Uludag University Journal of The Faculty of Engineering, Vol. 29, No. 1, 2024 RESEARCH

DOI: 10.17482/uumfd.1318643

PI CONTROLLER DESIGN FOR TIME DELAY SYSTEMS USING
DIFFERENT MODEL ORDER REDUCTION METHODS

Hilal IRGAN®
Nusret TAN™

Received: 22.06.2023; revised: 08.11.2023; accepted: 04.01.2024

Abstract: This study focuses on designing PI controllers for time-delay systems using various model order
reduction techniques to reduce complexity. The stability boundary locus method was used to determine PI
parameters that stabilizing reduced order models. After the PI parameters have been determined using the
weighted geometric center method, the calculated controller parameters have been implemented in the
original system. In this way, the efficiency of the controller design is effectively demonstrated through the
reduction techniques. In addition, the study investigated the effectiveness of reduction methods with
increasing time delay and adding an integrator to the system. The importance of these results is that they
demonstrate the use of model order reduction techniques in the design of controllers for time-delay systems
and reveal the advantages of these methods.
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Farkh Model Derecesi indirgeme Yontemleri Kullamlarak Zaman Gecikmeli Sistemler icin PI
Kontrolor Tasarim

Oz: Bu calisma, karmasiklig1 azaltmak icin gesitli model derecesi azaltma tekniklerini kullanarak zaman
gecikmeli sistemlerde PI denetleyicileri tasarlamaya odaklanmistir. Dereceleri azaltilmis modelleri
stabilize eden PI parametrelerini belirlemek igin kararlilik smir egrisi metodu kullanilmigtir. PI
parametreleri agirliklt geometrik merkez yontemi ile elde edildikten sonra, bu kontroldr parametreleri
orijinal zaman gecikmeli modellerde uygulanmigtir. Boylece, model derecesi azaltma tekniklerinin
uygulanmasi yoluyla kontroldr tasariminin verimliligi etkili bir sekilde gosterilmistir. Ayrica ¢alisma, artan
zaman gecikmesi ve sisteme bir integrator eklenmesi ile model derecesi azaltma yontemlerinin etkinligini
arastirmistir. Bu bulgularin 6nemi, zaman gecikmeli sistemlerde kontrolor tasariminda model derecesi
azaltma tekniklerinin kullaniminin gosterilerek bu yontemlerin avantajlarinin ortaya konmasidir.
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1. INTRODUCTION

In practice, many systems have a time delay in their structure. The presence of delay can stem
from its intrinsic properties or from the reuse of system outputs as inputs, as well as the inability
to synchronize input-output signals. This delay can have a disruptive effect on both the stability
and transient characteristics of the system (Zhong, 2006). Time-delay systems can also appear as
models with integrators such as pure integrator plus dead time (PIPDT), double integrator plus
dead time (DIPDT), etc. Systems with integrators are also frequently encountered in practice. The
transfer functions of such systems may have one or more poles at the origin of the s-plane.
Therefore, this type of system can produce unbounded output versus bounded input. It is difficult
to get a good closed-loop response as this will make the system unstable (Kaya and Peker, 2020).
For time-delay systems it is very important to account for the exact delay in the control design,
which if ignored will often result in poor performance or even instability. However, due to the
complexity of the analysis of such systems, it is difficult to get the exact time-delay in the design
process. Therefore, approaches such as Padé, Crude, Limit approach, and Maclaurin series

