( π

l + 1

) 1
q

(∫ π

π
k+1

ds

sq

) 1
q

+O

 (k + 1)2− 1
q

(l + 1)(k + 1)

( π

k + 1

) 1
p

(∫ π

π
l+1

ds

tp

) 1
p
(∫ π

π
l+1

{
ξ2(t)
tν+1

}q

dt

) 1
q

= O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
. (2.18)

Similarly, we can prove

|Ĩ4J̃3| = O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
. (2.19)

Combining (2.10 − 2.19), we have

∥t̃A,B
k,l − g̃∥p = O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
.

This completes the proof of Theorem 2.12. �

Corollary 2.13. For g̃ ∈ Z(α, β; p), using double Nörlund summability method, we get

∥t̃A,B
k,l − g̃∥p =



O
(
pα

k + qβ
l

)
, α, β ∈ (0, 1),

O
(
pk log π

pk
+ qβ

l

)
, β ∈ (0, 1), α = 1,

O
(
pα

k + ql log π
ql

)
, α ∈ (0, 1), β = 1,

O
(
pk log π

pk
+ ql log π

ql

)
, α = β = 1,

in view of (k + 1)pk ≥ 1 and (l + 1)ql ≥ 1.

Corollary 2.14. For g̃ ∈ Z(α, β), using double Nörlund summability method, we get

∥t̃A,B
k,l − g̃∥∞ =



O
(
pα

k + qβ
l

)
, α, β ∈ (0, 1),

O
(
pk log π

pk
+ qβ

l

)
, β ∈ (0, 1), α = 1,

O
(
pα

k + ql log π
ql

)
, α ∈ (0, 1), β = 1,

O
(
pk log π

pk
+ ql log π

ql

)
, α = β = 1.

Corollary 2.15. For g̃ ∈ Z(α, β), using double Cesàro summability method, we get

∥t̃A,B
k,l − g̃∥∞ =



O
(

1
(k+1)α + 1

(l+1)β

)
, α, β ∈ (0, 1),

O
(

log(k+1)
(k+1) + 1

(l+1)β

)
, β ∈ (0, 1), α = 1,

O
(

1
(k+1)α + log(l+1)

(l+1)

)
, α ∈ (0, 1), β = 1,

O
(

log(k+1)
(k+1) + log(l+1)

(l+1)

)
, α = β = 1.

Theorem 2.16. Let g̃(x, y) be the conjugate function of 2π-periodic function g(x, y) be-
longing to W (Lp(T 2), ξ1(s), ξ2(t)). Then the degree (error) of approximation of function
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g̃(x, y) through the double matrix means of its double conjugate Fourier series is given by:

∥t̃A,B
k,l − g̃∥p = O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
,

provided the positive increasing functions ξ1(s) and ξ2(t) satisfy the conditions (2.8) and
(2.9).

