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ABSTRACT. The concept of strongly central reversible rings has been intro-
duced in this paper. It has been shown that the class of strongly central
reversible rings properly contains the class of strongly reversible rings and is
properly contained in the class of central reversible rings. Various properties
of the above-mentioned rings have been investigated. The concept of strongly
central semicommutative rings has also been introduced and its relationships
with other rings have been studied. Finally an open question raised in [D.
W. Jung, N. K. Kim, Y. Lee and S. J. Ryu, Bull. Korean Math. Soc., 52(1)
(2015), 247-261] has been answered.
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1. Introduction

Throughout this article all rings are associative with identity unless otherwise
stated. Let R be a ring. Denote the polynomial ring with an indeterminate x
over R by R[xz], the power series ring with an indeterminate z over R by R[[z]],
center of R by Z(R), set of idempotent elements of R by FE(R), set of nilpo-
tent elements of R by N(R), the n by n full (resp., upper triangular) matrix
ring over R by M, (R) (resp., U,(R)). Following the literature, we use D,(R) =
{(a;j) € Un(R) : all diagonal entries are equal} and V,(R) = {(bi;) € D,(R) :
bst = b(s41)t41) for s =1,...,n =2 and t =2,...,n — 1}. Use Ej; for the matrix
with (4, j)-entry 1 and other entries 0; N (resp., Z,) denotes the ring of positive
integers (resp., integers modulo ), and H denotes the ring of real quaternions.

A ring R is called reduced if it has no nonzero nilpotent elements and is called
central reduced [1] if all the nilpotent elements of R is central. Lambek [15] called
a ring R symmetric if abc = 0 implies achb = 0 for all a,b,c € R. A ring R is said to
be Armendariz [22] if for any f(x) = i)aixi,g(a:) = ‘ano bjzl € R[z], f(z)g(z) =0

i= j=
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implies a;b; = 0 for all 0 <7 < m,0 < j < n and central Armendariz [2] if for any
flzx) = i a;zt, g(z) = Xn: bjz! € Rlz], f(z)g(z) = 0 implies a;b; € Z(R) for all
i,j. A r;n; R is called rjevgrsz'ble [7] if ab = 0 implies ba = 0 for all a,b € R and is
called central reversible [10] if ab = 0 implies ba € Z(R) for all a,b € R. A ring R
is called semicommutative [17] if ab = 0 implies aRb = (0) for all a,b € R and is
called central semicommutative [20] if ab = 0 implies aRb C Z(R) for all a,b € R.

The relationship among these classes of rings is given by

Symmetric <= Reduced
U
Reversible — Semicommutative
I U
Central ? Central
Reversible Semicommutative

A ring R is called strongly reversible [26] if the polynomial ring R[z] is reversible.
The class of reversible rings strictly contains the class of strongly reversible rings.
Similarly a ring R is called strongly semicommutative [25] if the polynomial ring
R[z] is semicommutative. Every strongly semicommutative ring is semicommuta-
tive but the converse is false.

In this paper we have defined strongly central reversible and strongly central
semicommutative rings as generalizations of strongly reversible and strongly semi-
commutative rings respectively. We have also investigated various properties of
these rings and their relationships with other known rings. Lastly an open question

left unanswered in [9] has been answered.

2. Strongly central reversible rings

Definition 2.1. A ring R is called strongly central reversible if R[z] is central
reversible, equivalently, whenever f(z),g(z) € R[z] satisfy f(z)g(x) = 0, then
g(x)f(x) is central in R[z].

Remark 2.2. (1) All commutative, reduced, strongly reversible rings are strongly
central reversible.
(2) The class of strongly central reversible rings is closed under subrings and
direct products.
(3) Ewery strongly central reversible ring R is central reversible, and converse
holds if R is Armendariz [9, Proposition 2.14].