expansion have been developed in the literature to convert the e™*” exponential function to an
integer order transfer function during the design stage of the control system. As the degree of
these approaches increases, the real-time delay is approached. However, since the order of the
system will increase depending on the degree of approximation, it becomes difficult to solve the
characteristic equations. The principal purpose of reduced-order modeling of high-order systems
is the simplicity of reduced-order controller design. In addition, many analytical analysis methods
can be used for analysis and control of the low-order reduced model of the original system (Garg,
2017; Krishnamurthy and Seshadri, 1978; Sikander and Prasad, 2017). Therefore, Model Order
Reduction (MOR) techniques have been developed in the literature to convert high-order systems
to low-order systems (Chen, Chang, and Han, 1979; Garg, 2017; Gutman, Mannerfelt, and
Molander, 1982; Komarasamy, Albhonso, and Gurusamy, 2012; Krishnamurthy and Seshadri,
1978; Parmar, Mukherjee, and Prasad, 2007; Prajapati and Prasad, 2020; Sinha and Pal, 1990).
In the literature, the problem of controlling time-delay systems has been an important issue.
Currently, PI and PID controllers are widely utilized in industrial applications owing to their
simple design and robust performance. Generally, in practical applications, PI controllers are
preferred more because of the measurement noise caused by the effect of the derivative part
(Monje, Chen, Vinagre, Xue, and Feliu-Batlle, 2010). Although the PID controller has only three
parameters (proportional gain (k,)-integral gain (k;) and derivative gain (k4)), it is not easy to find
appropriate values of k,, k;and ks without a systematic rule. Many studies have been done, and
some methods have been developed to determine the appropriate parameters in these popular
controllers. The most basic known parameter adjustment methods can be listed as Ziegler and
Nichols (1942), Astrom and Héagglund (1995), Cohen and Coon (1953), and Tyreus and Luyben
(1992) (Astrom and Higglund, 1995; Cohen and Coon, 1953; Tyreus and Luyben, 1992; Ziegler
and Nichols, 1942). The tuning methods for these controllers can yield diverse responses in
various control systems. Important studies are also carried out on obtaining PID tuning formulas
for time-delay systems (Bagis and Senberger, 2017; Kaya, 2021; Malwatkar, Sonawane, and
Waghmare, 2009; Onat, 2013; Onat, Hamamci, and Obuz, 2012; Ozyetkin, Onat, and Tan, 2018;
Ozbek, 2018; Ozyetkin, Onat, and Tan, 2012; Ozyetkin and Toprak, 2016; Pai, Chang, and
Huang, 2010; Tan, 2005; Tyreus and Luyben, 1992). Closed-loop stability is the most critical
characteristic that a controller must provide among various design criteria. The stability region,
which refers to the set of controller parameters that yield a stable closed loop, is a crucial concept
in analyzing the PI controller (Dogruer and Tan, 2018; Rahimian and Tavazoei, 2012). Therefore,
it is crucial to calculate the controller parameters that ensure closed-loop stability, and several
methods have been developed for this purpose. One of these methods is the Stability Boundary
Locus (SBL) technique, which is a graphical approach to determining the controller parameters
that stabilize a closed-loop system (Tan, 2005; Tan, Kaya, Yeroglu, and Atherton, 2006). A recent
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design method for PI control of time-delay systems involves using the stability region’s Weighted
Geometric Center (WGC), which is obtained from the SBL method (Onat, 2013).

In this study, PI controllers are designed for time-delay systems using different MOR
methods. The method presented is summarized as follows: First, the Padé approach is used to
convert time-delay systems to integer order systems. The orders of integer order systems are
reduced by Routh stability, Stability equation, Differential equation, and Pole clustering methods.
The SBL method was used to obtain the PI parameters that stabilize the reduced models.
Appropriate PI parameters within the stable region were determined by the WGC method. Closed-
loop unit step responses and performance parameters are obtained by applying the designed PI
controllers to the original time-delay model. The preliminary version of this paper was published
by Irgan and Tan (2022) in ELEC0O2022 Symposium (Irgan and Tan, 2022).

The paper is organized as follows: Section 1 provides information on time-delay systems,
MOR methods, and controller tuning methods. In Section 2, several MOR methods found in the
literature are explained. Section 3 mentions the SBL method to determine the PI controller’s stable
operating region. Section 4 presents the WGC method to obtain the PI parameters. In Section 5,
different high-order time-delay transfer functions are taken as an example, and simulation results
are presented. In Section 6, the methods are compared and discussed.

2. MODEL ORDER REDUCTION METHODS

First and second order systems, which are important in control systems, are used to express
many real systems and are easy to mathematically analyze. For this reason, MOR methods are
used to convert high-order systems to low-order systems. Various MOR methods available in the
literature are pole clustering methods (Garg, 2017; Komarasamy et al., 2012; Prajapati and Prasad,
2020; Sinha and Pal, 1990), routh stability method (Krishnamurthy and Seshadri, 1978),
differential equation method (Gutman et al., 1982), stability equation method (Chen et al., 1979)
and coefficient matching method, etc. In this section, the MOR methods available in the literature
and used in this study are presented.

2.1.Routh Stability Method

This method, developed by Krishnamurthy et al. (1978), is based on the Routh stability
criterion (Krishnamurthy and Seshadri, 1978). By creating the Routh table of the model to be
reduced, the first two rows of the table are written from the original transfer function, and the
coefficients of the remaining rows are calculated according to Equation (1):

¢, = (Curza X €)= (Coraa XCuapa) , a23&b21 (1

ab

ca—l,l

Dx(s), which the k”-order reduced polynomial of the original n”-order polynomial, is written
according to Equation (2) using the first two rows of the table containing the order to be reduced:

bib++ b:b++
a:a+2<k a:a+2<k-1
_ k—a k-1-a
D,(s)= Z CokrpS T Z Coks2pS (2)
a=0 a=0
b=1 b=1

2.2.Differential Equation Method

This method relies on the derivative of both the numerator and denominator polynomials
(Gutman et al., 1982). After the original polynomial of n”-order is changed according to Equation
(3), it is successively differentiated as in Equation (4) until a model of k”-order is obtained.
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d (s)=s"D, (lj 3)
)
()= (s) )
os

D,(s) is the original polynomial of n”-order, d,(s) is the differentiated polynomial, and d(s)
is the reduced order differentiated polynomial. The coefficients of the di(s) polynomial are
exchanged according to Equation (5) to obtain the normalized reduced order polynomial Dy(s).