Proof. Following the proof of Theorem 2.12 and using inequality (2.5), we have

∥t̃A,B
k,l − g̃∥p =

∫ π

0

∫ π

0
∥φ(s, t)∥p{2π R̃k(s) S̃l(t) − cot s

2 S̃l(t) − cot t
2 R̃k(s)}ds dt

=
(∫ π

k+1

0

∫ π
l+1

0
+
∫ π

π
k+1

∫ π
l+1

0
+
∫ π

k+1

0

∫ π

π
l+1

+
∫ π

π
k+1

∫ π

π
l+1

)
∥φ(s, t)∥p ×

{2π R̃k(s) S̃l(t) − cot s
2 S̃l(t) − cot t

2 R̃k(s)}ds dt

≤
(∫ π

k+1

0

∫ π
l+1

0
+
∫ π

π
k+1

∫ π
l+1

0
+
∫ π

k+1

0

∫ π

π
l+1

+
∫ π

π
k+1

∫ π

π
l+1

)(
Zµ

2,x(g, s)
sµ

+

Zν
2,y(g, t)
tν

)
{2π R̃k(s) S̃l(t) − cot s

2 S̃l(t) − cot t
2 R̃k(s)}ds dt

≤
(∫ π

k+1

0

∫ π
l+1

0
+
∫ π

π
k+1

∫ π
l+1

0
+
∫ π

k+1

0

∫ π

π
l+1

+
∫ π

π
k+1

∫ π

π
l+1

)(
Lµ

1,x(g, s)
sµ

+

Lν
1,y(g, t)
tν

)
{2π R̃k(s) S̃l(t) − cot s

2 S̃l(t) − cot t
2 R̃k(s)}ds dt

=
(∫ π

k+1

0

∫ π
l+1

0
+
∫ π

π
k+1

∫ π
l+1

0
+
∫ π

k+1

0

∫ π

π
l+1

+
∫ π

π
k+1

∫ π

π
l+1

)
×{(

ξ1(s)
sµ

|R̃k(s)| |S̃l(t)| ds dt+ ξ2(t)
tν

|R̃k(s)| |S̃l(t)| ds dt
)

+
(
ξ1(s)
sµ

| cot s
2 | |S̃l(t)| ds dt+ ξ2(t)

tν
| cot s

2 | |S̃l(t)| ds dt
)

+
(
ξ1(s)
sµ

|R̃k(s)| | cot t
2 | ds dt+ ξ2(t)

tν
|R̃k(s)| | cot t

2 | ds dt
)}

=
(
Ĩ1 + Ĩ2 + Ĩ3 + Ĩ4

)
×
{
J̃1 + J̃2 + J̃3

}
, (say).

Similarly, following the proof of Theorem 2.12, we get

∥t̃A,B
k,l − g̃∥p = O

(
(k + 1)µ ξ1

(
π

k + 1

))
+O

(
(l + 1)ν ξ2

(
π

l + 1

))
.

This completes the proof of Theorem 2.16. �

Corollary 2.17. For g̃ ∈ Lip(α, β; p), using double Cesàro summability method, we get

∥t̃A,B
k,l − g̃∥p =



O
(

1
(k+1)α + 1

(l+1)β

)
, α, β ∈ (0, 1),

O
(

log(k+1)
(k+1) + 1

(l+1)β

)
, β ∈ (0, 1), α = 1,

O
(

1
(k+1)α + log(l+1)

(l+1)

)
, α ∈ (0, 1), β = 1,

O
(

log(k+1)
(k+1) + log(l+1)

(l+1)

)
, α = β = 1.



On approximation of functions, conjugate... 11

Corollary 2.18. For g̃ ∈ Lip(α, β), using double Cesàro summability method, we get

∥t̃A,B
k,l − g̃∥∞ =



O
(

1
(k+1)α + 1

(l+1)β

)
, α, β ∈ (0, 1),

O
(

log(k+1)
(k+1) + 1

(l+1)β

)
, β ∈ (0, 1), α = 1,

O
(

1
(k+1)α + log(l+1)

(l+1)

)
, α ∈ (0, 1), β = 1,

O
(

log(k+1)
(k+1) + log(l+1)

(l+1)

)
, α = β = 1.

Remark 2.19. In the results of Móricz and Rhoades [11, Theorem 4 (4.12), Corollary
4 (4.17)], and Móricz and Shi [12, Theorem 3], the error of approximation for functions
g̃ belonging to Z(α, β) is worse by a factor of “ log ” in both k and l if 0 < α, β < 1,
and there is an additional “ log2 ” factor in both k and l if α = β = 1. Móricz and Shi
[12, Theorem 5] improved the error for functions g̃ belonging to Lip(α, β) and found that
the error contains only “ log ” factors in both k and l for all 0 < α, β ≤ 1. In contrast,
our results (Corollary 2.14, 2.15, and 2.18) show that the factor “ log ” in both k and l
disappears when 0 < α, β < 1. Moreover, in the case of α = β = 1, the extra “ log2 ” factor
in both k and l reduces to “ log ”. Therefore, the results given in this paper are improved
versions of the results given by Móricz and Rhoades [11], and Móricz and Shi [12].

