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Abstract: Quasi-abelian codes constitute an important class of linear codes containing theoretically and prac-
tically interesting codes such as quasi-cyclic codes, abelian codes, and cyclic codes. In particular, the
sub-class consisting of 1-generator quasi-abelian codes contains large families of good codes. Based
on the well-known decomposition of quasi-abelian codes, the characterization and enumeration of
Hermitian self-dual quasi-abelian codes are given. In the case of 1-generator quasi-abelian codes, we
offer necessary and sufficient conditions for such codes to be Hermitian self-dual and give a formula
for the number of these codes. In the case where the underlying groups are some p-groups, the actual
number of resulting Hermitian self-dual quasi-abelian codes are determined.
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1. Introduction

Quasi-cyclic codes form an important class of linear codes due to their rich algebraic structures, large
number of codes with good parameters, and various applications (see [9], [10], [11], [12], [14], [17], and
references therein). Let F denote a finite field of order ¢. It is known that quasi-cyclic codes of length
ml and index [ over F, can be regarded as F,[Z,,]-submodules of the F,[Z,,]-module (F,[Z,,])!, where
Z,y, denotes the cyclic group of order m and Fy[Z,,] is the group algebra of Z,, over F, (see [10]).

In a more general setting, quasi-abelian codes are defined by replacing Z,, with a finite abelian
group. Particularly, if G is a finite abelian group and H < G, then an H -quasi-abelian code is defined to
be an F,[H]-submodule of the F,[H]-module F,[G]. This class of codes was first introduced in [18] and
further studies of their properties have been made in [4, Section 7] and [1]. More recently in [6], via the
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Discrete Fourier Transform, the structural characterization of quasi-abelian codes have been established
together with the existence of asymptotically good quasi-abelian codes. Quasi-abelian codes serve as the
general case for quasi-cyclic codes (if H # G is cyclic), abelian codes (if H = G), and cyclic codes (if
H = G is cyclic). Since the theory of quasi-abelian codes generalizes that of quasi-cyclic codes, a link
can be established between 1-generator quasi-abelian codes and irreducible or minimal cyclic codes which
plays a central role in the theory of cyclic codes [2].

Self-dual codes form another fascinating family of codes and are known to be closely related with
other objects such as lattices and possess variety of practical applications (see [13]). Moreover, both
Euclidean and Hermitian self-dual codes have close connection with quantum stabilizer codes [8]. In [6],
the authors presented necessary and sufficient conditions for quasi-abelian codes to be Euclidean self-dual
and gave enumeration of those codes based on the classification of ¢g-cyclotomic classes of the underlying
group. Moreover, they have shown that some class of binary Fuclidean self-dual strictly-quasi-abelian
codes are asymptotically good.

To the best of our knowledge, no study has been done yet on Hermitian self-dual quasi-abelian
codes. It is therefore of natural interest to investigate such family of codes and compare the result of
this study with that of [6]. In this work, considering finite abelian groups H < G, we offer sufficient
and necessary conditions for an H-quasi-abelian code in F,[G] to be Hermitian self-dual using similar
decomposition given in [6, Section 3] (see Proposition 2.3). Consequently, enumeration of Hermitian
self-dual H-quasi-abelian codes is presented (see Corollary 3.1). In similar fashion, the sufficient and
necessary conditions for a 1-generator quasi-abelian code to be Hermitian self-dual are obtained (see
Corollary 4.3). Enumeration of Hermitian self-dual 1-generator quasi-abelian codes is also given. In the
case H = (Z,x)*® is a p-group, p is a prime, k > 0 and s > 0, we classify completely the g-cyclotomic
classes of H (see Propositions 3.6 and 3.10) which lead to the actual number of the resulting Hermitian
self-dual H-quasi-abelian codes. The asymptotic goodness of Hermitian self-dual strictly-quasi-abelian
codes over Fq2s is guaranteed by [6, Section 7| since every code over Fazs with generator matrix containing
only elements from Fy is Hermitian self-dual if and only if such a matrix generates a Euclidean self-dual
code over Fs.

The paper is organized as follows. In Section 2, we recall notations and definitions which are essential
to this work as well as the well-known decomposition of semi-simple group algebras. Enumeration of
Hermitian self-dual quasi-abelian codes, where the underlying groups are some p-groups, is established in
Section 3. Finally in Section 4, we focus on the characterization and enumeration of Hermitian self-dual
1-generator quasi-abelian codes.

2. Preliminaries

For a prime power ¢ and positive integer n, let I, denote a finite field of order ¢ and let G be a
finite abelian group of order n, written additively. Denote by F,[G] the group algebra of G over F,. The
elements in Fy[G] will be written as > ., agY?, where ay € Fy. The addition and the multiplication in
F,[G] are given as in the usual polynomial rings over F, with the indeterminate Y, where the indices are
computed additively in G. As convention, YV is treated as the multiplicative identity of F,[G], where 0
is the identity of G.