1
D,(s)=s"d, (—j (5)
S
2.3. Stability Equation Method

In this approach developed by Chen T. C. et al. (1979), the reduced model is obtained by
decreasing the order of stability equations of the high-order transfer function (Chen et al., 1979).

D,(s)=D,(s)+D,(s) (6)

Where, D.(s) and D,(s), are the even and odd functions of the original polynomial D,(s) of
n"-order, respectively, and are obtained according to Equation (7). These equations are called
stability equations. The roots of D.(s) and D,(s) denote zeros (z;) and poles (p;), respectively.

n

D(s)= Y bs' =ﬁ(s2 +z7)

i=0,2,4,.. i=1

bs' :sl_[(s2 +p7)

i=1

- (7)
D,(s)=

i=1,3,5,

n’=n/2 (if n is even), n’=(n-1)/2 (if n is odd). To reduce the stability equations order’s, non-
dominant zeros/poles are discarded, and the reduced stability equations coefficients are multiplied
by the value of the discarded zeros/poles (zp/pp) as in Equation (8). In this way, the steady-state
response of reduced order model remains equivalent to that of the original system.

n'-1
D (9)=z,"T](s* +2,7)

i=1 " (8)
D (s)=sx pDzl_[(s2 +pp0)

i=1

Where, D'.(s) and D's(s) denote the even and odd functions of the reduced order polynomial,
respectively. The reduced stability equations are thus represented by Equation (9):

D, (s)=D (s)+D,(s), nis even

, : 9
D, (s)=D,(s)+D (s), nis odd

In each zero/pole discarding operation, the order of the model is reduced by 1 order. Accordingly,
the zero/pole removal process is continued starting from the highest zero/pole value until the
desired lower-order model is obtained.
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2.4.Pole Clustering Method

Prajapati and Prasad (2020) introduced an enhanced Pole clustering algorithm, which is a
variant of the Pole clustering method proposed by Sinha and Pal (1990) (Prajapati and Prasad,
2020). In this method, clusters are created with the original model poles. The number of clusters
should be equal to the order of the model to be reduced. An algorithm is used when placing the
poles of the original model into the clusters. According to this algorithm, it requires separate
clustering for real and complex poles while the system is reduced. Also, the poles on the jw-axis
and the origin of the s-plane are kept in the reduced order model. After the poles of the original
system in the left half of the s-plane are arranged as —p;,—po, ..., —=pi, ..., —P» V |pi|<|pi+i|, the
cluster centers are determined by placing them in clusters as shown in Equation (10).

(-1/X)
1 1 1 1
¢ =- < |+ < |+ < |+ <11 /a
{LPJ jl ka+1| ] [|p2k+1| } l:pn—k+l| ] /
. -1/X)
Wt ) Upeal™ ) Upael ] sl (10)

Where, ¢, ¢,,.., ¢k and q, b,.., ¢ denotes the cluster centers and number of poles in these
clusters, respectively. The value of X can be any natural number selected depending on the
accuracy required in the reduced order model. If the value of X is greater than 1, it means that the
cluster center is closer to the dominant pole of that cluster. After calculating the cluster centers,
the polynomial of the A”-order reduced order model is obtained as in Equation (11):

D.(s)=(s—¢)(s—¢,)...(s—¢,) (11)

3. SBL ANALYSIS TO DETERMINE PI CONTROLLERS

The calculation of the controller parameters that stabilize the closed-loop system in control
systems is an important issue, and many methods have been developed in the literature for this.
SBL analysis, one of these methods, depends on the controller parameters (k,, 4;) and frequency
(). Since @ can vary from 0 to oo, it can be calculated with the help of the following equations
(Ozyetkin and Toprak, 2016; Tan, 2005; Tan et al., 2006). The system transfer function to be
controlled in the control system in Figure 1 is given in Equation (12), and the PI controller transfer
function is given in Equation (13). The closed-loop characteristic equation of the system A(s) is
obtained as in Equation (14):

_N@)
G(s)= ) (12)
k. ks+k,
C(S)=kp+—’= L (13)
s N
A(s) =1+ C(s)G(s) = (k,s + k)N (s)+sD(s) (14)
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R(s) Y(s)
C(s) G(s) >

>
Output

Y

Reference

Controller Plant

Figure I:
Feedback control system block diagram.

