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Abstract: We present a family of reducible cyclic codes constructed as a direct sum (as vector spaces) of
two different semiprimitive two-weight irreducible cyclic codes. This family generalizes the class of
reducible cyclic codes that was reported in the main result of [10]. Moreover, despite of what was
stated therein, we show that, at least for the codes studied here, it is still possible to compute the
frequencies of their weight distributions through the cyclotomic numbers in an easy way.
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1. Introduction

It is said that a cyclic code is reducible if its parity-check polynomial is factorizable in two or more
irreducible factors. Each one of these irreducible factors can be seen as the parity-check polynomial of
an irreducible cyclic code. Therefore, a reducible cyclic code is, basically, a direct sum (as vector spaces)
of these irreducible cyclic codes. Reducible cyclic codes whose parity-check polynomials are factorizable
in exactly two different irreducible factors have been extensively studied (see, for example, [10], [3], [11],
[6], [5], [2], [12] and [8]). A very interesting problem regarding this kind of reducible cyclic codes is to
obtain their full weight distributions. In particular, [10] employed an elaborate procedure that uses some
sort of elliptic curves in order to obtain the weight distribution of a class of reducible cyclic codes. We
present here a family of reducible cyclic codes constructed as a direct sum of two different semiprimitive
two-weight irreducible cyclic codes, that generalizes such class of reducible cyclic codes. Moreover, we
show that, contrary to what was stated in [10, p. 7254], it is still possible, at least for the codes in this
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Table 1. Weight distribution of C(,,), i =1,2.

’ Weight ‘ Frequency
0 1
(q;l)(qk—l _ q(k—z)/z) (q’“;l)
%(qkA +q(k—2)/2) @%1)

Table 2.  Weight distribution of C(,, 4,)-

’ Weight ‘ Frequency
0 1
2(%;1) (" = gk-272) 3(q’;—1)
2(%;1) (qkfl + q<k*2)/2) 3(#;*1)
slgt =gt [ G
%(3(11671 _ q<k*2)/2) 3(4’“;1)2
=L(3g" 1 4 qF-2/2) 3(qk8_1)2
T el R )

family, to compute the frequencies of their weight distributions through the cyclotomic numbers in an
easy way.

In order to give a detailed explanation of what is the main result of this work, let p, ¢, ¢, k and
A be integers, such that p is a prime, ¢ = p' and A = (¢* — 1)/(g — 1). In addition, let v be a fixed
primitive element of F » and, for any integer a, denote by h,(z) € F4[z] the minimal polynomial of y~¢.
Also, for any integers a1, az, as, ..., as, let Cia, ay.a4,...,a,) b€ the cyclic code with parity-check polynomial
H§:1 ha;(z). With this notation, the following result gives a description for the weight distribution of a
family of reducible cyclic codes:

Theorem 1.1. Suppose that 3|(¢* —1). Let a1, as, d and n be any integers such that a; — ay = :I:qks—_l,
d=gcd(¢" —1,a1,as) and n = L;l, If gcd(A, 3a1) = 2 then

(A) Cayy and Cq,) are two different semiprimitive two-weight irreducible cyclic codes of length n and
dimension k over Fy. In addition, these codes have the same weight distribution which is given in
Table 1.

(B) C(ay,az) s an [n,2k] cyclic code over Fy, with the weight distribution given in Table 2.

Recently, in [8] was given a unified explanation for the weight distribution of several families of

codes whose parity-check polynomials are given by the products of the form ha(x)ha Lkt (z), where
=

ha(z) # h L (z). From this perspective, therefore, it is important to keep in mind that the parity-
a =
check polynomials of the kind of codes studied in [10], and those studied by Theorem 1.1, are now given
by the products of the form hq(2)h_, o1 (2).
a 3

This work is organized as follows: In Section 2 we establish some notations, recall some definitions
and establish our main assumption. Section 3 is devoted to presenting some preliminaries and general
results. In Section 4 we use these results in order to present a formal proof of Theorem 1.1. In Section 5
we show some applications of Theorem 1.1. Finally, Section 6 is devoted to conclusions.
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2. Definitions, notations, preliminaries and main assumption