Let R be a finite commutative ring with unity. A linear code of length n over R is defined to be an
R-submodule of R". A (linear) code C in F,[G] refers to an F,-subspace of F,[G]. This can be viewed
as a linear code of length n over F, by indexing the n-tuples by the elements of G. For more details, the
reader is referred to [6].

Consider a subgroup H of G, a code C in F,[G] is called an H-quasi-abelian code (specifically, an
H -quasi-abelian code of index |, where | := [G : H]) if C' is an F,[H]-module, i.e., C' is closed under
addition and multiplication by the elements in F,[H]. If H is a non-cyclic subgroup of G, then we say
that C is a strictly-quasi-abelian code. 1f it is clear in the context or if H is not specified, such a code
will be called simply a quasi-abelian code. An H-quasi-abelian code C' is said to be of 1-generator if C' is
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a cyclic F,[H]-module.

Let {g1,92,...,0:} be a fixed set of representatives of the cosets of H in G. Let R := Fy[H]. Define
®: F,[G] — R! by

l
® (Z Zo‘hwiyh”i) = (a1(Y),az(Y),...,u(Y)),

heH 1=1

where o;(Y) = > ey Qpig, Y™ € R, for all i = 1,2,...,1. It is well known that ® is an R-module
isomorphism interpreted as follows.

Lemma 2.1. The map ® induces a one-to-one correspondence between H -quasi-abelian codes in Fy[G]
and linear codes of length | over R.

In Fy, the Euclidean inner product of u = (uy,uz,...,u,) and v = (vy,v2,...,v,) is defined to be
(u,v)g = Z?:l u;v;. From this point, we assume g = g3, where qq is a prime power. Consequently, the
Hermitian inner product of w and v is defined as (w,v)g := Y ., u;;, where ~ is the automorphism on
F, defined by a + a% for all « € F,. For a code C of length n over F,, let C*® and C1# denote its
Euclidean dual and Hermitian dual, respectively. The code C is said to be FEuclidean (resp., Hermitian)
self-dual if C+= = C (resp., C+1 = C).

The Hermitian inner product in Fy[G] is defined by

(u,v)y == Z ayBy

geG

forallu =7
by

gec @Y and v =3 - B,Y? in Fy[G]. The Hermitian dual of a code C' C Fy[G] is given

O+ = {u € F,[G] | (u,v)n = 0 for all v € C}.

Similarly, the code C in Fy[G] is said to be Hermitian self-dual if Ct# = C. Note that without confusion,
we use the symbol L to indicate both the Hermitian dual of a code over F; and the Hermitian dual of a
code in F[G]. All throughout, the self-duality of quasi-abelian codes is studied with respect to the given
Hermitian inner product in Fy[G].

2.1. Decomposition and Hermitian dual codes

The main tool of this work appears in this subsection. The idea is to have a convenient decomposition
of quasi-abelian codes using the well-known decomposition of semi-simple group algebras introduced in
[16]. Then, combining this technique with the results of [7, Proposition 2.7] and [6, Proposition 4.1], we
obtain characterization of Hermitian self-dual quasi-abelian codes (see Proposition 2.3). This will lead
to enumeration of such class of codes.

For completeness, we discuss the concepts of g-cyclotomic classes and primitive idempotents as
appeared in |7, Section II.C|. Given coprime positive integers ¢ and j, the multiplicative order of j modulo
i, denoted by ord;(j), is defined to be the smallest positive integer s such that i divides j° — 1. For each
a € H, denote by ord(a) the additive order of a in H.

From this point, we assume that ged(|H|,q) = 1. A g-cyclotomic class of H containing a € H,
denoted by Sy (a), is defined to be the set

Sq(a) :={g"-ali=0,1,...} ={¢" - a| 0 <i < ordora(a)(9)},

. a’
where ¢" - a:= Y ain H.
i=1
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For a positive integer r and a € H, denote by —r - a the element r - (—a) € H. A g-cyclotomic class
,(a) is said to be of type I if Sy(a) = Sq(—qo - @) and it is of type IT if S;(—qo - a) # Sy(a). Clearly,
;(0) is a g-cyclotomic class of type I.

U n

An idempotent in a ring is a non-zero element e such that e? = e, and it is called primitive idempotent
if, for every other idempotent f, either ef = e or ef = 0. The primitive idempotents in R := F,[H] are
induced by the g-cyclotomic classes of H (see |5, Proposition I1.4]).

Assume that H contains ¢ g-cyclotomic classes. Without loss of generality, let {a; = 0,a2,...,a:}
be a set of representatives of the g-cyclotomic classes of H such that {a; | ¢ = 1,2,...,r;} and
{@r;4jsQritrii+j = —Q0 - Gry4+5 | § = 1,2,...,711} are sets of representatives of g-cyclotomic classes
of types I and I1, respectively, where t = r; + 2rr;. Let {e1,ea,...,e;:} be the set of primitive idempo-
tents of R induced by {S,(a;) | i = 1,2,...,t}, respectively. It is well known that Re; is isomorphic to
an extension field of F, of degree |Sy(a;)| for each ¢ =1,2,...,¢.