3. Results for functions of several variables
In this section, we extend the above results for functions of several variables by introduc-

ing the weighted Lipschitz class W (Lp(TN ), ξ1(s1), . . . , ξN (sN )) and weighted Zygmund
class Z(Lp(TN ), ξ1(s1), . . . , ξN (sN )).
Throughout this section, we use the following notations:

• TN = (−π, π) × (−π, π) × . . .× (−π, π)(N -times), where N ∈ N.
• M = {1, 2, 3, . . . , N − 1, N}, where N ∈ N.
• h1, h2 · · · , hN ∈ {−1, 1}.

Let g(x1, x2, . . . , xN ) be a complex valued function, 2π-periodic in each variable, integrable
over the N -dimensional torus TN .

The N -multiple Fourier series of a function g(x1, x2, . . . , xN ) ∈ Lp(TN ) is given by

g(x1, x2, . . . , xN ) ∼
∑
l1∈Z

∑
l2∈Z

. . .
∑

lN ∈Z
c(x1,x2,...,xN )e

i(l1x1+l2x2+...+lN xN ), (3.1)

where

c(x1,x2,...,xN ) = 1
(2π)N

N -times︷ ︸︸ ︷∫ π

−π
. . .

∫ π

−π
g(x1, . . . , xN )e−i(l1x1+...+lN xN ) dx1 . . . dxN .

The conjugate series of (3.1) is given by

∑
l1∈Z

∑
l2∈Z

. . .
∑

lN ∈Z
c(x1,x2,...,xN )

N∏
m=1

(−i sign lm) ei(lmxm), (3.2)

(conjugate with respect to x1, x2, . . . , xN ).
The conjugate function of g(x1, x2, . . . , xN ), denoted by g̃(x1, x2, . . . , xN ), is defined as

g̃(x1, x2, . . . , xN ) = 1
πN

N -times︷ ︸︸ ︷∫ π

0
. . .

∫ π

0

N∏
m=1

∆g(x1, . . . , xN ; s1, . . . , sN )
tan sm

2
dsm,
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where

∆g(x1, . . . , xN ; s1, . . . , sN ) =∑
h1

· · ·
∑
hN

(h1 × · · · × hN )g(x1 + h1s1, . . . , xN + hNsN ).

Here the integrals is taken in the “Principal value" sense at the point x1 = x2 = . . . =
xN = 0.
Let {s̃k1,...,kN

} be the sequence of (k1 + 1, . . . , kN + 1)th partial sums corresponding to the
conjugate Fourier series (3.2), which is defined as

s̃k1,...,kN
=

k1∑
l1=0

k2∑
l2=0

. . .
kN∑

lN =0
c(x1,x2,...,xN )

N∏
m=1

(−i sign lm) ei(lmxm).

Define

t̃A1,...,AN
k1,...,kN

=
k1∑

i1=0
. . .

kN∑
iN =0

(ak1,i1 × . . .× akN ,iN
) s̃i1,...,iN , for k1, . . . , kN ∈ N ∪ {0},

where A1 ≡ (ak1,i1),. . . , AN ≡ (akN ,iN
) are N lower triangular matrices with non-

decreasing and non-negative entries with respect to i1, i2, . . . , iN such that akm,−1 =
0, Akm,σm =

∑σm
im=0 akm,im and Akm,km = 1, for each m ∈ M. If t̃A1,...,AN

k1,...,kN
→ s1 as

k1, . . . , kN → ∞, then the conjugate series (3.2) is said to be summable to s1 by the
N -multiple matrix means.
The regularity conditions of the N -multiple matrix means are same as given in [2]. We
can obtain particular cases of N -multiple matrix means by changing (akm,im), for each
m ∈ M , as given in section 2.
The space of Lebesgue functions on TN is denoted by Lp(TN ), p ≥ 1 and the norm on it
is defined by

∥g∥p =


1

(2π)N

N -times︷ ︸︸ ︷∫ π

−π
. . .