First of all, we set for the rest of this work the following;:

Notation. By using p, t, ¢, k and A, we will denote five positive integers such that p is a prime number,
g=p'and A = (¢ —1)/(qg — 1). From now on, v will denote a fixed primitive element of Fgr. For any

integer a, the polynomial hq(z) € Fy[z] will denote the minimal polynomial of 4v~%. Furthermore, we

will denote by “Ir", the absolute trace mapping from Fx to the prime field IF,, and by “Tr]qu /F," the
trace mapping from Fx to F,. For any positive divisor m of ¢* — 1 and for any 0 < i < m — 1, we define

ng) := ~4(y™), where (y™) denotes the subgroup of sz generated by v". The cosets ng) are called
cyclotomic classes of order m in F . In connection with these cyclotomic classes, we have the cyclotomic
numbers of order m:

- N (m k m m
(4, = (O + 1) N D™
where (ng) +1)={z+1|xz€ ng)}, and 0 <4,j < m — 1. Finally, the canonical additive character
X, of Fyk, is:
T
x() = ¢, W) forallye Fye

where (), = exp(zﬂT\{j).

The following definition is a proper generalization of the idea of a semiprimitive irreducible cyclic
code that was introduced recently in [9].

Definition 2.1. Let p, ¢, k¥ and A be as before, and for any integer a let u = ged(A,a). Then an
irreducible cyclic code with parity-check polynomial h,(z), of degree k, is called a semiprimitive code if
u > 2, and if —1 is a power of p modulo u (that is, if the prime p is semiprimitive modulo u).

Now, we also set for the rest of this work the following:
Main assumption. From now on, we are going to suppose that 3|(¢¥ — 1), 2|A and 3 A. Also, in what
—1

follows, we will reserve the Greek letter 7 in order to fix 7 ="

Remark 2.2. As a consequence of our main assumption, note that k should be an even integer, whereas
q must be an odd integer greater than 5, and necessarily 3|(q—1) and 4|(¢* —1). In addition, observe that

F, C D(()2), T E D(()2), and also that the finite field element T is a primitive three-root of unity satisfying
2
T“+74+1=0.

The following is a well known result ([5, Lemma 4]):
Lemma 2.3. Define

weDf)

Then ny = —1 —ng, and

. M ifp=1 (mod 4),
0 = e
Gl 12( —D)%q"? ifp=3 (mod 4).

The exponential sums 7y and 7; are known as the Gaussian periods of order 2. Since we will be
dealing with the Gaussian period of order 2, we also need the cyclotomic numbers of order 2. The
following result is on that direction ([5]).

Lemma 2.4. Suppose that 4|(¢* — 1), then
(0,0)4)
(0,1)@0) = (1,00 = (1, 1)) = 4
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3. Some preliminaries and general results

With our current notation and main assumption in mind we present the following results.

Lemma 3.1. Let ay, as and d be integers such that ag = a; + qul and d = ged(q* — 1,a1,a2) # 0.
Then 3|‘1k(;1 and d = ged(q® — 1,a1) or d = ged(q* — 1, a2).

k
Proof. Since d divides both a; and as, we have that d|qT_1. Therefore the first assertion is true.

Let d; = ged(q® — 1,a;) for i = 1,2. Without loss of generality, suppose that d; < do. Observe that
k

d= gcd(%;l,ai) for i = 1,2, and therefore either d; is d or 3d. Now, if di = 3d, then dy = 3d, which

implies that 3d|¢* — 1, a1, as. But this last condition is impossible, thus d; = d. O

Lemma 3.2. If 3d is a divisor of ¢* — 1 and gcd(A, 3d) = 2, then for any integer i

2(q—1
{zy |z € Dng) andy € F,} = % *Dla),

where 2(%;1) * DZ@) 1s the multiset in which each element of Dgz) appears with multiplicity 20a-1)

3d

Proof. Since 2|A and 2[3d, F; C D((]Z) and D(()gd) C D(()Q). But ged(A, 3d) = 2, therefore the result
comes from the fact that |D(()3d)| \IFZ|/|’D(()2)| =2(¢—1)/3d, and DZ@) = fyiD(()z) for any integer 1. O