In [16], R := F,[H] is decomposed in terms of e;’s. Later, the components in the decomposition of
R are rearranged in [7] and obtain the following.

R:@Rei% (1_[1]E) < | TI; xK)) |, (1)

j=1
where E; = Re;, K; = Rep, 45, and K;- = Rey;4+r;;+5 are finite extension fields of Fy forall i = 1,2,...,7;
andj: 1,2,...,’[‘]1.
Remark 2.2. It is known that E; = Fgei, K; = F oy and K = thg, where s; = |S4(a;)|, t; =
|Sq(ar,+5)], and t; = |Sq(@rqri4j)| for i =1,2,...,rr and j = 1,2,...,rr7. Note that |Sq(ar,+;)| =
1Sq(@ry1rp44)| for each j =1,2,... 1. Thus, K; 2 K’ for each j =1,2,...,711.

From (1), we have

F,[G] = R! = <HE§> < [ TT&: =<k, (2)
i=1 j=1

where the isomorphisms are R-module isomorphisms. They can be viewed as F,-linear isomorphisms as
well. Consequently, every quasi-abelian code C' in Fy[G] can be viewed as

TI1

CN(ﬁQ-) < | ] (p; x Dj) |, (3)

j=1
where C;, D; and D;- are linear codes of length [ over E;, K;, and K}, respectively, for all i =1,2,...,r
andj: 1,2,...,’[‘]1.

Using arguments similar to the proofs of |7, Proposition 2.7] and [6, Proposition 4.1], it can be
concluded that the Hermitian dual of C' is of the form

i=1 j=1

From (3) and (4), we have the following necessary and sufficient conditions for quasi-abelian codes
to be Hermitian self-dual.

Proposition 2.3. An H-quasi-abelian code C in Fy[G] is Hermitian self-dual if and only if, in the
decomposition (3),

i) C; is Hermitian self-dual for alli=1,2,...,7r7, and

ii) D} = D;® for all j = 1,2,...,7yr.
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3. Enumeration of Hermitian self-dual quasi-abelian codes

In this section, we enumerate Hermitian self-dual quasi-abelian codes by using the decomposition in
(3), Proposition 2.3 and the following formulas. Let N(q,1) (resp., Nu(q,1)) denote the number of linear
codes (resp., Hermitian self-dual codes) of length ! over F,. It is well known (see [15] and [13]) that

I i—1

L _ i
9 —4q
Nah =2 11— (5)
im0 =01 — 14
t1
i+d e
Nul(q,l) = g(q 2 4+1) ifliseven, o
0 otherwise,

where the empty product is set to be 1.

In general, to count the number of Hermitian self-dual quasi-abelian codes in F,[G], in (3), we count
the number of Hermitian self-dual codes C; of length | over Fys; for all ¢ = 1,2,...,7r and multiply
it with the number of all possible linear codes D; of length I over F s for all j = 1,2,...,r77. This
technique is clear in the following corollary. Hereafter, the numbers s;, t;, and t;- will appear frequently
in the succeeding results. If needed, the reader is referred back to Remark 2.2 for the definitions of s;,
t;, and t’.

Corollary 3.1. Let H < G be finite abelian groups such that gcd(|H|,q) =1 and |l = [G : H]. Assume
that F,[H| contains r; (resp., 2ryp) primitive idempotents of type I (resp., II). Assume further that the
primitive idempotents of type I are induced by q-cyclotomic classes of size s; for each i =1,2,...,r7 and
the primitive idempotents of type I1 are induced by q-cyclotomic classes of sizes t; and t;, pair-wise, for
each j =1,2,...,r11. Then the number of Hermitian self-dual H -quasi-abelian codes in F4[G] is

TII

T Nata™ ) [T Ata0. g

We note that S,(0) is a g-cyclotomic class of H of type I. Then r; > 1, and hence, the product
[T:L, Nu(g®,1) = 0 for all odd positive integers I. Hence, there are no Hermitian self-dual H-quasi-abelian
codes if [ = [G : H] is odd. Therefore, we have the following result derived from (6) and (7).

Lemma 3.2. There exists a Hermitian self-dual H-quasi-abelian code in Fy[G] if and only if the index
1=1[G: H] is even.

Remark 3.3. From Lemma 3.2, it is apparent that given a finite abelian group G and q = ¢3, the existence
of Hermitian self-dual H-quasi-abelian codes in Fy[G] depends only on the choice of H, particularly on
index | being even.

