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Definition 1.1 [2] Let 𝑓𝑓 ∈ 𝐻𝐻1(𝑎𝑎,𝑏𝑏), 𝑏𝑏 > 𝑎𝑎,𝛼𝛼 ∈ [0,1]. The definitions of the left and right sides of the 
Caputo-Fabrizio fractional integral are given as:  

( 𝐼𝐼𝑎𝑎𝐶𝐶𝐶𝐶 𝛼𝛼)(𝑡𝑡) =
1− 𝛼𝛼
𝐵𝐵(𝛼𝛼) 𝑓𝑓(𝑡𝑡) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� 𝑓𝑓(𝑦𝑦)𝑑𝑑𝑦𝑦

𝑡𝑡

𝑎𝑎
 

and 

� 𝐼𝐼𝐶𝐶𝐶𝐶
𝑏𝑏
𝛼𝛼�(𝑡𝑡) =

1 − 𝛼𝛼
𝐵𝐵(𝛼𝛼) 𝑓𝑓(𝑡𝑡) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� 𝑓𝑓(𝑦𝑦)𝑑𝑑𝑦𝑦

𝑏𝑏

𝑡𝑡
 

where 𝐵𝐵(𝛼𝛼) > 0 is normalization function. 

Subsequently in the paper, we will denote normalization function as 𝐵𝐵(𝛼𝛼) with 𝐵𝐵(0) = 𝐵𝐵(1) = 1 . 

In [4], the authors provided an integral inequality of Hermite-Hadamard type for preinvex functions 
via Caputo-Fabrizio fractional integral operator as follows. 
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Theorem 1.2 Let 𝑓𝑓: 𝐼𝐼 = [𝑘𝑘1,𝑘𝑘1 + 𝜇𝜇(𝑘𝑘2,𝑘𝑘1)] → (0,∞) be a preinvex function on 𝐼𝐼° and 𝑓𝑓 ∈ 𝐿𝐿[𝑘𝑘1,𝑘𝑘1 +
𝜇𝜇(𝑘𝑘2,𝑘𝑘1)]. If  𝛼𝛼 ∈ [0,1], then the following inequality holds: 

𝑓𝑓 �
2𝑘𝑘1 + 𝜇𝜇(𝑘𝑘2,𝑘𝑘1)

2 � ≤
𝐵𝐵(𝛼𝛼)

𝛼𝛼𝜇𝜇(𝑘𝑘2, 𝑘𝑘1) � 𝐼𝐼𝑘𝑘1
𝐶𝐶𝐶𝐶 𝛼𝛼 {𝑓𝑓(𝑘𝑘)} + 𝐼𝐼𝐶𝐶𝐶𝐶

𝑘𝑘1+𝜇𝜇(𝑘𝑘2,𝑘𝑘1)
𝛼𝛼 {𝑓𝑓(𝑘𝑘)} −

2(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼)  𝑓𝑓(𝑘𝑘) � 

 ≤
𝑓𝑓(𝑘𝑘1) + 𝑓𝑓(𝑘𝑘2)

2                                                              

where  𝑘𝑘 ∈ [𝑘𝑘1,𝑘𝑘1 + 𝜇𝜇(𝑘𝑘2,𝑘𝑘1)]. 

For more information on various fractional operators and novel integral inequalities involving these 
operators, we recommend the following papers to readers: [1]-[21].  

Suppose that 

𝑎𝑎,𝑏𝑏, 𝑐𝑐, 𝑑𝑑 > 0, 0 < 𝜃𝜃 < 1,   0 < 𝛽𝛽 < 1,     𝜃𝜃 + 𝛽𝛽 = 1. 

If 𝑏𝑏 < 𝑎𝑎,    𝑑𝑑 < 𝑐𝑐, then 

                                                  𝑎𝑎𝜃𝜃𝑏𝑏𝛽𝛽 + 𝑐𝑐𝜃𝜃𝑑𝑑𝛽𝛽 ≤ (𝑎𝑎 + 𝑐𝑐)𝜃𝜃 + (𝑏𝑏 + 𝑑𝑑)𝛽𝛽                                                           (1) 

The fundamental inequality for integrable functions (1) can be given as:  

Suppose 𝑓𝑓,𝑔𝑔, ℎ, 𝑟𝑟 are integrable positive functions. 