By using 7, and the cyclotomic classes of order 2, we define the following sets:
G = {(a,—p) €F3k| (=B #0,0<i<3}, and
& = {(a,—ath) € ]sz | (a —ar) € ’D;Q)} for i=0,1,2, and j =0, 1.
Remark 3.3. Through a direct inspection it is easy to see that the above seven sets are pairwise disjoint
k
and their union is equal to ng \(0,0). In addition, clearly |&; ;| = |D(()2)| =41 |G = ¢** —1-6|E 0| =
(¢" —1)(¢" —2) and, due to Remark 2.2, we have that if (o — at) € D;z), for some integer j = 0,1, then

necessarily (a — at?) = —7%(a — at) € D§2).

Now, for each (o,—f) € G, we define the function f, g : {0,1,2} — {0,1}, given by the rule

fap(i) = j if and only if (o — B7%) € D§2). With the help of these functions we induce a partition of the
set G into the following disjoint subsets:

S = {(047_5) €g | WH(fa,ﬁ(O)vfoz,ﬂ(l)afa,ﬁ@)) =1 } 3

for 1 =0,1,2,3, where Wg(+) stands for the usual Hamming weight function.

Remark 3.4. For any o, € Fyr, we define u; = (o — B7Y), for i = 0,1,2. It is not difficult to see
that these u values satisfy ug + uiT + upr? = 0. Furthermore, observe that if we arbitrarily choose the
values of, say, uyg and us then there must exist a unique vector (o, ) € IFLQ],C, such that ug = (a — B),

uy = (a— B72%) and uy = —7 7 (ug + u2r?). Therefore, if we want to calculate, for example, |So| then we
k

can assume, without loss of generality, that us can take any value in Dé2). This leads us to (12;1 possible

choices for uy. But up = —UQT(%ZT72 +1) and —1,7 € D(()2) (see Remark 2.2), thus, in order that uy

and ug also belong to D(()2) it is necessary that (2—27'72 +1) € D(()Q). Hence, the number of such instances

is given by the cyclotomic number (O,O)(Q’qk). Consequently, we have |Sp| = qul(0,0)(z’qk). In a quite
similar way, one can obtain |Si|, |S2| and |Ss).
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Table 3.  Value distribution of Z Zx(z(a + B7Y).

z€'Dé2) =0
’ Value ‘ Frequency ‘
3(«1’;—1) 1
llk—l +2n0 3<qk*1>
2 2
E_ k_
q 5 1 +2m k3(q2 :)
3770 (g *1)8(‘1 —5)
—1+4mno 3(¢"F-1)?
—1+ m 3(¢"—1)2
8]
(" —1D)(d"*-5)
37]1 q 8q

Keeping in mind the previous definitions and observations we now present the following result, which
will be important in order to determine the weight distribution of the class of reducible cyclic codes that
we are interested in.

Lemma 3.5. With our notation and main assumption, we have

-1

[Sol = 5= (0.0,
3¢k -1
&) = =D g e,
k
-1 :
|52‘ _ 3(q2 )(1’1)(2,qk)’

83| = (¢" = 1)(¢" —2) — (ISo| + 51| + |S2]).

Furthermore, if x denotes the canonical additive character of F x, and if ng and n1 are as in Lemma 2.3,

then, for any o, 8 € Fyr, we also have

q*

o @ B)=(0.0),
E =+ 210 z.f (a, B) € U;:()gi,o,
2 ) = +2m if (Oé7 ﬂ) S Ui:OE’i,la
Z ZX(’Z(O‘ +p7"))= 310 if (o, B) € So,
zeDg? =0 —1+4+mno if (o, B) € S1,
—1+m if (o, B) € Sa,
3m if (o, B) € Ss.
Proof. The first assertion comes from Remark 3.4. Since ZZED((JZ) x(0) = |D82)\ = qkT_l, the second
assertion comes from Lemma 2.3, Remark 3.3, and from the definitions of the sets &; ; and &;, with
1=0,1,2,7=0,1,and [ =0,1,2, 3. O

Considering the actual values of the cyclotomic numbers in Lemma 2.4, the following result is an
important consequence.