In the theory of quasi-cyclic codes, it is practical to use a relatively small fixed value of the index [
mainly for the purpose of efficient decoding [3]. Moreover, this case contains the known case of double
circulant codes (see [10, Section VI.A] and [12, Section II.A]). Since the theory of quasi-abelian codes
generalizes that of quasi-cyclic codes, we can adopt those concepts. Note that a quasi-cyclic code is cyclic
when [ = 1. Thus [ = 2 is the smallest index such that a code is quasi-cyclic. Specifically for [ = 2, one
can talk about self-dual 1-generator quasi-abelian codes (see Section 4). Consider the example below for
the number of quasi-abelian codes of index 2.

Example 3.4. Let H < G be finite abelian groups such that gcd(|H|,q) =1 andl =[G : H|] = 2. Assume
that Fy[H| contains r1 (resp., 2rrr) primitive idempotents of type I (resp., II). Assume further that the
primitive idempotents of type I are induced by q-cyclotomic classes of size s; for eachi=1,2,...,r; and
the primitive idempotents of type I1 are induced by q-cyclotomic classes of sizes t; and t;-, pair-wise, for
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each j =1,2,...,r1;. Then the number of Hermitian self-dual H-quasi-abelian codes of index 2 in F,[G]
18

s TI1

[T +1 ] +3).

i=1 j=1

In the next two subsections, we consider the case where the subgroups H of G are some p-groups. It
is interesting to see that for this particular case, the cardinality and the number of ¢g-cyclotomic classes of
H can be explicitly determined. Hence, one can obtain the actual number of resulting Hermitian self-dual
H-quasi-abelian codes. In this regard, we offer sufficient and necessary conditions for a g-cyclotomic class
of H to be of type I or type I1.

3.1. H 2 (Zy)*

The succeeding discussion is instrumental in determining the explicit forms of r; and ry;. Let
H = (Z,+)®, where k and s are positive integers, and p is prime such that gcd(p, ¢) = 1. Define

Hpi = {h S H| ord(h) = pi}a

for each 0 < i < k. Observe that Hi, Hy, ..., Hyx are pair-wise disjoint and H = Hy U H, U --- U Hpx,
where Hy = {0}. For each 1 <i <k, it is not difficult to see that H, = (pk'_ink)s \ (pk_(i_l)Zpk)S.
Consequently, we have |H;| = 1 and, via inclusion-exclusion principle,

‘Hp"'| = pis - p(iil)sa

for each i = 1,2,..., k. Recall that ¢ = g2 where g is a prime power. Hereafter, let Vpi := ord,i(q) and

ppi := ordyi(qo), for i = 0,1,..., k. Note that if h € Hyi, [Sy(h)| = orderacn)(q) = vpi-

Now, consider the case where ¢ is odd and p = 2, i.e., H & (Zqx)*®. Suppose h € Hs. Since ord(h) = 2
for all h € Ha, ¢ = +1 (mod ord(h)) and gy = £1 (mod ord(h)), then we have h = ¢-h = go-h = qo-(—h) =
—qo - h. Then Sy(h) = Sq(—qo - h) is of type I and having cardinality equal to 1. For the case where
h € Hyi, 2 < i < k, we have the same result. Suppose h € Hai, for a given 2 < i < k, and assume
Sq(h) is of type I. Then |S,(h)| = vq: is odd (see [7, Remark 2.6 (2)]). Moreover, the elements of Ho:
are partitioned into g-cyclotomic classes of the same type and size (see [7, Remark 2.5 (ii)]). Thus, vy
divides |Hy:|. In particular, vo: divides |28 Zqx \ 287170, | = 20 — 20~ = 20=1 Since vy is odd, it
must be 1.

Furthermore, it can be shown that g = 2 for all i = 2,3,..., k. Note that 2¢ | (¢ — 1) since v = 1
and thus, 2° | (¢2 — 1). We show that indeed, po; = 2. Suppose contrary, i.e., pg: = 1 = i, It implies
that go - h = h and —h = —qo - h = ¢ - h = h, since Sy(h) is assumed to be of type I. It implies that
h =0 or ord(h) = 2 which contradicts that h € Hyi, i = 2,3,..., k. We state these observations in the
following lemma.

Lemma 3.5. Let h € Hyi, for a given 0 <i < k. If Sy(h) is of type I, then vy: = 1. Moreover, i = 2
foralli=23,... k.

In the next proposition, we give the necessary and sufficient conditions for a g-cyclotomic class of
H to be of type I or type II. Since all g-cyclotomic classes in Hy: are of the same type and size, we
characterize the g-cyclotomic classes of H through its subsets Hy:, for 0 < i < k, keeping in mind that
Sq(h) is always of type I, for all h € Hy U H».

Proposition 3.6. Let h € Hy:, for a given 0 < i < k. Then Sy(h) is of type I if and only if g0 =
—1 (mod 2%). Equivalently, Sq(h) is of type 11 if and only if go # —1 (mod 2°).