∫ π

−π
|g(x1, . . . , xN )|pdx1 . . . dxN


1
p

(1 ≤ p < ∞),

and ∥g∥∞ = sup
−π≤x1,x2,...,xN ≤π

|g(x1, x2, . . . , xN )|.

Let Lµ1,...,µN
1 (g, s1, . . . , sN ) be a weighted integral modulus of continuity of function g,

which is defined as

Lµ1,...,µN
1 (g, s1, . . . , sN ) =

sup
|θm|≤sm

{
∥{g(x1 + θ1, . . . , xN + θN ) − g(x1, . . . , xN )}w(s1, . . . , sN )∥p

}
,

where w(s1, . . . , sN ) is a weight function, defined by

w(s1, . . . , sN ) =

√√√√∑N
m=1 s

2
m sin2µm(xm

2 )∑N
m=1 s

2
m

, (3.3)

for µ1, µ2, . . . , µN ≥ 0 and s2
1 + . . .+ s2

N ̸= 0.
Here, we introduce a new weighted Lipschitz class for N -variables as follows:

Definition 3.1 (W (Lp(TN ), ξ1(s1), . . . , ξN (sN ))-class). For positive increasing functions
ξ1(s1), ξ2(s2), . . . , ξN (sN ), the weighted Lipschitz class, denoted byW (Lp(TN ), ξ1(s1), . . . , ξN (sN )),
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is defined as

W (Lp(TN ), ξ1(s1), . . . , ξN (sN )) =
{
g ∈ Lp(TN ) : Lµ1

1,x1(g, s1) = O(ξ1(s1)),

Lµ2
1,x2(g, s2) = O(ξ2(s2)), . . . , LµN

1,xN
(g, sN ) = O(ξN (sN ))

}
,

where Lµm
1,xm

(g, sm), for each m ∈ M , is partial weighted integral moduli of continuity of
function g, which is defined as

Lµm
1,xm

(g, sm) = sup
|θm|≤sm

{∥{g(x1, . . . , xm + θm, . . . , xN ) − g(x1, . . . , xN )} sinµm(xm
2 )∥p}.

Definition 3.2 (Lip(α1, . . . , αN ; p)-class). For α1, α2, . . . , αN ∈ (0, 1], the Lip(α1, . . . , αN ; p)-class
is defined as

Lip(α1, . . . , αN ; p) =
{
g ∈ Lp(TN ) : Lp

1,x1(g, s1) = O(sα1
1 ),

Lp
1,x2(g, s2) = O(sα2

2 ), . . . , Lp
1,xN

(g, sN ) = O(sαN
N )

}
,

where Lp
1,xm

(g, sm), for each m ∈ M , is partial integral moduli of continuity of function g,
which is defined by

Lp
1,xm

(g, sm) = sup
|θm|≤sm

{∥{g(x1, . . . , xm + θm, . . . , xN ) − g(x1, . . . , xN )}∥p}.

Remark 3.3. Definition 3.2 is an extension of Lip(α, β; p)-class [16] for function of N -
variables.

Definition 3.4 (Lip(α1, . . . , αN )-class). For α1, α2, . . . , αN ∈ (0, 1], the Lip(α1, . . . , αN )-class
is defined as

Lip(α1, . . . , αN ) =
{
g : TN → R : L1,x1(g, s1) = O(sα1

1 ),

L1,x2(g, s2) = O(sα2
2 ), . . . , L1,xN (g, sN ) = O(sαN

N )} ,

where L1,xm(g, sm), for each m ∈ M , is partial moduli of continuity of function g, which
is defined by

L1,xm(g, sm) = sup
x1,...,xN

sup
|θm|≤sm

{|g(x1, . . . , xm + θm, . . . , xN ) − g(x1, . . . , xN )|}.