Corollary 3.6. Consider thegsame hypotheses as in the previous lemma. Then the value distribution of
the character sum ZzeD[(f) Yoiio X(z(a + B7Y)) is given in Table 3.
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4. Proof of Theorem 1.1

Proof. Part (A): First note that ged(A,3a1) = ged(A, 3az) = 2, in consequence ged(A,a;) = 2 for
i=1,2.

Let v; be an integer such that 1 < v; < k and a;¢% = a; (mod ¢* — 1). Then qqk_—_11|ai q;i__ll, but
ged(A, a;) = 2, thus (g% — 1)]2(¢g% — 1) for i=1,2. However, this last condition is impossible if 1 < v; < k
and ¢ > 7 (recall Remark 2.2). Hence deg(h,, (z)) = k.

Now, suppose that hg, (z) = hg,(x). Then, there exists an integer 0 < v < k such that a1¢” = aq

(mod ¢¥ —1). But ay = a; + %, thus the last congruence implies that a;(¢¥ —1) = i% (mod ¢* —1)
k v;
and v > 1. Then 3a;(¢"—1) =0 (mod ¢*—1) with 1 < v < k. That is qq:11 |3a4 qqfll. But ged(A, 3a1) =

2, thus (¢ — 1)|2(¢"* — 1). However, this last condition is impossible if 1 < v; < k and ¢ > 7. Hence
hay (%) # ha, ().
-1

On the other hand, note that C,,) and C(,,) have the same length n = 4—=, and owing to Lemma 3.1,
we have that 3|n.

Since ged(A,a1) = ged(A,az) = 2, clearly, in accordance with Definition 2.1, C(4,) and C,,) are two
different semiprimitive two-weight irreducible cyclic codes. Thus, by means of the characterization for
this kind of codes in [9, Theorem 7|, we can see that their weight distributions are as is shown in Table 1.

Part (B): By Lemma 3.1 and since C(4,,4,) = C(a;,a), We can assume without loss of generality that
d=ged(¢" —1,a1).
Clearly, the cyclic code C(q, 4,y has length n and its dimension is 2k due to Part (A).

Now, for each a, 3 € F x, we define ¢(n, a1, as, a, ) as the vector of length n over F,, which is given by:
(Tre, /w, (@(v™)' + B(*2))iSy -

Thanks to Delsarte’s Theorem ([1]), it is well known that
Clay,as) = 1¢(n,a1,a2,0,6) |, B € Fye} .
Thus the Hamming weight of any codeword c(n, a1, as, a, §) is equal to n — Z(«, 8), where
Z(a, B)=t1{1 | Tr]Fqk/Fq (@Y™ 4+ By =0, 0 <i<n}.

Now, if ' is the canonical additive character of F,, then, by the orthogonal property of x’ (see, for
example, [4, p. 192]), we know that for each ¢ € F, we have

, q ifc=0,
> X (ye) = { )
= 0 ifec#0,
thus

n—1

Z(a, B) = é o> X (T r, (y(ay ™ + 577))) .

i=0 y€F,
If x denotes the canonical additive character of Fx, then x’ (Tr[Fqk /E,(€)) = x(¢) for all € € Fgr. Therefore,

we have

Z@.9) = 241 33 xylan™ + o))

q i=0 y€F:

n—1
- Z - é D> x( M iyla+ )

1=0 y€eF;
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where the last equality arises because as —a; =
hand, since d|(az — a1) and d = ged(¢* —1,a,), there must exist integers [, r and s, in such way that
¢ =~ d=r(¢" —1) + sa; and 7¢° = (y*1")!s. Therefore

Z(a, f+ ZZ y(o+ Breh) .

1=0 yE]F*

But 3|n. Then
(¥ 10<i<n}=D" =D uDPYuDED.