Equation (15) is formed by separating the numerator and denominator equations of G(s) into
even and odd functions and writing s=jw:

N, (-@*)+ joN,(-@”)

G(jw)=
U =D Cal)+ jab, o) (15)
Then, the characteristic equation is written as in Equation (16) and Equation (17):
A(jo)=[ kN, (-0")~k,0’N,(-0") -’ D, (-0") |
(16)
+ j[ k,@N, (") + koN,(-0*) + oD, (-o) |

A(jo)=R, + jI, (17)

Equation (18) is obtained by equating the real and imaginary parts of 4(jw) to zero.

kN, (-0°) - kpa)zNU (~0*)=w’D,(-®")

(18)

kp N, (—0*) + k.oN, (—0*) = -wD, (—0%)
Equations (19)-(20) are obtained by subtracting the unknowns &, and k; from Equation (18).

i _ @D, (0N, (-0")+ D, (-0 )N, (-0
P _(a)zNaz(_a)z)+Nez(_w2)) (19)

_ @D (0N, (-0") -’ D,(-&")N, (")

k.
~(&’N, (") + N (-0))

1

(20)

Equations (19) and (20) are solved simultaneously to plot the SBL, /(k,, ki, @), on the (k,-k:)
parameter plane in Figure 2. The SBL and k;(0) =0 real root boundary line divides the (k,-k;) plane
to stable and unstable regions (Tan et al., 2006). Since the real root of A(s) in Equation (14) can
pass through the imaginary axis at s=0, so for =0, 1,=0 and R,=0, k=0 can be found (Onat et
al., 2012; Tan et al., 2006). The SBL graph is drawn on the (k,, k) plane by solving the k,(w)-
ki(w) equations for each w value for ®€[0, Wma]. This wme value is the w value that satisfies the
equation ki(w)= ki(0)=0. Accordingly, it can be seen from Figure 2 that the (k,, ki) coordinate
points are in different positions for each w value. While the points are close to each other at small
w values, they are far away at large w values, and when the w value increases too much, the points
are very far away from each other. These points end at the real root boundary (k£=0). Here, the
number of coordinate points obtained increases and decreases with the step interval of w (4dw).
As Aw decreases, the number of samples will increase and therefore the controller parameters will
be calculated more accurately.
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Figure 2:
SBL graph and representation of WGC.

4. CALCULATION OF PI CONTROLLER PARAMETERS WITH WGC METHOD

The WGC method provides the suitable coordinate point(s) within the stability region
according to the controller parameters. Since the method is simple to implement, it is a good
approach to obtain the suitable operating point. The WGC is calculated using the points from the
SBL. This curve covering the stability region is as shown in Figure 2. It consists of # points with
coordinates (ky1, kir), (kp2, kiz),., (kpn, kin) and (kp1, 0), (kp2, 0),..,(kpm, 0). Accordingly, the k, and k;
coordinate values of the WGC are calculated using Equation (21) and (22), respectively (Onat,
2013).

1&
k, zzzkpm 21)
m=1
1 & 1 &
ki - E;(kim +ki (0)) - Emz:;kim (22)

5. SIMULATION STUDIES

In this section, 4M-order with low time-delay, high time-delay, and integrating plus time-delay
models are examined, respectively. The time-delay terms of the higher order models were first
transformed into integer-order models with the Padé approach, and then their orders were reduced
with the MOR methods mentioned in the article. Using the block diagram in Figure 1, SBL
analysis was performed for the reduced order models, respectively, and appropriate controller
parameters within the stable region under these SBL graphs were determined by the WGC
method. Accordingly, PI controllers were designed, and the performance of these PI controllers
in controlling the original time-delay models was examined.

5.1.Example 1

The 4™-order transfer function with 0.1s time-delay given in Equation (23) has been selected
from the literature (Malwatkar et al., 2009).
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_ 1 —0.1s
G = ey D (23)

The 6™-order integer order transfer function obtained when the 0.1s time-delay in this system
is converted to its integer order equivalent with the 2"-order Padé is given in Equation (24).

s —60s +1200

6 5 4 3 2 (24)
s° +655° +1509s* + 65485 +11284s* +9840s + 4800

Glpade (S) =

Using the methods introduced in Section 2, the 4"-order reduced order transfer functions of
the 6M-order Gipade(s) transfer function are obtained as in Equation (25)- Equation (28).

Differential equation method (Gutman et al., 1982):

3o(s2 —60s +1200)
3018s* +39288s° + 1354085 + 1968005 + 144000

G, (s)= (25)

Routh stability method (Krishnamurthy and Seshadri, 1978):

s —60s +1200

G, (s)=
1 (s) 1408.265" + 6084.16s° +11132.65s* + 9618.45s + 4800

(26)

Stability equation method (Chen et al., 1979):

s —60s +1200

G.(s)=
n () 1502s* + 6449s> +11280s> + 98415 + 4800

27)

Pole clustering method (Prajapati and Prasad, 2020) (for X=10):

0.9568(s2 —60s + 1200)

(28)
1000s* +5072s” + 94355 +8880s + 4593

G(s)=

The unit step responses of the original G;(s) model and reduced order Gi:(s), Giz(s), Gi3(s),
and G4(s) models are shown in Figure 3. When the unit step responses in Figure 3 are examined,
it is concluded that the reduced order models obtained by all methods converge quite well to the
original model (G;(s)). Although it is seen that the model obtained by the Differential equation
method (G,(s)) converges less to the original model than the other models, the G2(s), Gi3(s), and
G4(s) models obtained by the Routh stability, Stability equation and Pole clustering methods
converge almost exactly to the original model, respectively.