ON SOME GENERALIZATIONS OF REVERSIBLE AND SEMICOMMUTATIVE RINGS 13

Example 2.3. A central reversible ring need not be strongly central reversible.
We refer to the example in [9, Example 2.12]. Let A = Zs[ag, a1, ag, b, b1, ba, (]
be the free algebra of polynomials with zero constant terms in noncommutating
indeterminates ag, a1, az, by, by, ba, c over Zy. Note that A is a Ting without identity
and consider the ideal I of Zo + A generated by

aobo, apbi + a1bg, agba + a1by + asby, ai1bs + a2by, asba, agrby, asrbs,

boag, bpai + biag, boas + biay + baag, bias + beaq, baas, borag, baras,

(ao + a1 + a2)r(bg + b1 + ba), (bg + by + ba)r(ag + a1 + az), and rirarsryrs,
where r,r1,79,73,74,75 € A. Then clearly A> € I. Let R = (Zy+A)/I and consider
Rlx]) = (Zo+ A)[z]/I[x]. Then by [9, Example 2.12], R is central reversible whereas
R[z] is not central reversible as (ag + a1x + a2x?)(boc + bycx + bacx?) € I[z] but
(boc + bicx + bacx®)(ag + a1z + axx?) ¢ Z(R[x]) as bicag + bocay is not central.

Hence R 1is not strongly central reversible.

Example 2.4. A strongly central reversible ring need not be strongly reversible.
For a commutative reduced ring R, Ds(R) is both Armendariz [11, Proposition
2] and central reversible [14, Example 2.2], and so by Remark 2.2 (3), Ds(R) is
strongly central reversible, which is not reversible by [12, Example 1.5] and hence

not strongly reversible.

Lemma 2.5. [23, Theorem 2.24] A ring R is central reduced if and only if R[z] is

central reduced.
Proposition 2.6. Fvery central reduced ring is strongly central reversible.

Proof. Let R be a central reduced ring, and let f(z),g(z) € R[z] such that
f(x)g(z) = 0. Then g(z)f(x) € N(R[z]) C Z(R[z]) and hence R is strongly

central reversible. O

Proposition 2.7. Let {Ry : A € A} be rings. Then the following are equivalent:

(1) Ry is strongly central reversible for each A € A.
(2) The direct product [],c R is strongly central reversible.

(3) The direct sum @y, Ry is strongly central reversible.

Corollary 2.8. Let R be a ring and e € E(R). Then R is strongly central reversible
if and only if both eR and (1 — e)R are strongly central reversible.

Proof. ( = ) Follows from Remark 2.2 (2). ( <= ) Follows from Proposition
2.7. ]
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Proposition 2.9. For a ring R, the following are equivalent:

(1) R is strongly central reversible.
(2) Rlxy,x9, -+ ,xy,] is strongly central reversible.

(3) Rl[x1,x2, - ,xy]] is strongly central reversible.

Proof. The equivalence of (1), (2) and (3) can be established by showing that R
is strongly central reversible <= R|[z] is strongly central reversible.

The argument here is essentially due to [3, Theorem 2]. ( = ) Let R be
a strongly central reversible ring, and let f(¢),g(t) € R[z][t] with fg = 0. We
can write f(t) = fo + fit +--- + fut™ and g(t) = go + g1t + -+ + gmt™ where
fisgi € Rlz]. Let k = deg(fo) + -+ + deg(fn) + deg(go) + - - - + deg(gm) where the
degree is as polynomials in = and the degree of zero polynomial is taken to be 0.
Then f(2*) = fo+ fra*+- 4 fuz™, g(z*) = go+g12"+ - -+ gna*™ € R[z] and the
set of coefficients of the f;’s (resp., g;’s) equals the set of coefficients of f(z*) (resp.,
g(z*)). Since f(t)g(t) = 0 and x commutes with elements of R, f(z*)g(z*) = 0.
Since, R is strongly central reversible, therefore, g(z*)f(z*) € Z(R[z]) and hence
g(t)f(t) € Z(R[z][t]). ( < ) Obvious as R can be considered as a subring of
R[z]. O

Proposition 2.10. Let R be a central Armendariz ring with the property that
ab € Z(R) implies ba € Z(R) for a,b € R. Then R is strongly central reversible.