Remark 3.5. Definition 3.4 is an extension of Lip(α, β)-class [12] for function of N -
variables.

Remark 3.6. If we take µm = 0 and ξm(sm) = sαm
m , αm ∈ (0, 1], for each m ∈ M in

Definition 3.1, then W (Lp(TN ), ξ1(s1), . . . , ξN (sN )) reduces to Lip(α1, . . . , αN ; p). If we
take p → ∞ in Definition 3.2, then Lip(α1, . . . , αN ; p) reduces to Lip(α1, . . . , αN ). Then,
we can write

Lip(α1, . . . , αN ) ⊆ Lip(α1, . . . , αN ; p) ⊆ W (Lp(TN ), ξ1(s1), . . . , ξN (sN )).

Here, we define the total weighted integral modulus of symmetric smoothness of a function
g by

Zµ1,...,µN
2 (g, s1, . . . , sN ) = sup

|θm|≤sm

{
∥ψ(θ1, θ2, . . . , θN )w(s1, . . . , sN )∥p

}
,

where w(s1, . . . , sN ) is weight function, defined as (3.3), and
ψ(θ1, θ2, . . . , θN ) =

∑
h1

· · ·
∑
hN

g(x1 + θ1h1, . . . , xN + θNhN ) − 2Ng(x1, . . . , xN ).

Now, we introduce a new weighted Zygmund class for N -variables as follows:
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Definition 3.7 (Z(Lp(TN ), ξ1(s1), . . . , ξN (sN ))-class). For positive increasing functions
ξ1(s1), ξ2(s2), . . . , ξN (sN ), the weighted Zygmund class, denoted by Z(Lp(TN ), ξ1(s1), . . . , ξN (sN )),
is defined as

Z(Lp(TN ), ξ1(s1), . . . , ξN (sN )) =
{
g ∈ Lp(TN ) : Zµ1

2,x1(g, s1) = O(ξ1(s1)),

Zµ2
2,x2(g, s2) = O(ξ2(s2)), . . . , ZµN

2,xN
(g, sN ) = O(ξN (sN ))

}
,

where Zµm
2,xm

(g, sm), for each m ∈ M , is partial weighted integral moduli of smoothness of
function g, which is defined by

Zµm
2,xm

(g, sm) = sup
|θm|≤sm

{∥ {ϕ(θm)} sinµm(xm
2 )∥p},

where
ϕ(θm) = g(x1, . . . , xm + θm, . . . , xN ) + g(x1, . . . , xm − θm, . . . , xN ) − 2g(x1, . . . , xN ). (3.4)

Definition 3.8 (Z(α1, . . . , αN ; p)-class). For α1, α2, . . . , αN ∈ (0, 2], the Z(α1, . . . , αN ; p)-class
is defined as

Z(α1, . . . , αN ; p) =
{
g ∈ Lp(TN ) : Zp

2,x1(g, s1) = O(sα1
1 ),

Zp
2,x2(g, s2) = O(sα2

2 ), . . . , Zp
2,xN

(g, sN ) = O(sαN
N )

}
,

where Zp
2,xm

(g, sm), for each m ∈ M , is partial integral moduli of smoothness of function
g, which is defined by

Zp
2,xm

(g, sm) = sup
|θm|≤sm

{∥ϕ(θm)∥p},

where ϕ(θm) is the same as (3.4).

Remark 3.9. Definition 3.8 is an extension of Z(α, β; p)-class [16] for function of N -
variables.

Definition 3.10 (Z(α1, . . . , αN )-class). For α1, α2, . . . , αN ∈ (0, 2], the Z(α1, . . . , αN )-class
is defined as

Z(α1, . . . , αN ) =
{
g : TN → R : Z2,x1(g, s1) = O(sα1

1 ),

Z2,x2(g, s2) = O(sα2
2 ), . . . , Z2,xN (g, sN ) = O(sαN

N )} ,
where Z2,xm(g, sm), for each m ∈ M , is partial moduli of smoothness of function g, which
is defined by

Z2,xm(g, sm) = sup
x1,...,xN

sup
|θm|≤sm

{|ϕ(θm)|},

where ϕ(θm) is the same as (3.4).