SBL analysis was performed for the reduced order Gi,(s), Gi2(s), Gi3(s), and Gi4(s) models
and the k, and k; equations related to w were obtained as in Equation (29)- Equation (36).

For Gy;(s) model;
. 8.149¢070" — 6.542¢l 160" +8.836el 40’ —2.648el Tw' +6.81el8cw” —6.718el 8 (29)
? 8100000° —3.89e09¢° +7.002¢12¢"* —5.601el 5" +1.68el 8

b= 6.611e060° —1.664e090" +7.344e09° (30)
[ 900@" +1.08¢060" +1.296e09
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For G(s) model;

. 14080" —1.06e07 0" +1.322e100° —3.057¢120* +2.011el30” —8.294¢12
’ " —48600° +8.784e06" —6.998¢090” + 2.074e12

b= 905640° —7.978¢06w" +1.183e07 w0’
" o' +12000° +1.44¢06
For G;3(s) model;

i 15020 —1.13e07" +1.41el00° —3.252e1 2" +2.038e13w” — 8.294e12
g @' —48600° +8.784e060" — 6.998¢090” + 2.074¢12

p = 965690° —8.425¢060" +1.21e07w’
f @ +12000” +1.44€06

For G4(s) model;

=879~ 100" —6.151e— 050" +0.07470° — 2.5920" +15.290" — 6.952
’ 8.381e—13w® —5.658¢ — 08w°® + 0.0001334w"* —0.08147w* +1.738

_0.062260° —6.3740" +10.460°
" 9.155¢—07w* +0.0010990° +1.318

€2))

(32)

(33)

(34)

(35)

(36)

For the G/(s), G12(s), G13(s), and G4(s) models, the appropriate k, and k; values were obtained
with the help of the WGC equations given in (21) and (22). Accordingly, SBL graphs and WGC
points were obtained for the G;,(s), G12(s), Gi3(s), and G14(s) models, respectively, as in Figure 4.
The w values satisfying the k=0 equation in the SBL graphs of the Gi(s), Gi2(s), Gis(s), and
G14(s) models in Figure 4 were found to be 2.1198, 1.2282, 1.2084 and 1.2916, respectively. After
obtaining the appropriate &, and &; values in the stability region with the WGC method as in Figure
4, Gei(s), Gea(s), Ges(s), and Geq(s) PI controllers were designed, respectively, and these PI

controllers were applied to the original G;(s) model.

0.35 T T T T T
—Gl(s) 7G”(s) _G12(s) 7G13(s) —GM(S)
03 1

0.25

0.2

Amplitude
>
o

-0.05 1 L 1 L I
0 2.5 5 7.5 10 12.5 15

time (s)

Figure 3:

Unit step responses of original G(s) model and reduced G1:(s), Gi2(s), Gi3(s), Gi4(s) models.
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6
3
4 2
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P
2 1 A
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1
0 0
5 25 0 25 5 75 10 125 5 25 0 25 5 15
k k
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3 3
-2 -2
“ k =0.1229 = k,=0.1743
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1 a 1
" k=08104 k;=0.8747
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4 2 0 2 4 6 -4 -2 0 2 4 6 8
k k
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Figure 4:

SBL graphs for reduced order models G1(s), Gi2(s), Gi3(s), and G4(s).

1.4 T T T T T T
_— Gcl(s) Gcz(s) ch(s) Gc4(s)
. 4
=
El
=
= i
=
<«
8§ 10 12 14
_0‘2 | | | | | | | | |
0 5 10 15 20 25 30 35 40 45 50
time (s)
Figure 5:

Closed-loop step responses for Gi(s) model.

The closed-loop unit step responses obtained are shown in Figure 5 and the performance
values are shown in Table 1. When the closed-loop unit step responses in Figure 5 and the
performance values in Table 1 are examined, it is seen that the G;(s) controller designed
according to the G;;(s) model obtained by the Differential equation method controls the original
Gi(s) system worse than the other controllers. However, it is seen that Gez(s), Ges(s), and Ge«(s)
controllers designed using Gi2(s), Gi3(s), and G4(s) models obtained by Routh stability, Stability
equation, and Pole clustering methods control the original G;(s) system with good performance.