Proof. Let f(z) = >.1"aiz’,g(x) = >j_objz’ € Rlz] such that f(x)g(z) = 0.
Since, R is central Armendariz, therefore, a;b; € Z(R) for all ¢, j. By hypothesis,
bja; € Z(R) for all 4, j. Since, Z(R) is a subring of R, therefore, g(z) f(z) is central

in R[z] and hence R is strongly central reversible. O

Recall that for a ring R and an (R, R)-bimodule M, the trivial extension of
R by M is the ring T(R,M) = R @® M with usual addition and the following
multiplication: (ry,mq)(r2,me) = (1172, 71m2 + myre). This ring is isomorphic to
the matrix ring {(¢ %) : 7 € R and m € M}. Also for aring R, R[z]/(z") = V,,(R)

for any positive integer n, where (z") is the ideal generated by z™.

Proposition 2.11. Let R be a reduced ring. Then R[x]/(x™) is strongly central

reversible for any positive integer n.

Proof. For any positive integer n, R[x]/(z™) is strongly reversible by [26, Proposi-
tion 3.5] and hence R[z]/(x™) is strongly central reversible by Remark 2.2 (1). O

Corollary 2.12. Let R be a reduced ring. Then T(R,R) is strongly central re-

versible.
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Proof. We have T(R, R) = R[x]/(2?). The rest follows from Proposition 2.11. [
We next generalize Corollary 2.12 as follows:

Proposition 2.13. Let R be a central reduced ring. Then T(R,R) is strongly

central reversible.

Proof. Let u = z + (22) so that R[z]/(2?) = R[u] = R + Ru, where u commutes
with elements of R and u? = 0 in R[u]. Let f,g € R[u][t] with fg = 0. We can
write f = fo + fiu, g = go + g1u where fo, f1, 90, 1 € RJt]. Note that

0= fg=(fo+ fiu)(go + g1u) = fogo + (fog1 + frg0)u

as figiu? = 0. This gives fogo = 0, fog1 + figo = 0. Using Lemma 2.5, R[t] is
central reduced. Therefore, fogo = 0 implies gofo is nilpotent in R[t] and so is

central in R[t]. Now,

Jog1 + figo = 0.

Multiplying by go from left, we get

gofog1 + gofigo = 0.

Using commutativity of ggfo, we get

g190f0 + gofigo = 0.

Again multiplying by f1 from right and using commutativity of gg fo, we get

g1f190fo + gof190f1 = 0.

Again multiplying by go from right and using fogo = 0, we get

gof190f190 = 0.

This gives (gof1)® = 0. Therefore, gof; is nilpotent in R[t] and so is central in
R[t]. By similar computations, it can be shown that fog; + figo = 0 yields g1 fo
is central in R[t]. Thus, gf = gofo + (91.fo + gof1)u is central in R[u|[t]. Hence,
R[u] = R[x]/(2%) 2 T(R, R) is strongly central reversible. O

From Proposition 2.13, one may suspect that if R is strongly central reversible,
then T'(R, R) is strongly central reversible. However the following example eradi-

cates the possibility.

Example 2.14. Consider the ring R = T(H,H). By [26, Corollary 3.6], R is
strongly reversible and so R is strongly central reversible. Let S = T(R, R). Note
that
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0 j 0 0 -1 k 0O
o) GG ) GO,
0 0 j 0 0 0 -1
o) GG G
in S, but
0 -1 kE 0 0 j i 0 0 0 0 —2¢
o) GG GOy (6o 6 )
0 0 0 -1 0 0 0 j 0 0 0 0
o) )G o)) (6o GO

is not central in S, showing that S = T(R, R) is not central reversible and hence

o O O =

not strongly central reversible.

Next we shall give an example to show that a homomorphic image of a strongly
reversible (hence strongly central reversible) ring need not be strongly central re-

versible.

Example 2.15. Consider the ring R = D3(H) and the ideal I = (§H§I
Clearly the mapping ¢ : R/I — T(H,H) given by

a 0 0
sl B (ab)
a f—
0 a
0 0 a

is an isomorphism, showing that R/I = T(H,H). We know H being a division ring
is reduced and therefore T(H,H) is strongly reversible by [26, Corollary 3.6] and

ocoHE

) of R.

so T(H, H) is strongly central reversible, however R is not even central reversible.