𝑓𝑓(𝑡𝑡),𝑔𝑔(𝑡𝑡),ℎ(𝑡𝑡), 𝑟𝑟(𝑡𝑡) > 0, 0 < 𝜃𝜃 < 1,   0 < 𝛽𝛽 < 1,     𝜃𝜃 + 𝛽𝛽 = 1. 

If 𝑔𝑔(𝑡𝑡) <  𝑓𝑓(𝑡𝑡), 𝑟𝑟(𝑡𝑡)  <  ℎ(𝑡𝑡), then 

𝑓𝑓(𝑡𝑡)𝜃𝜃𝑔𝑔(𝑡𝑡)𝛽𝛽 + ℎ(𝑡𝑡)𝜃𝜃𝑟𝑟(𝑡𝑡)𝛽𝛽 ≤ �𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)�
𝜃𝜃

+ �𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)�
𝛽𝛽

. 

This inequality is a very basic inequality that holds for real numbers. We will use this inequality to 
prove our main findings.  

The paper demonstrates some new integral inequalities for integrable functions using the Caputo-
Fabrizio fractional integral operator. Young's inequality was used in some analysis methods. 

 
 

 
Theorem 2.1. Let 𝐼𝐼 ⊆  𝑅𝑅. Suppose that 𝑓𝑓,𝑔𝑔,ℎ, 𝑟𝑟 ∶  [𝑎𝑎, 𝑏𝑏]  ⊆  𝐼𝐼 →  𝑅𝑅+ integrable positive functions for 0 <
 𝜃𝜃 < 1,𝜃𝜃 +  𝛽𝛽 =  1. Then, for the Caputo-Fabrizio fractional integral operator, the following inequality 
holds: 

2(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝜃𝜃(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

2(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝛽𝛽(𝑘𝑘)

+
𝛼𝛼

𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡
𝑏𝑏

𝑎𝑎

≤ � 𝐼𝐼𝛼𝛼(𝑓𝑓 + ℎ)𝜃𝜃𝑎𝑎
𝐶𝐶𝐶𝐶 �(𝑘𝑘) + � 𝐼𝐼𝑏𝑏𝛼𝛼𝐶𝐶𝐶𝐶 (𝑓𝑓 + ℎ)𝜃𝜃�(𝑘𝑘) + � 𝐼𝐼𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝛽𝛽𝑎𝑎

𝐶𝐶𝐶𝐶 �(𝑘𝑘) + � 𝐼𝐼𝑏𝑏𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝛽𝛽𝐶𝐶𝐶𝐶 �(𝑘𝑘) 

where 𝐵𝐵(𝛼𝛼) > 0 is normalization function, 𝑘𝑘 ∈ [𝑎𝑎, 𝑏𝑏] and 𝛼𝛼 ∈ [0,1]. 

2. MAIN RESULTS 
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Proof. We will start with 
 

[𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽 + [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽 ≤ [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃 + [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽. 

By multiplying both sides of the above inequality with 𝛼𝛼
𝐵𝐵(𝛼𝛼)

, we have  

 
𝛼𝛼

𝐵𝐵(𝛼𝛼) [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽 +
𝛼𝛼

𝐵𝐵(𝛼𝛼) [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽 ≤
𝛼𝛼

𝐵𝐵(𝛼𝛼) [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃 +
𝛼𝛼

𝐵𝐵(𝛼𝛼) [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽. 

By integrating both sides of the inequality over [𝑎𝑎, 𝑏𝑏] with respect to 𝑡𝑡, we get 

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎
+

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎

≤
𝛼𝛼

𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃𝑑𝑑𝑡𝑡
𝑏𝑏

𝑎𝑎
+

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎
 

and then we get 

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎

≤
𝛼𝛼

𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎
+

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃𝑑𝑑𝑡𝑡

𝑏𝑏

𝑘𝑘
+

𝛼𝛼
𝐵𝐵(𝛼𝛼)

� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎

+
𝛼𝛼

𝐵𝐵(𝛼𝛼)
� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡
𝑏𝑏

𝑘𝑘
. 