According to these values, it is concluded that Routh stability, Stability equation and Pole
clustering MOR methods can be used effectively while designing the controller in short time-
delay systems.
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5.2.Example 2

The 4%-order transfer function with 3s time-delay given in Equation (37) has been selected
from the literature (Huang, Jeng, and Luo, 2005).

2 ! 2 e™
(s"+10s+1)(s+1)

G,(s)= (37)

The 6"-order integer order transfer function obtained when the 3s time-delay in this system
is converted to its integer order equivalent with the 2"-order Padé is given in Equation (38).

s? =25 +1.333
s +14s° +47.335" + 725 +54.335% + 185 +1.333

G, paae (8) = (3%)

Using the methods introduced in Section 2, the 4M-order reduced order transfer functions of
the 6M-order Gpade(s) transfer function are obtained as in Equation (39)- Equation (42):

Differential equation method (Gutman et al., 1982):

30(s2 —2s+1.333)

G21 (S) = 4 3 P (39)
94.66s" +4325” + 6525~ +360s +39.99
Routh stability method (Krishnamurthy and Seshadri, 1978):
s*—2s+1.333
G,(s)= 40
20 = 05 15445 153,045 +17.565 +1333 (*0)
Stability equation method (Chen et al., 1979):
s’ —2s5+1.333
G, (s)= 41
50 S 155 1 68.315" + 543157 1 185 41333 (1)
Pole clustering method (Prajapati and Prasad, 2020) (for X=10):
0.1052(s* —2s+1.333
Gyy(s) = ( ) (42)

st +3.142s° +3.7235° +1.7335 +0.1402

The unit step responses of the original G»(s) model and reduced order G::(s), Ga2:(s), G23(s),
and G24(s) models are shown in Figure 6. When the unit step responses in Figure 6 are examined,
it is concluded that the reduced order models obtained by all methods converge to the original
model (Gz(s)). Although it is seen that the model obtained by the Differential equation method
(G:1(s)) converges less than the other models, the G22(s) and G23(s) models obtained by the Routh
stability and Stability equation methods, respectively, converge to the original model more. In
addition, the convergence of the reduced G.+ model obtained by the Pole clustering method to the
original model is less than in Example 1. This is because high value poles move the cluster center
away from the dominant poles. This reduces the convergence to the original model. Moreover,
the integer equivalent model obtained with the 2"-order Padé approach has an inverse response.
Thus, the reduced order models converge less to the original model.
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Figure 6:

Unit step responses of original G(s) model and reduced G»i(s), G2(s), G23(s), G24(s) models.

SBL analysis was performed for the reduced order G2:(s), G22(s), G23(s), and G24(s) models
and the &, and &; equations related to w were obtained as in Equation (43)- Equation (50).

For G:;(s) model;

_2.556€060" —6.155¢070° +2.522e080° —2.973¢08w" +8.785¢07 w* —2.557¢06

kp 8 6 4 2 (43)
8100000" —4.373¢060° +8.78¢06w" —7.77e06w* +2.55706
1.864¢040° —1.864e04 0" +1.68¢040”
k = - : (44)
900w* +1201w* +1599
For G2(s) model;
i = 42.190"° —583.70° +14190° —1107w" +205.80” —3.157 (45)
’ @* —7.3320° +15.990" —13.030* +3.157
138.80w° —196.20" +26.07 "
k = - . (46)
®* +1.3340° +1.777
For G23(s) model;
- 46.150" —652.40° +15600° —1185w* +210.40” —3.157 @7
’ @ —7.3320° +15.990" —13.030* +3.157
i = 160.60° —217.70" +26.660" (48)
! ®* +1.3340% +1.777
For G24(s) model;
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Figure 7:
SBL graphs for reduced order models G2i(s), G2:(s), G23(s), and G24(s).

= ®" —56.330" +332.60° —437. 70" +125.10° —3.157
r @' —7.3320° +15.990" —13.030> +3.157
p = 140° —75.990" + 23.10"
" 0 +1.3340% +1.777

(49)

(50)

After obtaining the k, and &; equations for the G2;(s), G2:(s), G23(s), and Gz4(s) models, the
appropriate k, and k; values were obtained with the help of the WGC equations in Equation (21)
and (22). Accordingly, SBL graphs and WGC points were obtained for the G2i(s), G22(s), G23(s),
and Ga4(s) models, respectively, as in Figure 7. In the SBL graphs of the G2:(s), G22(s), G23(s),
and G24(s) models in Figure 7, the w values satisfying the k=0 equations were found to be 0.5198,
0.3854, 0.3690, and 0.4592, respectively.

The appropriate k, and &; values in the stability region were obtained using the WGC method
for the G2:(s), G22(s), G23(s), and Ga4(s) models as shown in Figure 7. Then, PI controllers G;(s),
Geo(s), Ges(s), and Gq(s) were designed, respectively, and these PI controllers were applied to the
original G»(s) model. The closed-loop unit step responses obtained are shown in Figure 8 and the
performance values are shown in Table 1.