This may be verified as follows:

0 0 0y(O 10
0 0 ¢ 0 0 1]1=0
0 0 0/\0O OO
in D3(H), but
01 0 0 0 O 0 0
0 0 1 0 0 0 0 O
0 0 O 0 0 O 0 0
is not central in Ds(H), showing that Ds(H) is not central reversible.

Recall that an element u of a ring R is called right (rvesp. left) reqular if ur =0
(resp. ru = 0) implies r = 0 for r € R. An element is called regular if it is both

right and left regular. For a ring R, we denote by A, a multiplicatively closed
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subset of R consisting of central regular elements. Let A~!R be the localization of

R at A. Then we have the following results:

Lemma 2.16. For a ring R and an element x € R, v € Z(R) implies (z/u) €
Z(ATIR) for all u € A.

Proposition 2.17. A ring R is strongly central reversible if and only if A 'R is

strongly central reversible.

Proof. ( = ) Let f(z) = Y\" (ai/ui)z’, g(x) = Y7_,(bj/vj)a’ € A™'Rz]
such that f(z)g(z) = 0. Let F(z) = (um - --uo)f(z) and G(x) = (v, -+ - vg)g(z).
Then F(z), G(x) € R[z] such that F(x)G(x) = 0. Since, R is strongly central
reversible, therefore, G(x)F(x) € Z(R[z]). Using Lemma 2.16, we get g(z)f(z) €
Z(A~!R[z]), showing that A~ R is strongly central reversible. ( <= ) Obvious as

R can be considered as a subring of A7!'R. (]

The ring of Laurent polynomials in x over a ring R consisting of all formal sums
ZZL:k r;x® with usual addition and multiplication, where r; € R and k,n € Z, is
denoted by R[z,z71].

Corollary 2.18. For a ring R, the following are equivalent:

(1) R is strongly central reversible.
(2) RJz] is strongly central reversible.

(3) R[x,z~1] is strongly central reversible.

Proof. (1) <= (2) Follows directly from Proposition 2.9.
(2) < (3) Let S = {1,z,22,...}. Then clearly S is a multiplicatively closed
subset of R[x] consisting of central regular elements such that R[z,z~1] = ST1R[z].

The rest follows from Proposition 2.17. (]

3. Strongly central semicommutative rings

Definition 3.1. A ring R is called strongly central semicommutative if R[x] is cen-
tral semicommutative, equivalently, whenever f(z),g(x) € R[z] satisfy f(z)g(z) =
0, then f(z)h(z)g(x) is central in R[x] for any h(z) € R|x].

Remark 3.2. (1) All commutative, reduced, strongly semicommutative rings
are strongly central semicommutative.
(2) The class of strongly central semicommutative rings is closed under subrings

and direct products.
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(3) Every strongly central semicommutative ring R is central semicommutative,

and converse holds if R is Armendariz [24, Theorem 2.21].

Example 3.3. A central semicommutative ring need not be strongly central semi-
commutative. Let A = Zslag,a1,as,as,bo,b1] be the free algebra (with identity)
over Zs generated by siz indeterminates ag, a1, asz, az, by, b1. Let I be the ideal of R
generated by
aobo, apb1 + aibo, a1by + azbo, asby + azbo, asby,
apa; (0 < j <3), aza; (0 < j <3), a1a; + aga; (0 < j < 3),
bibj (0 < i,j <1), bia;(0<i<1,0<j <3).

Let R = A/I. Then R is semicommutative by [18, Claim 6] and so R is central

semicommutative. But R[x] is not central semicommutative by [24, Example 2.20]

and hence R is not strongly central semicommutative.

A ring which is both Armendariz and central semicommutative (hence strongly
central semicommutative) but not semicommutative, is difficult to construct. So

we leave the following as an open question.

Question 3.4. Are strongly central semicommutative rings strongly semicommau-

tative?
Proposition 3.5. Fvery central reduced ring is strongly central semicommutative.

