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Abstract

On this note, some new integral inequalities were constructed for the product of two integrable functions
by using Young's inequality with a well-known classical inequality via the Caputo-Fabrizio fractional
integral operator. Some specific cases of the main findings are then given. The main results have the
potential to be used in inequality theory.
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1. INTRODUCTION

Definition 1.1 [2] Let f € H'(a,b),b > a,a € [0,1]. The definitions of the left and right sides of the
Caputo-Fabrizio fractional integral are given as:

1 a

CE1O) = 5 1O + 505 [ FO)y

and
1— b
(TINO) = 5z 1O+ pees f FO)dy

where B(a) > 0 is normalization function.
Subsequently in the paper, we will denote normalization function as B(a) with B(0) = B(1) = 1.

In [4], the authors provided an integral inequality of Hermite-Hadamard type for preinvex functions
via Caputo-Fabrizio fractional integral operator as follows.
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Theorem 1.2 Let f:1 = [ky, k; + u(ky, kq)] = (0,0) be a preinvex function on I and f € L[k, k; +
u(k,, kq)]. If « € [0,1], then the following inequality holds:

k1 kZlkl F
f (2 . ”z( )> < aufk(z)kl) l?c’il“{f(k)} + I e U ()} = (B( ) SN
< f(ky) ‘;f(kz)

where k € [kq, kq + u(ky, kq)].

For more information on various fractional operators and novel integral inequalities involving these
operators, we recommend the following papers to readers: [1]-[21].

Suppose that
a,b,c,d >0, 0<0<1 0<p<1 O6+p=1
Ifb<a, d<c,then
a’bP +c%dP < (a+c) +(b+d)F (1)
The fundamental inequality for integrable functions (1) can be given as:
Suppose f, g, h, r are integrable positive functions.
f(@),g),h(t),r(t) >0, 0<6<1 0<p<1 6+f=1
Ifg(t) < f(t), r(t) < h(t), then

F©O°g®F +h®)r)F < (F©) +h®)’ + (9(®) + 1)’

This inequality is a very basic inequality that holds for real numbers. We will use this inequality to
prove our main findings.

The paper demonstrates some new integral inequalities for integrable functions using the Caputo-
Fabrizio fractional integral operator. Young's inequality was used in some analysis methods.

2. MAIN RESULTS

Theorem 2.1.Let] S R.Supposethatf,g,h,r: [a,b] € I — R?* integrable positive functions for 0 <
6 <1,06 + f = 1. Then, for the Caputo-Fabrizio fractional integral operator, the following inequality
holds:
21— a)
“B(a)

2(1 — )
¢+ 0200+ s [ O o ac+ 25D (g 41800

B
e f O [r () de

< (CEI*(f + R)?) (k) + (FIZ(f + R)?) (k) + (F1%(g + 7)B) () + (I (g + m)F) (k)

where B(a) > 0 is normalization function, k € [a, b] and a € [0,1].
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Proof. We will start with

[F(O1°.[g®)]f + [R©O1°[r(©)]F < [F(©) + R(D)]° + [g(®) + r(D]~.

By multiplying both sides of the above inequality with (—) we have

[F(O1°. [g®)]F + == [R®1°[r()]f < ——[f(®) + h(D]° + [g(®) + (D]~

B() B() B()

By integrating both sides of the inequality over [a, b] with respect to t, we get

B()

a [P o (b
@fa LF®©1°. lg(®)]Fdt +@fa [h()1°[r(t)]Pdt

a (P a (P
< @fa [f(t) + h(t)]Pat + @fa [g(t) +r(t)]Adt
and then we get

a [P o (b
s [ o a2 [ orrOPd

a [k . , )
Sﬁf [f(®) + h(D)] d”ﬁf [F(t) + h(D)] dt+mf [g(t) + r(©)]fdt

5 f (90 + r@Pde.

2(1—a)

(f + h)(k) and M (g + )P (k) to both sides, we provide

2(1 — )
(F + W00 + s f FOF. O de+ =5

If we add

2(1 - )
B(a)

(g +1)F k)

B
+ 3 f O [r () de

(1-a)

1-a)
= "B@)

B(a)

(F + 0 + 5 f [ + h(O)1°de +

(1-a)
B(a)

(f + (k)

(g +r)FPU) + 57—

a (P .
+mf [f(t) + h(t)]°dt +

G-a), o a )
D410+ s [ Lo + oV

o3 f (90 + r(DF e

+

We obtain
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2(1—a)

21-a)
¢+ 070+ 5 [ o g e+ 25D g 4 e

“B(a)

e f (O[Ot

< (CEI°(f + R)?) (k) + (FIZ(f + R)?) (k) + (E1%(g + 1)B) (k) + (FIZ(g + m)B) (k).

which completes the proof.