Therefore,

Z(a,B) = = +
q

Now, since d = gcd(qkT_l, a1) (see proof of Lemma 3.1) and ged(A, ?>(qk3—_1)7 3a1) = ged(A, 3a1), we have
ged(A, 3d) = 2. Thus, by Lemma 3.2, we obtain

Z(a,8) = gd—ql S Y welat )

q i=0 ,cp(®
-1
LB M) S ek ),
q 3dq (2) =0
€D}

where the last equality follows from the fact that 2|d (recall that gcd(A,3d) = 2). Now, by Lemma 3.1,
we have that 3d|¢* — 1. Therefore, note that 3 { s, and this is so because if 3|s, 3d|sa;, but recall that
d =r(q* — 1) + say, then 3d|d, and clearly this is a contradiction. Then

Z(ap) =2+ g;ql S 3 x(ela 57)

zep) i=0

Therefore the result comes from Corollary 3.6 because the Hamming weight of any codeword of the form
c(n,ay,az,a, B) in C(q, 4,) is equal to n — Z(a, B). O

5. Some applications of Theorem 1.1

As we saw, through this work we deals with the kind of reducible cyclic codes whose parity check

polynomials are given by the products of the form h,(x)h L . (z), where a is any integer and h,(x) #
h, . k-1 (x). The following result, which is the main result in [10 Theorem 3.6], also deals with this kind
of reducible cyclic codes:

Theorem 5.1. Let h be a positive factor of ¢ —1, and assume that 3 divides h. If ged(k,3(¢—1)/h) = 2,

then C(q_1 PRI is an [hA, 2k] code with the weight distribution in Table 4.
Gttt

The following result shows that the family of codes in Theorem 5.1, is included in Theorem 1.1.

Theorem 5.2. Conditions in Theorem 5.1 imply conditions in Theorem 1.1.
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Table 4. Weight distribution of C

q1q1+q—)

’ Weight ‘ Frequency
0 1
%(qk—l — k272 S(q’;—l)
2h (k=1 | g(h=2)/2) 3(¢" -1

3 2
1 k—2)/2 (@" -1 (F-5)
h(g" ™t —g"7272) |

— k—2)/2 F_1)(¢*F =5
h(g* " + ¢F=2/?) %
3451 — q(k—2)/2) 3(¢"—1)2

fo|> ol
— [~

8
P 13 2
3¢" 1 gD/ | 3ol

Table 5. Weight distribution of C(4, ay,q5)-

’ Weight ‘ Frequency (Z?:o u; = 3) ‘
— | E_ u u
| S (d" +¢") tua(d —d*?) | ) (D) |

Proof. Clearly 3|(¢* — 1), and because ged(A, p) = ged(k, p) for all p|(q — 1) (see, for example [7,
Remark 3]), we have gcd(A, 3(¢ — 1)/h) = 2. Thus, by taking a; = (¢ — 1)/h in Theorem 1.1, the result
follows directly. O

As was mentioned before, Theorem 1.1 deals with the weight distribution of cyclic codes, C LIS
under the condition ged(A, 3a) = 2, but we also believe that is interesting the weight distributlon of the
cyclic codes, C (aa— 2=t gy 2=ty under the same condition, because their parity-check polynomials differ
by one irreducible factor However, that kind of codes was treated in [13, Corollary 10]. Thus, we recall
part of that result with our notation in the following:

Corollary 5.3. With our notation and maz’n assumptz'on suppose that aq, as, az and § be integers such
k

that § = ged(¢F — 1,a1,a2,a3), as = a1 + 4=, a3 = a; — ,— and gcd(A, 3a1) = 2. Then C(q, ay,a5) 5

a [(g" —1)/68,3k] cyclic code over F, with wezght dzstmbutzon in Table 5.

The following are direct applications of Theorem 1.1.

Example 5.4. With our notation, let ¢ =13, k=2, a1 =8, as = a1 + ‘1 =64 and a3 = a1 — qk3—1 =
—48. Then A =14, d = 6§ = 8 and n = 21. Clearly 3|(¢* — 1) and gcd(A 3a1) = 2. By Theorem 1.1,

Cgy and Cgqy are two different semiprimitive two-weight irreducible cyclic codes of length 21, dzmenszon
2 and weight enumerator polynomial A(z) = 1+ 8428 + 84221, In addition, C(s,64) s a cyclic code of
length 21, dimension 4 and weight enumerator polynomial

A(z) = 1+ 2522'% 425221 4 3444218
4105842 + 10584220 + 344422 .