Proof. Let R be a central reduced ring, and let f(x),g(x) € R[z] such that
f(x)g(z) = 0. Then [g(x)f(x)]® = 0. Therefore, g(z)f(z) € N(R[z]) C Z(R[z]) as
R[z] is also central reduced by Lemma 2.5. Let h(x) € R[z]. Now, [f(x)h(x)g(z)]3
= f@)h(@)lg(x)f(@)]h(@)[g(x)f(@)]h(z)g(z) = f()[h(z)Pg(=)lg(x)f(x)]* = 0.
Thus, f(z)h(z)g(z) € N(R[z]) C Z(R[z]). Hence R is strongly central semicom-

mutative. O

As noted in [9, pp. 255], a central semicommutative ring need not be central
reversible [9, Example 2.6], however, whether a central reversible ring is central
semicommutative is still an open question. We shall next give an example to
show that a strongly central semicommutative ring need not be strongly central
reversible. However whether a strongly central reversible ring is strongly central

semicommutative has not been answered here.

Example 3.6. Let F' be a field. By [4, Example 4.10], R = F {a,b:ab=0) is
both Armendariz and semicommutative, and so R is strongly semicommutative by

[22, Proposition 4.6] and hence R is strongly central semicommutative by Remark
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3.2 (1), but R is not central reversible by [9, Example 2.6] and so it is not strongly

central reversible.

Question 3.7. Are strongly central reversible rings strongly central semicommuta-

tive?

Proposition 3.8. Let {Ry : A € A} be rings. The following are equivalent:

(1) Ry is strongly central semicommutative for each A € A.
(2) The direct product [],., Ra is strongly central semicommutative.

(3) The direct sum @, Ry is strongly central semicommutative.

Corollary 3.9. Let R be a ring and e € E(R). Then R is strongly central semicom-

mutative if and only if both eR and (1 —e)R are strongly central semicommutative.

Proof. ( = ) Follows from Remark 3.2 (2). ( <= ) Follows from Proposition
3.8. O

Proposition 3.10. For a ring R, the following are equivalent:

(1) R is strongly central semicommutative.
(2) Rlxy,x9,: -+ ,xy] is strongly central semicommutative.

(3) Rl[x1,x2, - ,xzy]] is strongly central semicommutative.

Proof. The equivalence of (1), (2) and (3) can be established by showing that R is
strongly central semicommutative <= R|[z] is strongly central semicommutative.

The argument here is essentially due to [3, Theorem 2]. ( = ) Let R be a
strongly central semicommutative ring, and let f(t),g(t) € R[z][t] with fg = 0.
We can write f(t) = fo + fit + -+ fut™ and g(t) = go + g1t + + - - + gmt™ where
fi,gi € R[z]. Let h(t) = ho + hat + -+ + hpt? € R[z][t] where h; € R[z]. Let
k = deg(fo) + -+ + deg(fn) + deg(go) + - -~ + deg(gm) + deg(ho) + - -+ + deg(hy)
where the degree is as polynomials in z and the degree of zero polynomial is taken
to be 0. Then f(z*) = fo + fix® + -+ + fu2*, (%) = go + g1z* + - - - + gma*™,
h(z*) = ho + haz® + -+ + hya™ € R[z] and the set of coefficients of the f;’s,
gi’s and h;’s equal to the set of coefficients of f(z*), g(z*) and h(z*) respectively.
Since f(t)g(t) = 0 and = commutes with elements of R, f(z*)g(z*) = 0. Since,
R is strongly central semicommutative, therefore, f(z*)h(x*)g(2*) € Z(R[z]) and
hence f(t)h(t)g(t) € Z(Rx][t]). Since, h(t) € R|x][t] is arbitrary, therefore, R[x]
is strongly central semicommutative. ( <= ) Obvious as R can be considered as a
subring of R][x]. O
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Proposition 3.11. Let R be a central Armendariz ring with the property that
ab € Z(R) implies aRb C Z(R) for a,b € R. Then R is strongly central semicom-

mutative.