If we add  2(1−𝛼𝛼)
𝐵𝐵(𝛼𝛼)

(𝑓𝑓 + ℎ)𝜃𝜃(𝑘𝑘) and 2(1−𝛼𝛼)
𝐵𝐵(𝛼𝛼)

(𝑔𝑔 + 𝑟𝑟)𝛽𝛽(𝑘𝑘) to both sides, we provide 

2(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝜃𝜃(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

2(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝛽𝛽(𝑘𝑘)

+
𝛼𝛼

𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡
𝑏𝑏

𝑎𝑎

≤
(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝜃𝜃(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃𝑑𝑑𝑡𝑡

𝑘𝑘

𝑎𝑎
+

(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝜃𝜃(𝑘𝑘)

+
𝛼𝛼

𝐵𝐵(𝛼𝛼)
� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃𝑑𝑑𝑡𝑡
𝑏𝑏

𝑘𝑘
+

(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝛽𝛽(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑘𝑘

𝑎𝑎

+
(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝛽𝛽(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)

� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡
𝑏𝑏

𝑘𝑘
. 

We obtain 
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2(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝜃𝜃(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

2(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝛽𝛽(𝑘𝑘)

+
𝛼𝛼

𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡
𝑏𝑏

𝑎𝑎

≤ � 𝐼𝐼𝛼𝛼(𝑓𝑓 + ℎ)𝜃𝜃𝑎𝑎
𝐶𝐶𝐶𝐶 �(𝑘𝑘) + � 𝐼𝐼𝑏𝑏𝛼𝛼𝐶𝐶𝐶𝐶 (𝑓𝑓 + ℎ)𝜃𝜃�(𝑘𝑘) + � 𝐼𝐼𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝛽𝛽𝑎𝑎

𝐶𝐶𝐶𝐶 �(𝑘𝑘) + � 𝐼𝐼𝑏𝑏𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝛽𝛽𝐶𝐶𝐶𝐶 �(𝑘𝑘). 

which completes the proof. 

Corollary 2.2. Under the assumptions of Theorem 2.1, if we choose 𝑘𝑘 = 𝑎𝑎+𝑏𝑏
2

, then we have the following 
inequality:  

 

2(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝜃𝜃 �

𝑎𝑎 + 𝑏𝑏
2 �+

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

2(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝛽𝛽 �

𝑎𝑎 + 𝑏𝑏
2 �

+
𝛼𝛼

𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡
𝑏𝑏

𝑎𝑎

≤ � 𝐼𝐼𝛼𝛼(𝑓𝑓 + ℎ)𝜃𝜃𝑎𝑎
𝐶𝐶𝐶𝐶 � �

𝑎𝑎 + 𝑏𝑏
2 �+ � 𝐼𝐼𝑏𝑏𝛼𝛼𝐶𝐶𝐶𝐶 (𝑓𝑓 + ℎ)𝜃𝜃� �

𝑎𝑎 + 𝑏𝑏
2 �+ � 𝐼𝐼𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝛽𝛽𝑎𝑎

𝐶𝐶𝐶𝐶 � �
𝑎𝑎 + 𝑏𝑏

2 �

+ � 𝐼𝐼𝑏𝑏𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝛽𝛽𝐶𝐶𝐶𝐶 � �𝑘𝑘
𝑎𝑎 + 𝑏𝑏

2 �. 

Corollary 2.3. Under the assumptions of Theorem 2.1, if we choose 𝜃𝜃 = 𝛽𝛽 = 1
2
, then we have the following 

inequality:  

2(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)

1
2(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� �𝑓𝑓(𝑡𝑡)𝑔𝑔(𝑡𝑡)

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

2(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)

1
2(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� �ℎ(𝑡𝑡)𝑟𝑟(𝑡𝑡)𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎

≤ � 𝐼𝐼𝛼𝛼(𝑓𝑓 + ℎ)
1
2𝑎𝑎

𝐶𝐶𝐶𝐶 � (𝑘𝑘) + � 𝐼𝐼𝑏𝑏𝛼𝛼𝐶𝐶𝐶𝐶 (𝑓𝑓 + ℎ)
1
2� (𝑘𝑘) + � 𝐼𝐼𝛼𝛼 (𝑔𝑔 + 𝑟𝑟)

1
2𝑎𝑎

𝐶𝐶𝐶𝐶 � (𝑘𝑘)

+ � 𝐼𝐼𝑏𝑏𝛼𝛼(𝑔𝑔 + 𝑟𝑟)
1
2𝐶𝐶𝐶𝐶 � (𝑘𝑘). 