Proof. Clearly, the proposition holds for the case where h € Hy U Hy. Now, consider h € Haq:, for
a given 2 < i < k, and assume S,(h) is of type I. From Lemma 3.5, vyi = 1 and pg = 2. Thus,
g =1(mod2%) and ¢p # 1 (mod 2*). Hence, go = —1 (mod 27).
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On the other hand, assume gop = —1 (mod 2%). Thus, for each h € Hyi, —qo - h = h € S,(h). Hence,
Sq(h) is of type I. O

Remark 3.7. Using Proposition 3.6, we can completely classify the sets Hyi, 0 < i < k, that contain
g-cyclotomic classes of type I or type II. Choose the largest integer 0 < 1’ < k such that 2T"(Q0 +1).
Hence, by Proposition 3.6 Hy: contains q-cyclotomic classes of type I for allt=0,1,...,7" and the rest
of the sets Hy; contain elements of type II, for j = ' +1,..., k. This will lead to a decomposition of
F,[H].

Let 7’ be a positive integer as described in Remark 3.7. Since v9: = 1 for all 0 <4 <7/, then

71/
H 7 J oo
r; = Z ‘ 2l _ or's
Voi
i=0 2
and
k |H2'r| k ors _ 2(7'71).9
= 3 Wl 5 oA
21/2r 21/27‘
r=r/+1 r=r/4+1

Thus, from (1), this will give the following decomposition,

ors _o(r—1)s

gr's k Tugr
Fq[H] = H Fq ) x H H (Fgvar X Fgrar)
i=1 r=r/+41 j'=1

Similar with (3), every H-quasi-abelian code C' in F,[G] can be written as

ors _o(r—1)s

27‘/3 k 2vgr
c|Ic ] x| 11 II Oy xDi)| ], (8)
1=1 r=r/4+1 j'=1

where Cj, D, j and D;,J, are linear codes of length [ over F,, Fqror and Fyver, respectively, for ¢ =
1,2,...,27 r=7¢"+1,...k and j/ = 1,2,...,(2"5 — 20"=1%) /20, Given the decomposition of C' in
(8), we deduce the next proposition.

Proposition 3.8. Let H < G be finite abelian groups such that H = (Zy)*, ged(|H|,q) = 1 and

1 =[G : H]. Let 0 < 1" < k be the largest integer such that 2 |(qo + 1). The number of Hermitian
self-dual H-quasi-abelian codes in Fy[G] is

ors _o(r—1)s

i1 k 1 oi-1 . ; Zvgr
+1 (¢"")" — (g™ iy
M=) | 1] (S]] =ty 15 cen,
i=0 r=r/'41 \ i=0 j=0 (q7=r)" = (g )
0 if l is odd.

Proof. The result follows from (8) and Proposition 2.3 by counting the number of all possible Hermitian
self-dual linear codes C; over F, of length [ and linear codes D, j» over Fgror of length I, fori = 1,2,...,7's,
r=1r"+1,...,k and 5/ = 1,2,..., (2" — 20"=1%) /205, then apply formulas (5) and (6). O

A specific case of Proposition 3.8 is given in the example below, where H 2 (Z3)*® (i.e., ¥’ =k =1)
is an elementary 2-group.
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Example 3.9. Let H < G be finite abelian groups such that H = (Z5)®, ged(|H|,q) =1 and l =[G : H].
The number of Hermitian self-dual H-quasi-abelian codes in F,[G] is

t

H (q”% + 12" ifl is even,
i=0

0 if 1 is odd.

Table 3.1 illustrates Proposition 3.8 when ¢ = 9, [ = 2, for k = 1,2 and s = 1,2. Note that in the
last column, A - B gives the number of the resulting codes. Moreover, since the value of k < 2 and ¢y = 3,
then ' = k, for k = 1,2. Hence, the second factor in the formula given by B is empty and set to be 1.
In other words, all cyclotomic classes of H is of type I, for £ = 1,2. In this case, the numbers in the last
column of the table also gives the number of Hermitian self-dual 1-generator H-quasi-abelian codes as
presented in Corollary 4.5 ().

Table 1. Number of Hermitian self-dual H-quasi-abelian codes in Fy[G], H = (Z,x)°, | =[G : H] =2

and ¢ =9.
s|k|[H|||G||r'|[A = (g0 + 1) "|B=Ty_, (g +3)"r/>>" 4. B
TEAERE 16 1 16
204|812 256 1 256
NUEAREE 256 1 256
2016 322 410 1 416

3.2. H = (Zy)®, where p is an odd prime

To complete our characterization, consider H = (Z,~)®, k,s > 0, where p is an odd prime and
ged(p,q) = 1. Recall that in the case p = 2, there is a chance that the g-cyclotomic classes of H are
divided exactly into classes of type I and type II. It is interesting to note that it is a totally different
situation when p is odd. Specifically, we show that all non-zero elements in H belong to just one type of
g-cyclotomic classes. Moreover, the necessary and sufficient conditions for them to be of type I or type
IT are determined. Recall that H,, is the set containing all elements of H of order pt,i=0,1,...,k and
H = HiUH,U---UH. Note that S;(0) = {0} = H is of type I. We start with H, the characterization
of g-cyclotomic classes of H.