Proof. Let f(z) = Y 1", a;x’, g(z) = E?:o bjz? € R[z] such that f(z)g(x) = 0.
Since, R is central Armendariz, therefore, a;b; € Z(R) for all ¢, j. By hypothesis,
a;Rb; C Z(R) for all ¢,j. Since Z(R) is a subring of R, therefore, f(x)R[z]g(z) C

Z(R|z]) and hence R is strongly central semicommutative. O

Proposition 3.12. Let R be a reduced ring. Then R[x]/(x™) is strongly central

semicommutative for any positive integer n.

Proof. For any positive integer n, R[z]/(x™) is strongly semicommutative by [25,
Example 3.9] and hence R[z]/(z™) is strongly central semicommutative by Remark
3.2 (1). O

Corollary 3.13. Let R be a reduced ring. Then T(R, R) is strongly central semi-

commutative.
We next generalize Corollary 3.13 as follows:

Proposition 3.14. Let R be a central reduced ring. Then T(R,R) is strongly

central semicommutative.

Proof. Let u = z + (22) so that R[z]/(2?) = R[u] = R + Ru, where u commutes
with elements of R and u? = 0 in R[u]. Let f,g € R[u][t] with fg = 0. We can
write f = fo + fiu, g = go + g1u where fo, f1, 90,91 € RJt]. Note that

0= fg=(fo+ fiu)(go + g1u) = fogo + (fog1 + f1g0)u

as figiu? = 0. This gives fogo = 0, fog1 + figo = 0. Using Lemma 2.5, R[t] is
central reduced. Therefore, fogo = 0 implies (gofo)? = 0 and so gofo is central in
RJt]. Now,

fog1 + f190 = 0.
Multiplying by go from left and using commutativity of go fo, we get

g190f0 + gofigo = 0.

Again multiplying by f; from right and using commutativity of ggfo, we get

g1f1g90fo + gofigof1 = 0.

Again multiplying by go from right and using fogg = 0, we get
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gof190f190 = 0.

This gives (gof1)® = 0. Therefore, go f1 is nilpotent in R[t] and so is central in R[t].
By similar computations, it can be shown that fog; + figo = 0 yields g1 fo is central
in R[t]. Let h = ho + hiu € R[u][t], where hg, h1 € R[t]. For i = 0,1,

(fohigo)® = fohi(gofo)hi(gofo)higo = foh?go(g0fo)? =0

as gofo is central in R[t]. Similarly, (fohig1)* = 0 = (fi1higo)* for i = 0,1. Since,
RJt] is central reduced, therefore, foh;go, fohig1, fihigo € Z(RJt]) for i = 0,1.
Thus, fhg € Z(R[u][t]) and hence R[u] = R[z]/(z%) = T(R, R) is strongly central

semicommutative. O

From Proposition 3.14, one may suspect that if R is strongly central semicom-
mutative then T'(R, R) is strongly central semicommutative. However the following

example eradicates the possibility.

Example 3.15. We consider the ring in Example 2.14, i.e., S = T(R, R), where
R=T(H,H). The trivial extension R = T(H,H) strongly semicommutative by [25,
Example 3.10] and therefore by Remark 3.2 (1), R is strongly central semicommu-
tative. Clearly,

) (o[l o) 63
in S =T(R,R), ggt 8> <g é> <8 g> <8 01)
o) GO (65 GG a) )
o) GG D) GCIILE) ()
o) o )

o) foo

is not central in S, showing that S = T'(R, R) is not central semicommutative and

o O
o

hence not strongly central semicommutative.

We shall next show that a homomorphic image of a strongly semicommutative
(hence strongly central semicommutative) ring is not strongly central semicommu-

tative.
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Example 3.16. Consider the ring R = U(H) and the ideal I = (§5) of R. Clearly
the mapping ¢ : R/I — T(H,H) given by

a 0 a b
10} =
0 b 0 a
is an isomorphism and so R/I = T(H,H). The trivial extension T (H,H) is strongly

semicommutative by [25, Example 3.10] and so it is strongly central semicommauta-

tive. However R = Uy(H) is not even central semicommutative. This can be verified
E 7\ (0 j
J 7Y o
0 0/ \0 k
k-g\ (0 ¢\ (0 4\ (0 4
0 0/\0 0/ \O k 0 0

is not central in R = Us(H), showing that R = Uy(H) is not central semicommauta-

as follows:

in R = Ux(H), but

tive.