On the other hand, by Corollary 5.3, Cg 64,—48) 15 a cyclic code of length 21, dimension 6 and weight
enumerator polynomial

A(z) = 1+ 2522° 425227 4 21168212 4 4233623 + 2116824
459270428 + 17781122 + 177811222 + 59270422 .

Remark 5.5. Since 2|A, clearly the length of all codes in Theorem 5.1 must be an even number. There-
fore, the code in the previous example does not belong to the class of codes in Theorem 5.1.
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Example 5.6. Now, let ¢q =7, k =2, a1 = 2, as = a1 — qul = —14, and a3 = a1 + qk?:l = 18.

Then A =8, d =0 =2 and n = 24. Clearly 3|(¢* — 1) and ged(A,3ay) = 2. By Theorem 1.1, C(2) and
C(—14) are two different semiprimitive two-weight irreducible cyclic codes of length 24, dimension 2 and
weight enumerator polynomial A(z) = 1+ 242 + 24224, In addition, C(2,—14) 18 a cyclic code of length
24, dimension 4 and weight enumerator polynomial

A(z) = 1+ 722'% 472210 4 2642'8
+8642% + 864272 + 26422* . (1)

On the other hand, by Corollary 5.3, Cia _14,18) 15 a cyclic code of length 24, dimension 6 and weight
enumerator polynomial

A(z) = 147225 + 7228 4 172822 + 34562 + 172821°
11382428 + 4147220 4 41472272 + 1382427

Remark 5.7. Suppose again that q =7 and k = 2. Then h_14(x) = h3a(x) # h1s(z), and consequently
note that despite that the weight enumerator polynomial in the previous example is exactly the same as
weight enumerator polynomial in the example of [10, page 7257, the cyclic codes C(a,_14) and C(2,15) are
different. In addition, also note that the cyclic code C(a _14) = C(2,34) does not belong to the class of codes
in Theorem 5.1.

Remark 5.8. Through a direct inspection, it is not difficult to see that all different reducible cyclic
codes over F7 of length 24, dimension 4 and weight enumerator polynomial, as in (1), are C2,1s), C2,34),
C(18,34); C(6,10); C(6,26) and C(10,26)- All these reducible cyclic codes belong to the class of codes in Theorem

Remark 5.9. Under our main assumption, note that if gcd(A,3a) = 2, then ged(A,3(a + ""kg—*l)) = 2.
Therefore, a reducible cyclic code, C( will belong to the family of codes in Theorem 1.1, if and

a,a:i:iqké_1 )’
only if gcd(A,a) = 2. This condition, which is easy to verify, allows us to identify all the reducible cyclic
codes that satisfy conditions in Theorem 1.1. In fact, if N(q 1) is the number of different reducible cyclic
codes, C(a, az), that satisfy such conditions, then it is not difficult to see that

$(3)a—1)
Ngwy =—5—>
where ¢ is the usual Euler ¢-function. What is interesting here is that it seems that N, 1) is also the
total number of reducible cyclic codes whose weight distribution is given in Table 2.

6. Conclusion

In this work we found the sufficient numerical conditions in order to obtain the full weight distribution

of a family of codes that belongs to the kind of reducible cyclic codes whose parity-check polynomials are

given by the products of the form hq(2)h Lah (). By means of the characterization of all semiprimitive
3

two-weight irreducible cyclic codes that was presented in [9, Theorem 7], we were able to identify that
the codes in this family are constructed as a direct sum (as vector spaces) of two different semiprimitive
two-weight irreducible cyclic codes. In addition, we also showed that the class of codes recently studied
in [10] is included in this family. Moreover, despite of what was stated in [10], we showed that, at least
for the codes in this family, it is still possible to compute the frequencies of their weight distributions
through the cyclotomic numbers in an easy way.

Finally, we believe that perhaps, following the same idea as in [8], it could be possible to develop a
more general theory that allows us to present a unified explanation for an enlarged family of reducible
cyclic codes of this kind.
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