Theorem 2.4. Let 𝐼𝐼 ⊆  𝑅𝑅. Suppose that 𝑓𝑓,𝑔𝑔,ℎ, 𝑟𝑟 ∶  [𝑎𝑎, 𝑏𝑏]  ⊆  𝐼𝐼 →  𝑅𝑅+ integrable positive functions for 0 <
 𝜃𝜃 < 1,𝜃𝜃 +  𝛽𝛽 =  1. Then, we have following inequality for Caputo-Fabrizio fractional integral operator: 

2(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃(𝑘𝑘) +

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡                                                             

+
2(1− 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽(𝑘𝑘) +

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎
−

2(𝑏𝑏 − 𝑎𝑎)
𝑞𝑞

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)                         

≤ � 𝐼𝐼𝛼𝛼(𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃𝑎𝑎
𝐶𝐶𝐶𝐶 �(𝑘𝑘) + � 𝐼𝐼𝑏𝑏𝛼𝛼𝐶𝐶𝐶𝐶 (𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃�(𝑘𝑘) + � 𝐼𝐼𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽𝑎𝑎

𝐶𝐶𝐶𝐶 �(𝑘𝑘)

+ � 𝐼𝐼𝑏𝑏𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽𝐶𝐶𝐶𝐶 �(𝑘𝑘) 
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where 𝐵𝐵(𝛼𝛼) > 0 is normalization function, 𝑞𝑞 > 1, 1
𝑞𝑞

+ 1
𝑝𝑝

= 1,𝑘𝑘 ∈ [𝑎𝑎, 𝑏𝑏]  and 𝛼𝛼 ∈ [0,1]. 

Proof. We can write 

[𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽 + [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽 ≤ [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃 + [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽. 

By multiplying both sides of the above inequality with 𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)

, we get  

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼) [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽 +

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼) [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽 ≤

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼) [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃 +

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼) [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽. 

By integrating both sides of the inequality over [𝑎𝑎, 𝑏𝑏] with respect to 𝑡𝑡, we obtain 

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎
+

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎

≤
𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝜃𝜃𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎
+

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎
. 

If we apply the Young’s inequality to the right -hand side of the inequality, we get 

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃. [𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡                                                  

𝑏𝑏

𝑎𝑎

≤
𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)�

1
𝑝𝑝
� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝑝𝑝𝜃𝜃𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎
+

1
𝑞𝑞
� 1𝑞𝑞𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎
+

1
𝑝𝑝
� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝑝𝑝𝜃𝜃𝑑𝑑𝑡𝑡 +

1
𝑞𝑞
� 1𝑞𝑞𝑑𝑑𝑡𝑡
𝑏𝑏

𝑘𝑘

𝑏𝑏

𝑘𝑘
�

+
𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)�

1
𝑝𝑝
� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝑝𝑝𝛽𝛽𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎
+

1
𝑞𝑞
� 1𝑞𝑞𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎
+

1
𝑝𝑝
� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝑝𝑝𝛽𝛽𝑑𝑑𝑡𝑡 +

1
𝑞𝑞
� 1𝑞𝑞𝑑𝑑𝑡𝑡
𝑏𝑏

𝑘𝑘

𝑏𝑏

𝑘𝑘
�

=
𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)�

1
𝑝𝑝
� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝑝𝑝𝜃𝜃𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎
+
𝑘𝑘 − 𝑎𝑎
𝑞𝑞 +

1
𝑝𝑝
� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝑝𝑝𝜃𝜃𝑑𝑑𝑡𝑡 +

𝑏𝑏 − 𝑘𝑘
𝑞𝑞

𝑏𝑏

𝑘𝑘
�               

+
𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)�

1
𝑝𝑝
� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝑝𝑝𝛽𝛽𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎
+
𝑘𝑘 − 𝑎𝑎
𝑞𝑞 +

1
𝑝𝑝
� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝑝𝑝𝛽𝛽𝑑𝑑𝑡𝑡 +

𝑏𝑏 − 𝑘𝑘
𝑞𝑞

𝑏𝑏

𝑘𝑘
�.              