Corollary 2.2. Under the assumptions of Theorem 2.1, if we choose k = azﬁ, then we have the following

inequality:

2(1—a)
B(a)

’ 2(1— b
v h)9< +B(O{)f [F(1°. [g(D)]P dt + (B(a)a)(g+r)ﬁ<a-2}_ )

f (RO [r(D)]Fdt

B()
< (a0 + %) (S22) + (Frr + 09) (S20) + (o +9) (237)
+(CF1g(g+r)ﬁ)<kaJ2rb).

Corollary 2.3. Under the assumptions of Theorem 2.1, if we choose 8 = f§ = i, then we have the following

inequality:
2 =a) ok w/ d «) k " I d
5@ (f + ) ( )+B( 3] f()g(t) t+ ) (9+T) ( )+B( 3] (®r(t)dt

< (oo +w2) 00 + (I + h)f) () + (51 (g +1)2) (0
+ <CFI,§"(g + r)%) K).

Theorem 2.4.Let] S R.Supposethatf,g,h,r: [a,b] € I - R integrable positive functions for 0 <
6 <1,06 + f = 1. Then, we have following inequality for Caputo-Fabrizio fractional integral operator:

2(1 - a) o ,
20 —a) 2(b—a) pa
+ B(@) (g + r)PP (k) +m f [W(O1°[r(t)]Pdt — e

< (CE1%(f + h)PO) (k) + (SPIE(f + BPO) (k) + (51 (g +1)PP) (k)
+ (FI2(g + )PP ()
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where B(a) > 0 is normalization function, ¢ > 1,5 +% =1,k € [a,b] and a € [0,1].
Proof. We can write

[F(O1°.[g®)]f + [R©O1°[r(©)]F < [F(©) + R(D)]° + [g(®) + r(D]~.

By multiplying both sides of the above inequality with ﬂ we get

B(ﬂﬂm g1 + ——[h®O1°[r()]? < ——[f(©) + h(D)]? + [g(®) + (D]~

B() B() B()

By integrating both sides of the inequality over [a, b] with respect to t, we obtain

ﬂ ’ 0 B % P
B(Ol)_[a [f(t)] [g(t)] dt+B( )f [h(t) [T(t)] dt

f [F(0) + h(D)]de + P f lg(®) + r(O)Fd.

B() B(a)

If we apply the Young’s inequality to the right -hand side of the inequality, we get

_px ’ 0 B _pa b 0 p
oo | e to@ne e+ 3% [ er@pa

2] 1 0 b >
B(a)< f[f(t)+h(t)]? dt+qf 19dt + — f[f(t)-}-h(t)p dt + fqudt

1 b
B B
B( ) f [g(t) + r()]P dt+qf 19dt + — f [g(t) + r(t)]PPdt + fqudt>

b—k

vQ

b—k

= ( f[f(t)+h(t) p9dt+—+ f[f(t)+h(t) 1Pldt + )
k —
( f[g(t)+r(t) PBdt+—+ f[g(t)-}-r(t) det+_>

(—
pa_
"B@

L)

This implies,
2(b—a) pa
B(a)

e (P g4 P )
2o et acs 25 [ rorroFc-

pa

k
B(a)< f[f(t)J“h(t) 1PPde +— f[f(t)+h(t)]p9dt>

B(a)( f[g(t)+r(t) 1PEdt + — f[g(t)+r(t)]p/3dt>

If we add % (f + h)P?(k) and % (g + r)PB (k) to both sides of the inequality,



b b
%fa [F(©1°[g(©)]F dt + %fa [R®1°[r(O]Pdt —

2(1 )

(

+ (g + )P (k)

a
2+ 0 + e

( (f + (k) +B( )f [f(®) +h(D)] p"dt)
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2(b—a) pa 2(1-a)
B(a) B(a)

(f + B (k)

(k) + —— e f [F(t) + h(t)]PPdt

f [g(t) + r(t)]PPdt

+<(1_ )(g+r)pﬁ(k)+—f [g(0) + r(O)]PAdt ).

B(a) B(a)

Therefore, we conclude

Fde+—— B —
B( )f [f(t)] [g(t)] dt + f [h(t)] [T(t)] dt

B()

2(1-a)
B(a)

+ (g + )P (k)

2(b—a) pa 2(1-a)
B(a) B(a)

(f + B (k)

< (CE1%(f + h)PO) (k) + (FIE(f + )PP (k) + (C51% (g + 1)PP) ()

+ (FI2(g + r)PP) (k)

This completes the proof.
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