Remark 3.11. Definition 3.10 is an extension of Z(α, β)-class [12] for function of N -
variables.

Remark 3.12. If we take µm = 0 and ξm(sm) = sαm
m , αm ∈ (0, 2], for each m ∈ M in

Definition 3.7, then Z(Lp(TN ), ξ1(s1), . . . , ξN (sN )) reduces to Z(α1, . . . , αN ; p). If we take
p → ∞ in in Definition 3.8, then Z(α1, . . . , αN ; p) reduces to Z(α1, . . . , αN ). Then, we
can write

Z(α1, . . . , αN ) ⊆ Z(α1, . . . , αN ; p) ⊆ Z(Lp(TN ), ξ1(s1), . . . , ξN (sN )).

Following section 2, we can write
Zµm

2,xm
(g, sm) ≤ NLµm

1,xm
(g, sm), for each m ∈ M. (3.5)

From (3.5), we obtain the relationship between the weighted Lipschitz class and Zygmund
class as

W (Lp(TN ), ξ1(s1), . . . , ξN (sN )) ⊆ Z(Lp(TN ), ξ1(s1), . . . , ξN (sN )).
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We also write

φ(θ1, θ2, . . . , θN ) =
∑
h1

· · ·
∑
hN

[(h1 × · · · × hN ) g(x1 + θ1h1, . . . , xN + θNhN )] ,

R̃km(sm) =
km∑

im=0

akm,km−im cos(2km − 2im + 1) sm
2

2π sin sm
2

, and σm :=
[

1
sm

]
, is the integral part

of 1
sm

, for each m ∈ M .

Note 3.13. We can prove the following inequalities:

|φ(θ1, θ2, . . . , θN )| ≤ N

(
N∑

m=1
Z2,xm(g, sm)

)
, (3.6)

and

∥φ(θ1, θ2, . . . , θN )∥p ≤ N

(
N∑

m=1

Zµm
2,xm

(g, sm)
sµm

m

)
, sm ̸= 0, for each m ∈ M. (3.7)

We extend Lemma 2.10 and 2.11 for N -variable as follows:

Lemma 3.14. |R̃km(sm)| = O
(

1
sm

)
, for 0 < sm ≤ π

km+1 , for each m ∈ M .

Lemma 3.15. |R̃km(sm)| = O
(

Akm,km−σm
sm

)
, for π

km+1 < sm ≤ π, for each m ∈ M .

Theorem 3.16. Let g̃(x1, x2, . . . , xN ) be the conjugate function of 2π-periodic function
g(x1, x2, . . . , xN ) belonging to Z(Lp(TN ), ξ1(s1), . . . , ξN (sN )). Then the degree (error) of
approximation of function g̃(x1, x2, . . . , xN ) through the N -multiple matrix means of its
N -multiple conjugate Fourier series is given by:

∥t̃A1,...,AN
k1,...,kN

− g̃∥p = O

(
N∑

m=1
(km + 1)µm ξm

(
π

km + 1

))
,

provided the positive increasing function ξm(sm) satisfies the following condition for each
m ∈ M :

(∫ π

π
km+1

(
ξm(sm)
sµm+1

m

)p

dsm

) 1
p

= O

(
(km + 1)µm+1− 1

p ξm

(
π

km + 1

))
. (3.8)

Proof. We have

s̃k1,...,kN
− g̃ = 1

(2π)N

N -times︷ ︸︸ ︷∫ π

0
. . .