Proposition 3.10. Let h € H,. Then Sy(h) is of type I if and only if ord,(q) is odd and ord,(qo) is
even. Equivalently, Sq(h) is of type 11 if and only if ord,(q) is even or ordy(qo) is odd.

Proof. Following the notation introduced above, let v, = ord,(q). If h € Hp, then ¢*» - h = h.

Assume S, (h) is of type I. Then —qo-h = ¢' - h = ¢&' - h for some 0 < i < v,. It follows that
h=—gg " h=—2q0-h) = g 2(~aF - h) = ¢ - h = ¢ . h which implies 1,(2i — 1),
Hence, v, is odd. We note that ord,(qo) € {vp,2v,}. If ord,(qo) = vp, then h = q7” -h = ¢3! - h = —h,
which implies that A = 0, a contradiction. Hence, ord,(go) = 21, which is even.

Conversely, assume that ord,(g) is odd and ord,(qo) is even. It follows that ord,(q) = v, and
ord,(go) = 2vp. Then h =¢"» - h = qu” -h, ie., (go" —1)(g" + 1) - h = 0. Since ord,(go) = 2v,, we have
p1 (g7 — 1), and hence, (g,” + 1) - h = 0. It follows that go(qe” +1)-h = (qVPT+1 +qo) - h = 0. Since v,

is odd, v, + 1 is even. Which implies that —go - h = quTH -h € Sq(h). Therefore, S;(h) is of type I as
desired. O
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Next, we show that all g-cyclotomic classes of H \ {0} are of the same type. Because of this, the
g-cyclotomic classes of H are completely characterized.

Proposition 3.11. Let a € H, and b € Hy:, for any given 1 < i < k. Then, Sq(a) is of type I if and
only if Sq(b) is of type I. Equivalently, Sq(a) is of type II if and only if Sy(b) is of type I1.

Proof. Let a € H, and assume that S;(a) is of type I. Then, by Proposition 3.10, v, = ord,(q) is
odd and p, = ord,(q) = 2v, is even. We show that p’ | (q”P'T"%1 - 1) by induction on i. It is clear
when i = 1. Now, assume p'~! | (q"i“"”ii2 - 1), for 1 < i < k. Then, ¢"»?~ = 1(mod p~!) and
hence, ¢“»?' "7 =1 (mod p'~1) for all j > 0. Thus, Zf;é grrP I = Z?;é 1 (mod p*~1). This implies
that p | (Z?LS qVP'PH'J’). Since ¢"»?' —1 = (q”ﬁ'l’“g - 1) (Z?Zé q”P"’l_Q'j), Pt (q”“’” - 1)

and p | (Z?;S qy”'piiz'j), it follows that p' | (q”P'pFl - 1). Therefore, v, | v, - p'~! and means v, is

odd. Note that j,; € {vi,2v,:}. Since p, is even, v, is odd and py, | ppi hence, p,i = 2v,:. Hence,
Pt (qgupi - 1) and p’ (qoypi - 1). It follows that p’ | (qui + 1). In other words, qo(qui +1)-b=0or

v i+1 vpit!
—qo-b=¢qy" b=q 7 -be S,y(b) for each b € Hy.
Conversely, assume that Sy (b) is of type I, for all b € Hyi. Then, —qo-b = ¢’ -b for some 0 < j < vi.
It follows that —qo(p'~" - b) = ¢/(p'~" - b), which implies S,(p’~' - b) is of type I. Since p'~' - b € Hy,
S,(a) and S, (p*~! - b) are of the same type. O

Combining Propositions 3.10 and 3.11, the corollary below follows immediately.

Corollary 3.12. Let h be a non-zero element in H = (Z,x)*, p is odd and ged(p, q) = 1. Then Sq(h) is
of type I if and only if ord,(q) is odd and ord,(qo) is even. Equivalently, S,(h) is of type IT if and only
if ord,(q) is even or ordy(qo) is odd.

We are now ready to obtain a decomposition for F,[H]. This entails computing for r; and 7. If
there exists h € H \ {0} such that S,(h) is of type I, then by Corollary 3.12, r;; = 0 and

.- k | H,: B k pis — pli—Ds
- § - § )
=0 P’ i=0 Vp'

where vp0 = v1 = 1 and p* — pli=1s is equal to 1 when i = 0. On the other hand, if there exists
h € H \ {0} such that S,(h) is of type I, then Corollary 3.12 implies that r; = |H1| = 1 and

k | pis — pli—Ds

k
P 2Vp1‘,

Recall that v, := ord,(q) and p, := ord,(go). From the above calculations, together with Corollary 3.12
and (1), we have