This implies, 

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃[𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎
−

2(𝑏𝑏 − 𝑎𝑎)
𝑞𝑞

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)

≤
𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)�

1
𝑝𝑝
� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝑝𝑝𝜃𝜃𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎
+

1
𝑝𝑝
� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝑝𝑝𝜃𝜃𝑑𝑑𝑡𝑡
𝑏𝑏

𝑘𝑘
�                        

+
𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)�

1
𝑝𝑝
� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝑝𝑝𝛽𝛽𝑑𝑑𝑡𝑡
𝑘𝑘

𝑎𝑎
+

1
𝑝𝑝
� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝑝𝑝𝛽𝛽𝑑𝑑𝑡𝑡
𝑏𝑏

𝑘𝑘
�.                      

If we add  2(1−𝛼𝛼)
𝐵𝐵(𝛼𝛼)

(𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃(𝑘𝑘) and 2(1−𝛼𝛼)
𝐵𝐵(𝛼𝛼)

(𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽(𝑘𝑘) to both sides of the inequality, 
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𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃[𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎
−

2(𝑏𝑏 − 𝑎𝑎)
𝑞𝑞

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼) +

2(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃(𝑘𝑘)

+
2(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽(𝑘𝑘)

≤ �
(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝑝𝑝𝜃𝜃𝑑𝑑𝑡𝑡

𝑘𝑘

𝑎𝑎
�

+ �
(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡) + ℎ(𝑡𝑡)]𝑝𝑝𝜃𝜃𝑑𝑑𝑡𝑡

𝑏𝑏

𝑘𝑘
�

+ �
(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝑝𝑝𝛽𝛽𝑑𝑑𝑡𝑡

𝑘𝑘

𝑎𝑎
�

+ �
(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽(𝑘𝑘) +

𝛼𝛼
𝐵𝐵(𝛼𝛼)

� [𝑔𝑔(𝑡𝑡) + 𝑟𝑟(𝑡𝑡)]𝑝𝑝𝛽𝛽𝑑𝑑𝑡𝑡
𝑏𝑏

𝑘𝑘
�. 

Therefore, we conclude 

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [𝑓𝑓(𝑡𝑡)]𝜃𝜃[𝑔𝑔(𝑡𝑡)]𝛽𝛽

𝑏𝑏

𝑎𝑎
𝑑𝑑𝑡𝑡 +

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼)� [ℎ(𝑡𝑡)]𝜃𝜃[𝑟𝑟(𝑡𝑡)]𝛽𝛽𝑑𝑑𝑡𝑡

𝑏𝑏

𝑎𝑎
−

2(𝑏𝑏 − 𝑎𝑎)
𝑞𝑞

𝑝𝑝𝛼𝛼
𝐵𝐵(𝛼𝛼) +

2(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃(𝑘𝑘)

+
2(1 − 𝛼𝛼)
𝐵𝐵(𝛼𝛼) (𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽(𝑘𝑘)

≤ � 𝐼𝐼𝛼𝛼(𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃𝑎𝑎
𝐶𝐶𝐶𝐶 �(𝑘𝑘) + � 𝐼𝐼𝑏𝑏𝛼𝛼𝐶𝐶𝐶𝐶 (𝑓𝑓 + ℎ)𝑝𝑝𝜃𝜃�(𝑘𝑘) + � 𝐼𝐼𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽𝑎𝑎

𝐶𝐶𝐶𝐶 �(𝑘𝑘)

+ � 𝐼𝐼𝑏𝑏𝛼𝛼(𝑔𝑔 + 𝑟𝑟)𝑝𝑝𝛽𝛽𝐶𝐶𝐶𝐶 �(𝑘𝑘) 

This completes the proof. 
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