—_— Gcl(s) Gcz(s) Gcg(s)

Gc4 )

Amplitude

0.2 I 1 I 1 I
0 25 50 75 100 125 150

time (s)
Figure 8:
Closed-loop step responses for Ga(s) model.
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When the closed-loop unit step responses in Figure 8 and the performance values in Table 1
are examined, it is concluded that the G.«(s) controller designed according to the G.4(s) model
obtained by the Pole clustering method controls the original G»(s) system worse than the other
controllers. It is seen that the Ge2(s) and Ges(s) controllers designed using the Gax(s) and Ga;z(s)
models obtained by Routh stability and Stability equation methods control the original G(s)
system with good performance. According to these values, it is concluded that the Routh stability
and Stability equation MOR methods can be used more effectively than other methods when
designing the controller in long time-delay systems.

5.3. Example 3

The 4™-order integrating transfer function with 2s time-delay given in Equation (51) has been
selected from the literature (Peker and Kaya, 2022).

1 -2s
()= s(s+1)(0.53+1)(0.25s+1)e (1)

The 6™-order integer order transfer function obtained when the 2s time-delay in this system
is converted to its integer order equivalent with the 2™-order Padé is given in Equation (52).

s?—=35+3

G s)=
270 () 0.1255° +1.255° +4.75s* +8.875s> +8.25s% +3s

(52)

Using the methods introduced in Section 2, the 4®-order reduced order transfer functions of
the 6M-order Gspade(s) transfer function are obtained as in Equation (53)- Equation (56).

Differential equation method (Gutman et al., 1982):

20(s2 —3s+3)

G, (s)= (53)
10 ST 53.255" +.995° + 605
Routh stability method (Krishnamurthy and Seshadri, 1978):
s =35+3
G,(s)= 54
200 = S 3625 16,3025 +7.955 + 35 G4
Stability equation method (Chen et al., 1979):
s =35+3
Gy (s) = (35)

4.522s* +8.43s° +8.255% +2.9995

Pole clustering method (Prajapati and Prasad, 2020) (for X=10):

1.116(s* =3s+3
Gyy(s)=— 3( - ) (56)
s"+4.116s° +6.348s~ +3.348s

The unit step responses of the original Gs(s) model and reduced order Gs;(s), Gs2(s), Gss3(s),
and G34(s) models are shown in Figure 9.
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When the unit step responses in Figure 9 are examined, it is concluded that the reduced order
models obtained by all methods converge to the original model (G3s(s)) quite a lot. It is seen that
the models (Gs;(s) and Gsy(s)) obtained by Differential equation and Pole clustering methods
converge less to the original model than other models. The Gs:(s) and Gs3(s) models, obtained by
the Routh stability and Stability equation, respectively, converge almost exactly to the original
model. In addition, unstable zeros occur in the integer order equivalent model obtained with Padé.
This causes an inverse response in the reduced models. SBL analysis was performed for the
reduced order models Gsi(s), Gsa(s), Gss(s), and Gs«(s) and the k, and k; equations related to
were obtained as in Equation (57)- Equation (64).

For G3;(s) model;

760000 —3.449¢060° +2.762e070° —6.532¢07 0" +3.434e07 0’

- 8 6 4 2 (57)
r 1600000° —1.944e06w’ + 8.784e06w™ —1.75e07w" +1.296e07
6 4 2
= 1635w : 10335w2+3600w (58)
4000" +12000" + 3600
For G3»(s) model;
3.8620" —1080" +532.70° —829.3w" +295.6* 59
k[’ = 8 6 4 2 ( )
o 15" + 720" —1350" +81
6 _ 4 2
= 17.89w - 45.72660 +9w (60)
o +3w° +9
For G33(s) model;
i - 4.5220'" —128.50" +618.90° —923.40" +303.70* 1)
’ @' —150° + 120" —1350” +81
6 _ 4 2
= 22w 543.40) 2+ 8.997w (©2)
o +30°+9
For Gs4(s) model;

e 1.390" —54.740" + 385.70° —823.40" +363.90° 63)
P 15510 —22.78@° +108.8w" —205.100* +125.6

(- 7.9410° -38.770" +11.210°

, 64
" 1.2450" +3.7360% +11.21 64)

For the Gsi(s), G32(s), Gs3(s), and Gs4(s) models, after obtaining the &, and &; equations related
to w, the appropriate &, and &; values were obtained with the help of the WGC equations given in
(21) and (22). Accordingly, SBL graphs and WGC points were obtained for the Gs;(s), Gsz(s),
Gs3(s), and Gsy(s) models, respectively, as in Figure 10. In the SBL graphs of the Gs;i(s), Gs2(s),
G3s3(s), and Gs«(s) models in Figure 10, the @ values satisfying the k=0 equations were found to
be 0.6083, 0.4634, 0.4285, and 0.5555, respectively.
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Unit step responses of original Gs(s) model and reduced Gsi(s), G32(s), G33(s), Gs4(s) models.
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SBL graphs for reduced order models Gsi(s), Gs2(s), Gs3(s), and Gs4(s).