Hy
21/pi

i=1

2is _o(i—1)s
k Ypi
Fq x H H F i if v, is odd and p,, is even,
i=1 i'=1
[a=3
FQ[H} - ois _o(i—1)s
k 2 i
Fy x H H (Fqupf, X ]qu,,i,) if v, is even or p, is odd.
i=1 j=1
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It also implies that an H-quasi-abelian code C' in F,[G] can be decomposed as

gis _o(i—1)s

& v
C1 x H H Ci if v, is odd and p,, is even,
i=1 §'=1
= gis _o(i—1)s (9)
k 2v
C x H H (Dij x Di ;) if v, is even or p,, is odd,
i=1 j=1
where C; and C; ;s are linear codes of length [ over F, and }Fqupi, respectively, for 1 = 1,2,...,k and

i’ =1,2,...,(2% — 207Y%)/p ;. Similarly, both D; ; and D; ; are linear codes of length [ over F v, for
i=1,2,...,kand j =1,2,...,(2% — 20-D%) /2, ;. The above decomposition of the code C' will lead us
to the following proposition.

Proposition 3.13. Let H < G be finite abelian groups such that H = (Z,x)*, p is odd, ged(|H|,q) = 1
and | = [G : H] is even. The number of Hermitian self-dual H -quasi-abelian codes in F4[G] is

pis_p(ifl)s
31 ko [3-1 “p
1 . 1 . . .
H (¢"tz +1) H H ((ql’fﬂ)’”Jr§ + 1) if v, is odd and p, is even,
=0 i=1 \ r=0
- . l pis;p(i—l)s
3~ r=1 v N (viNd Ypi
H (¢t2 +1) H Z H (q,/pi )r ( :i)j if vp is even or p, is odd.
i=0 i=1 \r=0;=0 (@) = (™)
Proof. Apply the same arguments as in the proof of Proposition 3.8 to (9). O

An example is given when H = (Z,)® is an elementary p-group.

Example 3.14. Let H < G be finite abelian groups such that H = (Z,)°, p is odd, gcd(|H|,q) =1 and
the index | = [G : H| is even. Then the number of Hermitian self-dual H-quasi-abelian codes in Fy[G] is

i1 s
2 p°—1
H (q”% +1) ((q"p)“r% + 1) Vp if vp is odd and i, is even,
=0
%_1 [ r—1 vp\l vp\J %
i+ ()" — (¢"7)’ . , )
H (2 +1) Z H W if vp is even or u, is odd.
i=0 =0 j=0

See Table 3.2 for the number of Hermitian self-dual H-quasi-abelian codes when p =3, ¢ =4, =2,
for k =1,2 and s = 1,2. In this case, v, = 1 and u, = 2. Then the g-cyclotomic classes of H are all of
type I, and hence, this table also illustrates the 1-generator case given in Corollary 4.5 (ii), type I case.

4. Hermitian self-dual 1-generator quasi-abelian codes

In this section, we study 1-generator H-quasi-abelian codes in F,[G], a cyclic F,[H]-module of F,[G],
where H < G are finite abelian groups such that ged(|H|, ¢) = 1. The main idea here is to use [6, Theorem
6.1] and combine it with the characterization of Hermitian self-dual H-quasi-abelian codes obtained in
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Table 2. Number of Hermitian self-dual H-quasi-abelian codes in F,[G], H & (Z3:)°, | =[G : H| =2

and ¢ = 4.
s|k|[H|[|G]|A=(g0+D|B=TIF, (¢" +1)"I™i| A-B
HERK 3 9 27
219 |18 3 729 2187
5|1 9|18 3 6561 19683
2| 81 (162 3 3% .97 3.3%.9%

Proposition 2.3. We also consider the case where H = (Z,)*®, for p = 2 or p is odd, and obtain explicit
enumeration.

From [6], we have the following characterization of 1-generator quasi-abelian codes.

Theorem 4.1 ([6, Theorem 6.1]). Let g be a prime power and let H < G be finite abelian groups with
l =[G : H] and gcd(|H|,q) = 1. Let e1,ea,...,e; be the primitive idempotents of Fy[H|. In the light of
(3), let

C

1%

t
e
=1

be an H-quasi-abelian code in Fy[G|, where C; is a linear code of length l over L; 2 F,[Hle;. Then C is
1-generator if and only if the L;-dimension of C; is at most 1, for eachi=1,2,...t.

Since the F,-dimension of a 1-generator H-quasi-abelian code C' in F,[G] cannot exceed |H|, Ct#
could never be a 1-generator if [G : H| > 2. In the case where [G : H] = 2, we have the following
characterization.

Corollary 4.2. Assume the notation in Theorem 4.1. In addition, we assume that [G : H| = 2. If C is
a 1-generator H-quasi-abelian code in F4[G], then the following statements are equivalent.

i) C+1 s a 1-generator H-quasi-abelian code.
i1) C; has L;-dimension 1 for alli=1,2,...,t.
i7i) The F,-dimension of C is |H|.