Proposition 3.17. A ring R is strongly central semicommutative if and only if

A~'R is strongly central semicommutative.

Proof. ( = ) Let f(z) = > o(ai/u;)z’, g(z) = Z?:O(bj/vj)xj € A™'R[z]
such that f(x)g(z) = 0. Let h(zx) = Z;:O(Ck/wk)zk € A7'R[z]. Let F(z) =
(tm - o) f(x), G(x) = (vn - --vo)g(x), H(x) = (wi---wo)h(x). Then F(z), G(xz),
H(x) € Rlx] such that F(x)G(z) = 0. Since R is strongly central semicommutative,
therefore, F(x)H (z)G(x) € Z(R|x]). Using Lemma 2.16, we get f(x)h(x)g(z) €
Z(A71R[x]), showing that A™1R is strongly central semicommutative. ( <= )

Obvious as R can be considered as a subring of A™'R. O

Corollary 3.18. For a ring R, the following are equivalent:
(1) R is strongly central semicommutative.
(2) Rz] is strongly central semicommutative.

(3) R[z,x~Y] is strongly central semicommutative.

4. Concepts related to Armendariz and semicommutative rings

Proposition 4.1. Let R be a central reduced ring. Then the trivial extension
T(R,R) is

(1) central Armendariz,

(2) central reversible,

(3) central semicommutative.
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Proof. (1) Let u = z+(z?) so that R[z]/(z?) = R[u] = R+ Ru, where u commutes
with elements of R and u? = 0 in R[u]. Let f,g € R[u][t] with fg = 0. We can
write f = fo + fiu, g = go + g1u where fo, f1, 90,1 € RJt]. Note that

0= fg=(fo+ fiu)(go + g1u) = fogo + (fogr + figo)u

as figiu? = 0. This gives fogo = 0, fog1 + figo = 0. Using Lemma 2.5, R[t] is
central reduced. Therefore, fogo = 0 implies gofo is nilpotent in R[t] and so is

central in R[t]. Now,

fogr + fig0 =0.

Multiplying by go from left, we get

gofog1 + gofigo = 0.

Using commutativity of gg fo, we get

g190fo0 + gofigo = 0.

Again multiplying by fi1 from right and using commutativity of gg fo, we get

g1f190fo + gof1gof1 = 0.

Again multiplying by go from right and using fogo = 0, we get

gof190f190 = 0.

This gives (f1g0)® = 0. Therefore, f1go is nilpotent in R[t] and so is central in R[t].
By similar computations, it can be shown that fogi + figo = 0 yields fog1 is central
in R[t]. Thus, fog1, fig0 € Z(R[t]). Hence, Rlu] = R[z]/(x?) = T(R, R) is central
Armendariz.

(2) Follows from Proposition 2.13.

(3) Follows from Proposition 3.14. O

Example 4.2. (1) A central Armendariz ring need not be central semicom-
mutative. Let F be a field and let A = F({a,b) be the free algebra with
noncommuting indeterminates a,b over F. Let I be the ideal of A gener-
ated by b*>. Then R = A/I is Armendariz (hence central Armendariz), but
not central semicommutative by [5, Example 2.7].

(2) A central semicommutative ring need not be central Armendariz. Con-
sider the ring in [8, Example 2]. Let A = Zs[ag,a1,as2,bg, by, ba, c] be the
free algebra with zero constant terms in noncommutating indeterminates

ag, a1, az, bg, by, ba, c over Zs. Let I be the ideal of Zo+ A generated by agbg,
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arby +asby, agby +a1bg, apbs +a1by +asby, asbs, (ag+a1+as)r(bo+b1+b2)
with r € A and rirarsrs with ri, ro, 3, 74 € A. Then A* = I. Let
R = (Zs + A)/I. By [8, Example 2], R is semicommutative and so R is
central semicommutative.

We identify ag,aq,as,bg,b1,ba,c with their images in R for simplicity.
Then R is not central Armendariz by [5, Example 1.5 (2)] as (ag + a1z +
az2?)(bg + bix + bex®) = 0 but agbic # cagbs .