∫ π

0
φ(θ1, θ2, . . . , θN ) ×{

N∏
m=1

(cos sm
2 − cos(km + 1

2)sm)
sin sm

2
−

N∏
m=1

cos sm
2

sin sm
2

}
ds1 . . . dsN .
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Then

t̃A1,...,AN
k1,...,kN

− g̃ =
k1∑

i1=0
. . .

kN∑
iN =0

(ak1,i1 × . . .× akN ,iN
){ s̃i1,...,iN − g̃ }

=

N -times︷ ︸︸ ︷∫ π

0
. . .

∫ π

0

φ(θ1, θ2, . . . , θN )
(2π)N

k1∑
i1=0

. . .
kN∑

iN =0
(ak1,i1 × . . .× akN ,iN

) ×

(−1)N
N∏

j1=1

cos(ij1 + 1
2)sj1

sin sj1
2

+ (−1)N−1
N∑

j1=1

cot sj1
2

N∏
j2=1
j1 ̸=j2

cos(ij2 + 1
2)sj2

sin sj2
2

+

. . .−
N∑

jn−1=1

cos(ijn−1 + 1
2)sjn−1

sin sjn−1
2

N∏
jn=1

jn−1 ̸=jn

cot sjn
2


 ds1 . . . dsN

=

N -times︷ ︸︸ ︷∫ π

0
. . .

∫ π

0

φ(θ1, θ2, . . . , θN )
(2π)N

(−2π)N
N∏

j1=1
R̃kj1

(sj1) + (−2π)N−1
N∑

j1=1

(
cot sj1

2

N∏
j2=1
j1 ̸=j2

R̃kj2
(sj2)

+ . . .−
N∑

jn−1=1

R̃kjn−1
(sjn−1)

N∏
jn=1

jn−1 ̸=jn

cot sjn
2


 ds1 . . . dsN

Using (3.7), (3.8), Lemma 3.14, 3.15, and following the proof of Theorem 2.12, we obtain

∥t̃A1,...,AN
k1,...,kN

− g̃∥p = O

(
N∑

m=1
(km + 1)µm ξm

(
π

km + 1

))
.

This completes the proof of Theorem 3.16. �
Theorem 3.17. Let g̃(x1, x2, . . . , xN ) be the conjugate function of 2π-periodic function
g(x1, x2, . . . , xN ) belonging to W (Lp(TN ), ξ1(s1), . . . , ξN (sN )). Then the degree (error) of
approximation of function g̃ through the N -multiple matrix means of its N -multiple con-
jugate Fourier series is given by:

∥t̃A1,...,AN
k1,...,kN

− g̃∥p = O

(
N∑

m=1
(km + 1)µm ξm

(
π

km + 1

))
,

provided the positive increasing function ξm(sm) satisfies the condition (3.8) for each m ∈
M .

Proof. Using (3.5), and following the proof of Theorem 2.12 and 3.16, we obtain

∥t̃A1,...,AN
k1,...,kN

− g̃∥p = O

(
N∑

m=1
(km + 1)µm ξm

(
π

km + 1

))
.

This completes the proof of Theorem 3.17. �

4. Conclusion
In this paper, we introduced a new weighted Lipschitz class and Zygmund class for

N -variables. For N = 2, the weighted Lipschitz class W (Lp(T 2), ξ1(s), ξ2(t)) and the
weighted Zygmund class Z(Lp(T 2), ξ1(s), ξ2(t)) are generalizations of the Lipschitz classes
Lip(α, β) and Lip(α, β; p) and the Zygmund classes Z(α, β) and Z(α, β; p), respectively.
Also, we derive results on the degree (error) of approximation of functions, conjugate to
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the functions of several variables belonging to these weighted Lipschitz class and Zygmund
class, using multiple matrix means (for N ≥ 2). The followings are the particular cases of
the results of this paper :

• Second part of Theorem 4 and corollary 4 of Móricz and Rhoades [11] are particular
cases of our corollary 2.14 and 2.15, respectively.

• Theorem 3 and Theorem 5 of Móricz and Shi [12] are particular case of our corollary
2.15 and 2.18, respectively.
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