Proof. The corollary follows immediately from Theorem 4.1 and observations similar to those in [12,
Corollary 3.2]. O

Combining Proposition 2.3 and Corollary 4.2, we conclude the following characterization for Hermi-
tian self-dual 1-generator quasi-abelian codes (¢f. [12, Theorem 3.3]).

Corollary 4.3. A 1-generator H-quasi-abelian code C' in Fy[G] is Hermitian self-dual if and only if
[G:H|=2 (i.e., G=75 x H) and, in (3), C is decomposed as

(i) i)

k=1

where

i) C; is Hermitian self-dual of length 2 over E; for alli=1,2,...,7r7, and

i) Dj is a linear code of dimension 1 and length 2 over K; for all j =1,2,...,7y7.
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The enumeration of Hermitian self-dual 1-generator quasi abelian codes immediately follows.

Corollary 4.4. Let H < G be finite abelian groups such that ged(|H|,q) =1, and [G : H] = 2. Assume
that Fy[H] is decomposed as in (1) and contains r; (resp., 2rrr) primitive idempotents of type I (resp.,
11). Assume further that the primitive idempotents of type I are induced by g-cyclotomic classes of size
s; foreachi=1,2,...,r; and the primitive idempotents of type II are induced by q-cyclotomic classes of
sizes t; and t;, pair-wise, for each j = 1,2,... rr;. Then the number of Hermitian self-dual 1-generator
H -quasi-abelian codes in Fy[G] is

I rTII

M@ +0 @ +1).

i=1 j=1

Proof. The corollary follows from Corollary 4.3, (6), and the fact that the number of 1-dimensional
subspaces of thj is gt + 1. O

We end this paper by considering the case of Hermitian self-dual 1-generator H-quasi-abelian codes
where H are some p-groups.

Corollary 4.5. Let H < G be finite abelian groups such that H = (Z,1)*, ged(|H|,q) =1 and | = [G :
H) =2 (i.e., G =75 x H). Then one of the following statements holds.

i) If p =2, q is odd and 0 < 1’ < k is the largest integer such that 2T/|(qo + 1), then the number of
Hermitian self-dual 1-generator H-quasi-abelian codes in Fy[G] is

k

e var | )
(o +1) (¢ +1) .

r=r/+1

it) If p is odd and ged(p,q) = 1, then the number of Hermitian self-dual 1-generator H -quasi-abelian
codes in F4[G] is

H (qul + 1) s if vp is odd and p, is even,
i=0
k pis _p(i—1)s
(g0 +1) H (¢ +1) if vp is even or p, s odd.
i=1

Proof. The first statement is derived using (8) and Corollary 4.3 by getting the number of Hermitian
self-dual codes C; over F, of length [ = 2, for ¢ = 1,2,...,2"s and the number of 1-dimensional
linear codes D, j of length | = 2 over Fgrr which is equal ¢*2" + 1, for r = ¢/ +1,...,k and j' =
1,2,...,(2 —200=1s) /20,

Suppose p is odd, ged(p,q) = 1, v, is odd and p, is even. This case follows directly from Proposi-
tion 3.13 by letting [ = 2 and noting that ¢ = ¢3. On the other hand, suppose v, is even or p, is odd. We
apply Corollary 4.3 and (9). The first factor is obtained by counting the number of Hermitian self-dual
codes (' of length 2 over F,. For the second factor, we count the number of 1-dimensional linear codes
D j over F v, given by ¢"»" + 1, for each i = 1,2,...,k, and j = 1,2,..., (p*s — pli=V%) /20, O

For the case where H is an elementary p-group, we have the following example.

Example 4.6. Let H < G be abelian groups such that H = (Z,)*, an elementary p-group, gcd(|H|,q) =1
andl =[G : H| =2 (i.e., G =7y x H). Then one of the following statements holds.
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i) If p =2 and q is odd, then the number of Hermitian self-dual 1-generator H-quasi-abelian codes in
F,[G] is

(90 +1)%".

1) If p is odd and ged(p,q) = 1, then the number of Hermitian self-dual 1-generator H -quasi-abelian
codes in Fy[G] is

pS—

1
(go+1)(q” +1) ™  ifv, is odd and p, is even,

S—1
(go+ 1)(g"™ + 1)137? if vp is even or p, is odd.

5. Summary

Characterization and enumeration of Hermitian self-dual quasi-abelian codes were established based
on the well-known decomposition of quasi-abelian codes. Necessary and sufficient conditions for the
existence of Hermitian self-dual 1-generator quasi-abelian codes were also given. For special cases where
the underlying groups are some p-groups, complete classification of cyclotomic classes has been done. As
a result, the actual number of resulting Hermitian self-dual quasi-abelian codes has been determined.
It is interesting to note that the results in this work is restricted to Fy[H] being a semi-simple group
algebra, i.e., the characteristic of Fy and |H| are coprime, where H is a finite abelian group.
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