The classes of central reversible and central semicommutative rings are closed
under subrings ([20, Lemma 2.5], [9, Lemma 2.11]). Therefore, for a central re-
versible (resp., central semicommutative) ring R, eRe is central reversible (resp.,
central semicommutative) where e € E(R). However the converse is not true in

general.

Example 4.3. Let F' be a field and let R = My(F). Since, F11E2 = 0, but
E21E11 = E21 ¢ Z(R) and E11E12E21 = E11 ¢ Z(R), therefore, R is neither
central reversible nor central semicommutative. But E11 € E(R) and E11RE &

F', which is both central reversible as well as central semicommutative.

A ring R is called nil-semicommutative [6, Definition 2.1] if a,b € R satisfy
ab € N(R), then aRb C N(R).

A ring R is called weak symmetric [19, Definition 1] if abc € N(R) implies
acb € N(R) for all a,b,c € R.

Kim et al. in [13, Proposition 1.1] proved that a ring R is nil-semicommutative
if and only if R is weak symmetric.

A ring R is called weakly semicommutative [16, Definition 2.1] if for any a,b € R,
ab = 0 implies arb € N(R) for all r € R.

Nil-semicommutative rings are weakly semicommutative, but not conversely [6,
Example 2.2]. By [24, Theorem 2.3], every central semicommutative ring is nil-
semicommutative, but not conversely [24, Example 2.5]. By [14, Lemma 2.16], every
central reversible ring is weakly semicommutative, but not conversely [14, Example

2.12]. We shall next prove that every central reversible ring is nil-semicommutative.

Lemma 4.4. [21, Proposition 2.1] For a ring R, the following are equivalent:

(1) R is nil-semicommutative,
(2) aR C N(R) for all a € N(R),
(3) Ra C N(R) for alla € N(R).

Proposition 4.5. Fvery central reversible ring is nil-semicommutative.
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Proof. Let R be a central reversible ring, and let a € N(R). Then there exists
n € N such that @™ = 0. Let r € R. Then a™r = 0. This gives a(a”!r) = 0. Since

R is central reversible, therefore, a"~ra € Z(R). This gives

n—1

(a"tra)ra = ra(a" 'ra) = ra"ra =0

from which we get a(a"2(ra)?)r = 0. Using central reversibility of R, we get
a"2(ra)® € Z(R). This gives

[a"~2(ra)3|ra = rala™2%(ra)®] = ra"tra(ra)® =0

from which we get a"~3(ra)® € Z(R). Proceeding in this way, we get (ra)*" = 0.
Therefore, ra € N(R). Since, r € R is arbitrary, therefore, Ra C N(R). Hence R

is nil-semicommutative. O

Converse of Proposition 4.5 is however not true in general as shown in the fol-

lowing example:

Example 4.6. Let F' be a field. Consider the ring R = Us(F). By [6, Proposition
2.5], R is nil-semicommutative. Consider the elements a = E13+Fa3, b= E11+F12
of R. Then ab =0, but ba = 2E13 ¢ Z(R). Therefore, R is not central reversible.

By [9, Proposition 1.4], a ring R is reversible if and only if ab € E(R) implies
ba € E(R) for a,b € R. By the proof of [9, Proposition 1.6], if R is a ring and
a,b, c € R such that abc € E(R) implies achb € E(R), then R is symmetric. Jung et
al. in [9, pp. 249] left the converse as an open question, i.e., does every symmetric
ring R satisfy the condition abc € E(R) implies acb € E(R)? We shall next give an

example to show that even a division ring need not satisfy the above property.

Example 4.7. We have H being a division ring is symmetric. Now i,j,k € H such
that ikj = 1 € E(H), but ijk = —1 ¢ E(H).

By [9, Proposition 1.8], if R is a ring and a,b € R satisfy ab € F(R) implies
arb € E(R) for all r € R, then R is semicommutative. The converse is however not

true even if R is a division ring.

Example 4.8. We have H being a division ring is semicommutative. Let a = —j,
b=j. Thenab= (—j)j =1 € E(H). But forr = —i, arb= (—j)(—i)j =i ¢ E(H).
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