After obtaining the appropriate &, and k; values in the stability region with the WGC method
for the Gs:(s), Gs2(s), Gs3(s), and Gsy(s) models as in Figure 10, G.i(s), Geo(s), Ges(s), and Gey(s)
PI controllers were designed, and these PI controllers were applied to the original Gs(s) model.
The closed-loop unit step responses obtained are shown in Figure 11 and performance values are
shown in Table 1. When the closed-loop unit step responses in Figure 11 and the performance
values in Table 1 are examined, it is concluded that the G;(s) and G.«(s) controllers designed
according to the G3;(s) and Gs4(s) models obtained by the Differential equation and Pole clustering
methods control the original Gs(s) system worse than the other controllers. However, it is seen
that the Ge2(s) and G.s(s) controllers designed using the Gs2(s) and Gs3(s) models obtained by the
Routh stability and Stability equation methods control the original Gs(s) system with good
performance. According to these values, it is concluded that the Routh stability and Stability
equation MOR methods can be used more effectively when designing the controller for long time-
delay with integrating systems.
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Figure 11:

Closed-loop step responses for Gs(s) model.

Table 1. Parameters and performance values of PI controllers designed according to

reduced order models for G;(s), G:(s) and Gs(s) original models.

Parameters
Original and Gor(s) Gorfs) Gos(s) Goi(s)
model performance
values
k, 1.4680 0.2131 0.1229 0.1743
ki 1.6808 0.8184 0.8104 0.8747
Gi(s) t-(s) 2.2081 5.0091 5.0260 4.4806
ts (s) 21.9669 12.5325 10.5357 8.1904
M, (%) 26.5927 0 0 0
k, 1.2938 1.4478 1.2799 0.9764
ki 0.1671 0.1315 0.1240 0.1749
G2(s) t-(s) 6.4369 6.5425 7.3689 7.2578
ts (s) 44.1019 38.0751 38.0035 69.4744
M, (%) 0.2717 0.2164 0.1898 0.2493
ky 0.0227 0.0133 0.0115 0.0191
ki 3.0638 3.7608 4.2083 3.2974
Gi(s) t(s) 87.6134 44.1682 47.3458 68.7917
t(s) 95.5217 65.1760 57.1695 84.2576
M, (%) 29.8429 17.1756 13.4963 36.6953
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6. CONCLUSIONS

In this study, the time-delay models were examined using the Differential equation, Routh
stability, Stability equation, and Pole clustering MOR methods available in the literature, and
these models were applied using the Padé approach. The unit step responses of the reduced-order
models were examined. Accordingly, it is seen that the reduced order models obtained with the
Routh stability, Stability equation, and Pole clustering methods converge more to the original
model than the reduced order models obtained with the Differential equation method. However,
as the time delay value increases, the convergence of the reduced order model obtained with the
Pole clustering method to the original model decreases. This is because high value poles move
the cluster center away from the dominant poles. This reduces the convergence of the reduced
order model to the original time delay model. In addition, the integer order equivalent models
obtained by the 2™-order Padé approach have an inverse response due to unstable zeros. Thus,
the reduced order models converge less to the original model. An integrating with time delay
system is also studied as an example, and unit step responses are examined. In this case, it was
seen that the reduced order models obtained by all methods converged quite well to the original
model. It is observed that the models obtained by the differential equation and pole clustering
methods converge less with the original model than the other models. On the other hand, the
models obtained with Routh stability and the Stability equation appear to converge almost exactly
to the original model.

Then, SBL analyzes were performed for these reduced-order models, and SBL graphs of the
PI controller parameters were obtained. After obtaining the &, and &; equations depending on @
by the SBL method, the appropriate &, and k; values were obtained by the WGC method, and
Ge.i(s)-Geys(s) controllers were designed. Closed-loop responses and performance values are
obtained by applying these controllers to the original time-delay models. According to these
analyzes, it is seen that the controllers designed using the models obtained by the Routh stability,
Stability equation, and Pole clustering methods in the short time-delay system control the original
time-delay system with good performance. However, it is seen that the controller designed
according to the model obtained by the Differential equation method controls the original time-
delay system worse than the other controllers. In the case of long dead-time and integrating with
long dead-time models, it is seen that the controllers designed using the models obtained with the
Routh stability and Stability equation control the original time-delay system with good
performance, while the controllers obtained by the Differential equation method and Pole
clustering methods control worse.
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